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Abstract
The aim of this work, we consider the global existence and decay of
solutions for a p-Biharmonic equations with nonlinear damping and source
terms in a bounded domain. Firstly, we investigate the global existence of
solutions. Later, we prove the decay of solutions by the Nakao’s inequality.

1 Introduction

Let @ C R™ (n > 1) be a bounded domain, 02 is a smooth boundary. We investi-
gate the following p-biharmonic equation with initial-boundary value problem

wy + A2u +mPu+ u Jug [T = w e, (2,t) € Q% (0,00),
u(z,t) = a%u(x,t) =0, z,t) € 00 x (0,00), (L.1)
u(z,0) = uo(z), u(x,0) =ui(z), x €

where v is the unit outward normal vector on 0f2, the exponents p,q,r > 1 and
m > 0. The p-biharmonic AI% is the nonlinear differential operator defined by

2 —1
Au = A(JAul’™" Au).
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When p = 1 and m = 0, Eq. (I.1)) becomes the following Petrovsky equation

uy + A%u+ \uth_l U = \u\r_l u. (1.2)

Messaoudi [5] proved the local existence and nonexistence of solutions of the prob-
lem (I.2). Later, Wu and Tsai [[18] proved the decay and blow up of solutions of
the problem (1.2)). Also, Pigkin and Polat [[14] proved the decay of solutions of the
problem with strong damping term (—Awuy).

Messaoudi [6] studied the p-Laplacian equation as follows

uy — div (|VulP V) — Aug 4 ug w7 = w|ul"t . (1.3)

He proved the decay of solution of the equation (I.3). Later, the eq. (I.3) was
considered by Wu and Xue [19]]. They studied the decay of the solutions, by using
the multiplier method. Also, the problem (I.3) was studied by Piskin [8]. He
proved the decay and nonexistence of the solutions. Some other important works
related to global existence, nonexistence and decay are [2,/4, 91216}, 17,[21},22].

In this paper, we study the global existence and decay of solutions for the p-
biharmonic equation (I.T), motivated by above works.

This paper consists of two parts in addition to the introduction. In part 2, we
give needed materials. Then, in part 3, we prove the global existence and decay of
solutions.

2 Preliminaries

In this part, we will give some notations and lemmas which shall be used through-
out this work. Let ||.||, = ||.|| denotes the usual L? (£2) norm and [[-1|,, denotes the
usual LP (©2) norm, for p € (1, 00).

Lemma 2.1. (Sobolev-Poincaré inequality) [|1}|15]]. Let q be a number with

2<qg< 2 if >4

n—4>

{2§q<+oo, if n<A4,

Then there is constant C depending on ) and s such that
lull, < CllAu], Yu € HF ().

Lemma 2.2. (Nakao’s Inequality) [7] Suppose that ¢ (t) be nonnegative and non-
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increasing function defined on [0, T|, T > 1, satisfying
PH(t) <wo (¢ (t) =@ (t+1)), t€[0,T]

for a a nonnegative constant and wqy a positive constant. Then we get, for each
tel0,1],

{ 6 (t) < ¢ (0)el=1", a=0,
d) < (p(0)™* +wylalft—1") =, a>0

IN

here [t — 1]7 = max {t — 1,0} and w, :1n< 0 )

wo—1

Now, we present the local existence theorem which can be considered by com-
bining the arguments of [3L|13]20].

Theorem 2.1. (Local existence) Assume thatp+1 <r+1 < nn_(l();__i_ll)) ,p+1l<n

and further ug(z) € VVOQ’p+1 () and uy (x) € L? (Q) such that the problem (1.1

has a unique local solution,

xe ([o,T) S (Q)) anduy € C ([0,T); L2 (Q)) N LT (Q x [0,T)).

Furthermore, at least one of the following statements is true:
)T = oo,

(ii) HutHz + HAuHiE +m? Hu\|2 —ast—T.

3 Global existence and decay of solutions

In this part, we prove the global existence and energy decay of the solutions for the

problem (L.T).

