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Abstract

The applicability of classical Banach contraction mapping principle in
solving diverse problems caught the attention of several researchers in var-
ious fields of science and engineering. Since its introduction, many exten-
sions and generalizations of this principle continue to emerge in different
directions. Some are seen in form of common fixed point using commuting
mappings, A-contractions, rational-type contractions, enriched contractions
amongst others. In this paper, C-class function is used to generalizing en-
riched Hargy-Rogers contractions. Convergence of unique invariant point
and common invariant points of these general class of operators were estab-
lished using some related iterative schemes. Results obtained are generaliza-
tions of some recently announced related results in literature.
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1 Background

Diverse real life problems in Mathematics, Engineering and several other fields
may be formulated as Mathematical equation, such as systems of non-linear equa-
tions, optimization theory, differential equation amongst others. These problems
may be solved using fixed point approach.

If Z is a nonempty set and P : Z — Z. Any element v € Z is an invariant
point of P, if P(u) = u, Fp = {u € Z : P(u) = u} denote the set of all invariant
points of P.

Given a complete metric space Z and a continuous self-map P on Z such that

d(Pu, Pv) < a.d(u,v), Y u,veZ (1.1)

with a € [0, 1) fixed; Banach [5], established that P has a unique invariant point in
Z. In generalizing this, Rakotch [9] proved that the conclusion of the above claim
is valid, if given non-increasing function a : (0,00) — [0, 1) satisfying, for each
u,v € Z,u#£V,

d(Pu, Pv) < a(d(u,v)). (1.2)

Also, Kannan [7] proved that P need not be continuous to have a unique invariant
point using the inequality: 3 a € [0, 1/2) satisfying

d(Pu, Pv) < a[d(u, Pu) 4+ d(v, Pv)], Yu,v € Z. (1.3)

Several generalizations and extensions of (1.1 are available in literature. Mean-

while, in 1976, Jungck [|6] prove the notion of common invariant point for pair

of commuting self-operators. He established that, the pair (S, P) on a complete
metric space (Z, d) satisfying

d(Pu, Pv) < cd(Su, Sv), V u,v€Z,ce€0,1), 1.4)

have a unique common invariant point in Z.

Definition 1.1. /3] If Z # (. Two mappings S, P : Z — Z are said to commute
< SP = PS.

2 Method

In [[1]], Ansari defined what he termed C'—class functions as follows:
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Definition 2.1. [|I|] A continuous function G : Ri — R was referred to as

C'—class function if the following axioms are satisfied:
(1) G(u,v) < uy
(1) G(u,v) =u == eitheru=0o0rv=0;forall u,v € Ry.

Note for some G we have that G(0,0) = 0.
We denote the set of C'—class functions by C. See [1]] for examples.

Definition 2.2. 2] : Ry — R was referred to as altering distance function if:

(1) 4 is non-decreasing and continuous,

(73) ¥(u) = 0 if and only if u = 0.
We denote the set of altering distance functions by W.

Definition 2.3. [|I|]] Let ®,, denote the class of the functions ¢ : [0,00) — [0, 00)
which satisfy the following conditions:

(i) @ is continuous;

(73) @(u) > 0,u > 0 and ¢(0) > 0.

Definition 2.4. /1] A tripled (¢, ¢,G) € (¥, ®,C) was said to be monotone,
provided Yu,v € Ry

usv = G(w),p(u)) < G((v), p(v)).

Example 2.1. [[] Let G(u,v) = u —v,¢(u) = u

Vu if0<u <1,
u?, ifu>1

Plu) =
then (v, ¢, G) is monotone.
Example 2.2. /] Let G(u,v) = u — v, ¢(u) = u?

Vu if0o<u<l,

R S
u,  ifu>1

then (¢, ¢, G) is not monotone.
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Definition 2.5. [3|4|] Let S and f be two self mappings of a nonempty subset M of
a normed linear space N. Then (S, f) is a Banach operator pair, if any one of the
following conditions is satisfied.:

(1) S(F'f) C Ff (i.e) F f is S-invariant.

(i) fSx = Sz foreach x € Ff .
(tit) fSx = Sfx foreachx € Ff .
() ||Sfx — fx|| < k||fx — x|| for some k > 0.

Definition 2.6. /3] Let (N, ||.||) be a normed linear space. A mapping f : N — N
is said to be an enriched Hardy-Rogers contraction if for any § € [0, 00) and non-
negative ¢; € Ry, (v = 1,2,---,5) wich?:1 ¢; < 1, such that Vu,v € N we

have

10(u =0) + fu—fol| < eallu=of| +eollu = ful] + es|lu = fol]

+ caflv = full + es[|v — foll. 2.1)

Definition 2.7. /3| Let (N, ||.||) be a normed linear space. A mapping f : N — N
is said to be an enriched Jungck-type Hardy-Rogers contraction if for any 6 €
[0,00) and non-negative ¢; € Ry, (i = 1,2,---,5) wich?zl c;i < 1, there is a
mapping S : N — N which commutes with operator f, such that Yu,v € N we

have

[16(Su— Sv)+ fu— fu|]| < eci|Su— Sv|| + ea||Su— ful| + es||Su— fo|

+  c4||Sv— ful| + c5]|Sv — fo|. (2.2)

Definition 2.8. [[/2][I13] A mapping S : R" — R is said to be convex if for any
z,y € R" and X € [0, 1], we have

S(x+ Ny —x)) <NS(z) + (1 —N)Sy.
Theorem 2.1. /3] Let (B, ||.||) be a real Banach space and f : B — B a convex
mapping satisfying Definition[2.6] Then, f has a unique fixed point u in B.

Theorem 2.2. [3] Let (B,||.||) be a real Banach space and (f,S) : B — B
be commuting convex Banach operator pair satisfying Definition If f(B) C
S(B), then f and S have a unique common fixed point u in B.
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Lemma 2.1. [|/0,|11] Given K a convex subset of a normed linear space N and
f: K — K. Then, f. : K — K given by

fe(u) =1 —cu+cfu YueN, cel0,1]
is called averaged mapping and it has the following property: Fix(f.) = Fiz(f).

The C— class function will be used in generalizing enriched Hardy-Rogers
contraction and enriched Jungck-type Hardy-Rogers contraction which is a gen-
eralization and extension of Banach, Jungck, Kannan, Hardy-Rogers contractive
definitions and many more in literature. Also, some iterative procedure together
with some basic analysis tools such as continuity, convexity, triangle inequality
and many more were employed in establishing our results.

3 Preliminary results

We introduce the following definitions which are generalization of Definitions [2.6]
and [2.7)and many more in literature.

Definition 3.1. Ler (Z, ||.||) be a normed linear space. A mapping P : Z — Z is
said to be an enriched Hardy-Rogers C'—class contraction if for any § € [0, 00)
and non-negative c; € R, (i = 1,2,---,5) with Z?Zl ¢; = 1, suchthatVu,v € Z

we have
P(|[6(u —v) + Pu— Pv||) < G<w(cl\|u—v|]—|—cz||u—PuH+03||u—Pv||
+  cllv — Pul] + cs|jv — Pul]),
e(ci]lu — || + collu — Pul| + c3|u — Pol|
+ aillo = Pull +esllv = Pol])). (3.1)

where (¢, p,G) € U x &, x C

Definition 3.2. Ler (Z,||.||) be a normed linear space. A mapping P : Z. — Z is
said to be an enriched Jungck-type Hardy-Rogers C'—class contraction if for any
d € [0,00) and non-negative ¢; € Ry, (i = 1,2,- -+, 5) with Zle c; = 1, there is
a mapping S : Z. — Z which commutes with operator P, such thatV u,v € Z we
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have

$(|6(Su — Sv) + Pu— Pol|) < G(d}(clHSu—SvH+02||Su—Pu|]+03||Su—Pv||
+ caf|Sv — Pul| + e5[|Sv — Pul|),
¢(c1|[Su — Sv|| + c2||Su — Pul| + c3||Su — Po|
+ C4HS’U—PUH+C5HSU—PUD), (3.2)

where (V,0,G) € ¥ x &, x C.