Firstly, we define the following functionals

70 = — At g2 — Gy
p+1 P2 r41
and
1 2 1
1) = AP+ m? [l — 7t 32)
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Now, we define the energy functionals

B = ul? + 2 (a2 ™ P - gt @3
2 T pl T r+1 L '
we also define
W= {u cu e WEPTLQ), T(t) > 0} u{0}. (3.4)

Lemma 3.1. The energy functional E(t) is a non-increasing function for t > 0
and

E'(t) = — w1 < 0. (3.5)

Proof. Multiplying the first equation in (I.I)) by u; and integrating over 2. Using
integration by parts, we obtain

t
E(t) - E(0) = —/||u7\\31} dr for ¢ > 0 (3.6)
0
L]
Lemma 3.2. If (ug (z),uy (z)) € W xL?(Q),r > pand
B=C,(C.E(0) <1, (3.7)

then we have u € W for eacht > 0.
Proof. Since I (0) > 0, then there exists (by the continuity of u (z, t)) such that
I(t)>0

for some interval near ¢ = 0. Let 7,, > 0 be a maximal time, when @ holds on
[0, 1]
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By (3.1) and (3:2)), we obtain

1 r—p 1, mA(r—1)
J(t) = I(t)4+ —————— b
0 = Sl O+ o 1Al + 2 Jul?
m2
r—p ( )
A 7’ ty 2 v 3.8
Therefore, by (3.3)) and E(t) being non-increasing by (3.5), we obtain
m? Jul® + | Al < C*T (D)
< C*E(t)
< C'E(0), (3.9)
where C* = max { (Hi)_(z +1) QSTII) } . Thanks to Sobolev-Poincare inequality,

and (3.9), we get

luli < Colldu]™

r+1
< CullAulrt]
= C.|Aulph | Aulbt)
< C.(C.E(0)rt | AullPt) (3.10)
= BllAu|lt)

< |Auli) ont € [0,T,).

Consequently, by using (3.2), we conclude that I(¢) > 0 for all ¢ € [0,7,]. By
repeating this procedure, T}, is extended to T'. Therefore, the proof is completed.
O]

Lemma 3.3. Let the conditions of the above Lemma be satisfied. Then there exists

n = 1 — B such that

1 +1
lullydy < (1 =m) [ Aulpiy

Proof. From (3.10), we have

1 +1
lully iy < BllAwu]pL -
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O
Let 71 = 1 — 3, then we obtain the following result.
Remark 3.1. By the above lemma, we get
T < Z 1t (3.11)
Jull < 100

3.1 Global existence

In this subsection, we will prove that solutions to the problem (I.1)) exist for all
time.

Theorem 3.1. (Global existence) Assume that p+1 < r+1 < n(]é:ﬂ) andp+1 <

n holds. If ug (x) € W satisfying (3.7). Then the solution of system is
bounded and global.

Proof. 1Tt sufficies to show that
2 +1 2
luell® + [ Aulpiy +m? [lul

is bounded independently of ¢. By using (3.2)) and (3.3), we get

1 2 1 prl Mo 1 r+1
E0) > E(t)= 5 [Juel|” + bt 1 [ Al + - Jull® = — ||u”r+1
1 2 r —p +1 m’ (7“ ) 1
= = — ||Aul|? _— —I(t
1 2 r— p,om? (7' -1 2
> = S —y Nl
> gmm-+w+iﬂp+)u s+ G
since I(t) > 0, which implies that
2 1 2
luel® + [ Aulpiy +m? |[u]® < CE(0),
here C' = max {2, (T+i)_(£+1), 2(:_+11)} . O

3.2 Decay

In this subsection, we will prove that the solutions to the problem (I.T)) converges
to zero as time approaches infinity.
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Theorem 3.2. (Decay) Assume thatp+1 <r+1 < n"_(]é);;li), p+1 < n, and

@) hold and further ug (x) € W. Thus, we have the following estimates

B0 < E(0) e~ =17, o fa=1p=0,
Tl (EOT+CTat-1T) , ifg>1

here w1, o and Cy are positive constants that will be specified later.

Proof. Integrating (3.5) over [¢,t + 1], for t > 0, we obtain
E(t)-E(t+1) = D™ (1),

where
t+1
DI () = / lur|25] dr. (3.12)
t

By virtue of (3.12) and Hélder’s inequality, we get

t+1 9 t+1 g—1 9
/t /Q w? dedt < / QT u ()2, dt

= |0f# D2 (1)
= CD*(t). (3.13)

Thus, from (3.13), there exist ¢1 € [t,t + 1] and t> € [t + 2, + 1] such that
lue (t:)]l, < CD(t), i =1,2.