Remark 3.1. If in[3.]]

RHS = c1|ju — v|| + e2||u — Pul| + es||lu — Pol|| + ca||v — Pul| + ¢5||v — Pv|
then, it reduces to Definition[2.6|(i.e G, 1) and o are identity operator).

Ifin3.2] RHS = c1||Su— Sv|| + ¢2||Su — Pul| + ¢3||Su — Pv|| + ca||Sv —
Pul| + ¢5||Sv — Pul|| then, it reduces to Definition[2.7)(i.e G, and ¢ are identity
operator).

4 Main results

Theorem 4.1. Let (B, ||.||) be a real Banach space and f : B — B a convex
mapping satisfying Definition Then, f has a unique fixed point u* in B.

Proof. For a generic point u; in X, we define the sequence {u,, }nen, by Schaefer
iteration
Up = (1 = )up—1 + cfup—1, Vn > 1.

From (3.1)), let v = fu, we have

D(l8(u — fu) + fu— f2ull)

G((etllu— full + eallu — ful + esllu — f2ull
+eallfu— full + es| fu — fPul)),

pleillu— full + callu — ful| + es|lu — f2ull
+eallfu = full + esll fu — full)),

IN
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then, we have

16(u — fu) + fu— f?ull

< crllu— full + caffu — ful| + esllu — f2ul| + sl fu— fPul). @D
Case 1 When § > 0, and for any non-negative c. Let ¢ = %M <l=4= %
then inequality (@.T)) becomes:

1—c

| (u— fu) + fu— f?ul
< allu— full + cal|u — full + esllu — f2ull + cs|| fu — f2ull) 4.2)

(feu = (1 —c)u+cfu, fPu=(1—c)fu+cf?u,since f is a convex mapping.)

lu=feul] = |lu—=(1=cju—-cful| = Ju—utcu—cful| = |lcu = cfull

= cllu— full.
Hence, inequality (#.2) could be written as:

1 few = feull < eillu = feull + callu = feul| + esllu = f2ull + es|| fou — fEull.
4.3)

Therefore, from inequality (4.3), we have that

(L —es)llfeu— full < (e +ea)llu— feull + esllu — f2ull
< (e +eo)llu— feull + es(lju — feul| + || fou — full)

S0,
(1—cs —ca)l|feu— f2ul] < (c1+co+es)llu— feoull, (4.4

since ¢; are arbitrary positive real numbers (each) less than 1, without loss of gen-
erality we can choose our c3 = c4. Therefore, we have from the inequality above

that

few— full < |lu— feull (4.5)
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then, we have

1feu— feull < [[feu— fRull < [lu— feull

Ifeu—foull < < Ifdu— flull < | feu— fRull < [Ju— feull,
S0, U, is a monotone decreasing, then there is an r € R such that
[fru — frH || = as n — oo.
From (3.1)) and the above,

(| fou— o)) < G[¢(Cl!|f?_1u = flull + el |f2 7~ flull + sl
£ = fE | + s fEu = £ ),
(el £ u— frull + el 27 u = flul] + cs]]

fo~tu = frthul |+ ol £ — f2 )]

so we have
v < G(v0), ) < (),

thus, from Definitions [2.1 and [2.4]
Y(r) =0, or ¢(r) =0, thatis r = 0, hence,

||fPu — f7 )| -0 as n — oo. (4.6)
And, we write
B(llfru—fr ) < G (w17 um frul) (152 um f2ul) ) < w12 uf2ull),
ie.,

6 (llun = wns1l1) < G (v (lun-1 = wall), @ (1fun-1 = unll) ) < 6 (llnr = ).
4.7
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Next we show that {u,, } is a Cauchy sequence. Suppose not, then there exists € > 0
such that for some sub-sequences {uy, } and {w,, } of {u,}, where ny, > my, > k,

we have
||tn,, — wm, || > € (4.8)

so, we can choose ny, depending on my, in a way that the choosing ny, is the smallest
integer with n;, > my, and this in line with {@.8) gives

Hunk—l - umkH < €. 4.9)
Then, we can say

0< €< Hunk _umkH < Hunk —UnkﬂH + Hunk—l _umkH

< Nup, — tn,_, || + e (4.10)

Taking limit as k& — oo together with and Lemma 1.10, we have

kl;nolo l|tn,, — Um,|| =€, 4.11)
and
Hunk - umkH < Hunk - unk—lH + ||unk—1 - umka” + Humk—l - umk”
< Hunk - u”k—lH + Hunk—l - unk” + Hunk - umk-1”
+Humk—1 - umkH
< Hunk _unk71|‘+Hunk71 _unkH_"Hunk _umkH
+ ||umk - umk—lH + ||umk—l - umkH? (4'12)

using and (.11)) as k — oo, we have

e= lim [|up, , — Um,_,||- (4.13)
k—o00

Also, using (#.3)), we can write

IN

lun = upt1|] < JJtn—1 — unl]. (4.14)

Therefore, using @.14) in (3.1) with u = u,, and v = wy,, together with [@.7),
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gives
(1t = ) < G (601t = 0 1)s 21t = e, )
< Gy =ty )90ty = e, 1)
< w(Hunk—l_umk—lH) (4~15)

taking limit as & — oo, and using Equations (4.11)) and (4.13)), we have

¥(e) < G((e)0(9)) < v(e) (4.16)

thus, ¢(e) = 0, or ¢(e) = 0, since 1 is altering distance function, we get a con-
tradiction.
Hence, sequence {u, } is Cauchy and so converges to certain u* € B.

We claim that v* = f.u*. Then using triangle inequality, Definition to-
gether with (@.1)) and (@.3)), we have

Y(llu* = farll) < el = fF ull + £ e — feu®]])
= (" = 2 ) + (I e — feu™]])

IN

Wlllu* = f ) + G Lo (el ffu =l + el 2w — f )
el — S|+ eallu® = £l + sl o — fer']]),
o (erll =]+ call f — 74l sl 7w — fou|

+eallw = 2l 4 el |u — fort]]) ]

taking limit as n — oo
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= (" =) + G (erllu” =]+ eofju — |
+ callu’ = o] + eallu = | + el = fo]l )
@ (ellur” = || + ol u” — || + eal ju* = feu|
+ allu = 'l + el — fa]]) |
= G[v((es +es)llw = fau'll) (s + es)llu” = feu']])]
¥ (s + es)lfu” = fau'l]),

IA

that is,

(il = Lt 1) < 6 (s + ea)llu” = feull),

since % is a altering distance function and clearly c3 4+ ¢5 < 1, then we conclude
that

u* = fou®.

And by Lemma[2.1] we have

For the uniqueness part (we prove by contradiction). Suppose not, then
Fixfc — {U*,U*} ie u* ?é v* and fcu* — U*; fc’U* — u*.
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By Definition 3.1} we have

0 < P(llu” =) = (|l feu” = feo™[])

IN

Gl (el = | + ealju” = fou|| + esllu’ = foo® | + eallo” = fou'|

Feslo* = f]]).

(@(Cl\lu* — v+ eallu” = feu™|[ + esllu” — feo™[| + callo” — feuT|

+esllv* = el |

= G[ (vl = o'l + eallu® — || + esllu’ — v*|| + eal[o* —

eslv” —v*l),

(«P(Cl\IU* — o[+ coflu” — w4 eslfu” — 07| + cal [0 — u]

eslo” = vl )|
= Gl +es+enlu = vll) o (e + e+ ea)llu = o7]])]

< (e +es+enllu o)),

but ¢; + ¢3 4+ ¢4 < 1. Therefore, we conclude that u* = v*.
Case 2: When § = 0, here f. = f and (@.3)) becomes

| fu— fPull < erllu— full + callu — full + esllu— full + sl fu — f2ul],
4.17)

while inequalities (4.6) and (4.7) respectively becoming

||f"u— f" )| -0 as n— oo, (4.18)
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¥ (ln =t s111) < G (6 (-1 =1nll), 0 (a1~ wal 1)) < ({1~
(4.19)

the rest of the prove is similar to that of Case 1. Hence, we have fu* = u*, this
together with the conclusion of Case 1 gives f.u* = fu* = u*. O

Theorem 4.2. Let (B, ||.||) be a real Banach space and S, f : B — B be commut-
ing convex mappings satisfying Definition[3.2) with f(B) C S(B). Then, S and f
have a unique common fixed point (say u*) in B.

Proof. For a generic point ug in B, we define the sequence {Suy, }nen <{ fun} =

{Sun+1}) by Jungck-Schaefer iteration
Sup+1 = (1 —¢)Suy + cfu, Vn > 0.

And let fv = Su, for any v > u. Using Definition [3.2] we have

P([[6(Su = Sv) + fu— ful])

< G(¥(erllSu - Svll + callSu — full + esl[Su — foll +esl|Sv — ful
sl = fol),
@(th(er]|Su — Sol| + eal|Su — full + csl[Su— foll + eallSv — full
+esl|Sv = fol)))

= G(v(allSu—Soll+ellfo - full + ellfo — foll +eallSo — ful
tesl|Sv = Sull), plwel|Su — Sull + el fo = full + esllfv = fol]
+eal|Sv = full + eslSv — Sull))

= G(l/}((Cl + ¢5)[|Su = Svl| + cal[Sv — full + col | fu — fol]),

p((cr +c5)l|Su— Sl + cal|Sv = full + e[ fu — fvll))
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< G(bl(er + es)l|Su — Svll + ea(||Su — Sl + ||Su — full
+aal [ fu— foll),
@(e1 + cs)[|Su = Sol| + ex(l|Su = Svll + [|Su — full)
+osl| fu— fol)))

= G(W((er+ ea+cs)l|Su = Soll + allfv = full + call fu = fol),
p((er+ c1 + cs)||Su— Soll + eallfo = full + eal | fu = fol]))
= G(W((er+ eat es)l|Su = Sol| + (ea + ea)l|fu — foll),

el(e1 + 1+ cs)|Su = Svl| + (e2 +ca)|fu— fol)))

1005w = Sv) + fu = fol] < (e1 + s+ c5)[[Su = Svf| + (2 + ca)|[fu = fol].

(4.20)
When § = 0, then inequality (4.20) becomes:
|| fu— fo|] < (c1 4 ca+c5)||Su— Sv|| + (c2 + ca)|| fu — fol|. 4.21)

Therefore, from inequality (#.21)), we have
(1 —c2—ca)l|lfu—foll < (c1+ca+cs)||Su— S|,

since ¢; are arbitrary positive real numbers (each) less than 1, without loss of gen-
erality we can choose our c3 = c4. Therefore, from the inequality above we have

Lfu—foll < [[Su— Svl|

1f2u = 2ol < [l fu— fol] <[|Su— Svl]

o I = ol < 1fPu— f
lfu— ful] <[|Su—Svll,  (4.22)

1w =l = ||~ o]

A A

SO
|f"u — || - r as n— oco.
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Using Definition [3.2]and inequality (4.22)), with § = 0, we arrive at

P(r) < G(r),p(r) <o(r),
thus, ¢ (r) = 0, or ¢(r) =0, thatis » = 0, this implies that
I|f"u— f" )| =0 as n — oc.

Next we show that { f™ug} is a Cauchy sequence. This follows the same process
as we have in the prove of Theorem 4.1.
Thus, { f"up} is a Cauchy sequence and so converges to some u* € B.

When 6 > 0, for any non-negative c. Let ¢ = %—&-5 <1l= 6= % then,
using Jungck-Schaefer iteration we have,

Hl—c
c

[1(1=¢)(Su—50)+cfu—cfol| < cler+eites)|[Su—Sol[+e(cates)]| fu—fol]

(Su—50)+ fu— fol] < (e1+ca+¢5)|[Su— So| + (ca + )| fu— fol]

[|(1—c)Su—(1—c)Sv+cfu—cfv|| < c(citcates)||Su—Sv||+c(catea)|| fu—fol|
[|(1—c)Sutcfu—(1—c)Sv+cfv|| < c(citcatcs)||Su—Sv||+e(cateq)|| fu—fol|

[ feu = fev|| < e(er + ca + e5)|[Su — Svl[ + (2 + ca)|| feu = fev]|-
Therefore

(1 —co —ca)l|feu — fev|] < cler + ca + c5)]|Su — Sv||

since ¢, and c; are arbitrary positive real numbers less than 1, without loss of
generality,we can choose our c3 = c4. Therefore, we have from the inequality
above that

| feu — fev]] < ||Su— Sv|] (4.23)
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so (@.23) implies,

/20— f2oll < [ feu— fovl] < [|Su— Svll

—
fiu— f2 )| = || fu— o] < < 1 f2u— f20]
< || feu = fevl| < [[Su— Svl|
that is
£ = £+ ]| < [[Su— Svl| = [|fev — f20]| (4.24)
SO
| fiu— f25 Nl = || fu— fRo] = r as n— oo

Using Definition[3.2] in the same way, we also get

P(r) < G(r),(r) < ¥(r)

thus, ¢ (r) = 0, or ¢(r) = 0, that is r = 0, this implies that
|| ffu — fo )| -0 as n — oo.
The subsequent proof lines is similar to that of Theorem 4.1.

Now, for the prove of common fixed point of f and .S, by this, we claim that,
Su* = f.u*. And by our previous arguments together with triangle inequality, we
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have:

IN

IN

IN

BllSu” — fou|
o (IISu" = f2u|| + |1 f2u” = far'l])

o (1180 = F2u] 4 | feu” = fol feu) )

vlisu* = f2u(| + G (v(erl|Su” = S(for)|| + ezl |Su” = feu'|

eal|Su” = ful feu )| + eal|S(feu®) = fou|| + sl S (o) = fel ferr) ),
p((er]|Su” = S| + eal | Su” = fou|| + sl [ Su” = Fol fou)]|
eallS(feu) = feu || + esS (o) = folfe®) 1)

vllsu’ = f2ur|| + G (wlerl|Su” = S(feu)| + ezl |Su” — S|

egl[Su” = fo(Sw)| + eal|S(feut) = fou|| + eslIS (') = S(fa) ),
P((er]|Su” = S(fer )| + cal |Su” = Su| + eal |Su” ~ fu(Su")]|
teallS(feaut) = o] + esl|S(fau®) = S(fau)l]) )

vllsu” — f2ul| + G (wlerl|Su” — f2u|| + sl |Su” — f2u|

el | f2ut — S,

P((erl|Su” = f2u || + esl | Su = f2ut|| + eal f2u* — Su(]))

BllSu* = f2u|| 4+ pler]|Su — f2ul| + cal|Su* — 2|

el | f2ut — S,

then, we arrive at:

|Su* — fou*|] < (1+er+es+en)||Su* — fru*|| = (1+e1+es

el feu" — f2u|
< (I+c1+c3+cq)||Su™ — Sv*|| using (4.24)).
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Since u* = v*, and by our assumption, we have

15w = feu™|] = [|Su” = Su7|
< (I+c1+e3+ca)||Su™ — Sv*||
= (1+c+ce3+ca)||Su” — Su™|.

This holds only for equality part with ¢; = ¢35 = ¢4 = 0 then, we have, Su* =
feu®. So, we have from the foregoing that,

feu® = Su* = u*.

O
5 Numerical examples and applications
Example 5.1. Ler B = R endowed with the usual norm || - || = | - |. Define the
mapping f : B — B by
f@)=7. weB

W(t) =t, o(t) = =, G(s,t) =s—t.
Then (¢, ¢,G) € ¥ x ®,, x C, where G is a C-class function. Choose
0 =0,
and constants
c1 =02, c=01, ¢3=02, ¢c4=02, ¢c5=0.3,

satisfying

Zci =1.

=1
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We verify Definition 3.1. For arbitrary u,v € B,

7w~ )] = [% = 2| = Zlu ol
Moreover,
M (u,v) = cilu —v| + calu — f(u)| + czlu — f(v)]
Feo — f()| + eslo — F)]
Since 5 3
u— f@)l =2l o f@)] = S,

it follows that
M(u,v) > c1lu —v| = 0.2|u —v|.

Hence, ) )
DI () = fO)I) = Jlu vl < M(u,v) = SM(u,v),
that is,

Y(If(w) = fF)]) < G((M(u,v)), p(M (u, v))).

Therefore, f is an enriched Hardy-Rogers C-class contraction.
Next, consider the Schaefer iteration associated with Theorem 4.1:

Unt1 = (1 = up + cf (uy), n >0,

where ¢ = % Then

1 1 /un, 5)
i1 = 5nt 5 () = 5o

Starting with ug = 8, we obtain

up = 57
ug = 3.125,
us = 1.953125,

ug = 1.220703125.
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Consequently,
Up — 0 as n — oo.

Since the fixed point equation
fl@) ==

gives
T
Z:ﬂf — .TZO,

the mapping f possesses the unique fixed point
u* = 0.

Thus, the conclusion of Theorem 4.1 is numerically validated.

Example 5.2. Let B = R equipped with the usual norm. Define the mappings
S,f:B— Bby

S(x) = 2z, flx) ==, r € B.

Clearly,
f(B) € S(B),

and the pair (S, f) is commuting since
Sf(x) =2z = fS(x), Vx € B.

Let
Y(t) =t, o(t) == G(s,t) =s—t.

Choose the constants
Cl1 = 0.2, Co = 0.1, C3 = 0.3, Cqy = 0.1, C5 = 0.3,

with
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For arbitrary u,v € B, we have

[f(u) = f(0)] = u—v],
while
|Su — Sv| = 2|u —v|.

Also,
M (u,v) = c1|Su — Sv| + c2|Su — ful

+ c3|Su — fu] + ca|Sv — ful + c5|Sv — fol.

Since each term in M (u, v) is nonnegative, it follows immediately that
M(u,v) > 0.4ju — v|.
Therefore,

Y(llfu— fol]) = lu—v] < G((M (u,v)), p(M (u, v))).

Hence, f satisfies Definition 3.2.
Now consider the Jungck-Schaefer iteration

Stp+1 = (1 —¢)Suy, + cfun, n >0,

where ¢ = % Then

1
2Up g1 = Uy + §un = 5“7“

which yields

Unp+1 = Zun

Taking ug = 8, we obtain

Uy = 6,
Ug = 45,
uz = 3.375,

ug = 2.53125.
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Hence,

Up — 0 as n — oo.

Finally, solving the common fixed point equations

gives

and consequently,

which confirms Theorem 4.2.

Remark 5.1. Examples 5.1 and 5.2 illustrate that the proposed enriched Hardy-
Rogers C-class framework properly extends several classical contraction models,
including Banach, Kannan, Hardy-Rogers and enriched contractions. In particu-
lar, the incorporation of the triplet (v, ¢, G) enlarges the admissible class of oper-
ators while preserving strong convergence of the associated iterative schemes.

6 Discussion

The results obtained in Theorems 4.1 and 4.2 generalized and extended some of
the results contained in [1]], [5}/7,/8]] and some many others.

7 Conclusion

The C'— class function was used in generalizing enriched Hardy-Rogers contrac-
tion and enriched Jungck-type Hardy-Rogers contraction and related fixed points
and common fixed points results were established which are generalization and
extension of many recently introduced related results in literature. Finally, Our
results unify, generalize and extend many known results in the literature.
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