Multiplying Eq. (1.1) by u and integrating it over Q X [t1, t2], we obtain

to to to
/ I(t) = / /uuttd$dt—|—/ /uA(|Au|p1 Au)dxdt
t1 t1 Q t1 Q
to to
—i—/ /um2ud§cdt+/ /u ]ut|q_1 wpdzdt. (3.14)
t1 Q t1 Q

By using eq. (I.I) and integrating by parts and applying the Cauchy-Schwarz’s
inequality in the first term and the Holder’s inequality in the second term of the
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right-hand side of (3.14)), we get

/Qf(t)dt < [l () e ()] =+ [lw (@)1 Hlue ()]

t
' to to
+/ HutH?dt—/ /u |ug|? ddt. (3.15)
tl tl Q

Now, we aim to estimate the last term on the right side of inequality (3.13]). Thanks
to Holder’s inequality, we have

to t2 % %
[ oo = [ ([ ([
t1 Q t1 Q Q

to
— / el Il . (3.16)
1

Thanks to the inequality of Sobolev-Poincaré and (3.9), we get

to
/t el dt
1

to
< c / el 1A
1t2
< ¢ / el 1Al dt
1
t2 1 D 2(r+1 P
<o f Hutnzﬂ(max{(” Jp+1) 20+ >}E<s>)” at
t T—p r—1
1
1 1) 2 1 i [l2 1
< ¢ <max{“"+ J(p+1) 2(r+ )}) | il 7 (5
r—p r—1 t q
1
1 1) 2 1 L 1 b2
< ¢ (max{““+ Jp+1) 20+ >}) sup E77 () [ sl d
r—p r—1 t1<s<ts t
1
1 1) 2 1 pF1 1
< C* <max{(r+ )+ ), (r+ )}>p sup oz (s) DY (t),
r—p r—1 t1 <s<to
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and

to 1)
/t [Jur (83) |l llu (t) [l dt < /t Cllue @I Aull,py dt (3.17)
1

1

_ chmﬂmnGmm{@+4ﬂp+n,ur+n}>ﬁl hEﬁiwﬁﬁ

rT—0p r—1 t

sup B (s).

r—=p r—1 t1<s<ty

C1 | ()] (max{(r +1)(p+ 1)’ 2(r+1) });ﬁl

By the (3.9), (3.13) and the Lemma 1, we obtain

Jue (1) [ (1) < CLD (&) sup E#7 (s),

t1<s<ta
where
_1
C1 = CC* | max (rt D+ 200+ D1y
r—op T or—1 ’
Then by (3-13), we obtain

lhﬂﬂﬁ

— O\D(t) sup B (s)+ D (1)

t1<s<tg
1
+ Ok (max{(r+ D+ 1), 2(r+1) }) a sup Er (s) D% (t)
r—p r—1 t1<s<to
= 03{ sup EwT (s) D (t) + D*(t)
t1<s<t2
1
+ C, (max{(r+ 1) (p+ 1), 2(r+1) }) P+l sup E# (s) DY (t)}(.3.18)
r—p r—1 t1<s<to

On the other hand, by using (3.2)), (3.3) and Remark 7, we get

E(t) < % [ ug||* + Cul (t) dt, (3.19)
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where Cy = max {C1,C, 1}.
By integrating (3.19) over [t1, t2], we get
to

to to
E(t) < ;/ Hut||2+04/ I(t)dt. (3.20)

t1 t1 t1

Then by (3.13)), (3.18) and (3.20), we have

to

E (%)

t1

1 to 9 to
2/ e | +C4/ I(t)dt
t1 t1

%CD2 (t) + C4Cs [D (1) sup E7 (s) + D? (t)}

t1<s<t2

o <max{(r+1)(p+1)72(7’+1)}>1)h sup B (s) DY(t). (321)

r—p r—1 t1<s<to

IN

IN

By integrating (3.5) over [t, t5], we have
to 1
EO=E@+ [ il (3:22)
t

Hence, given that to — 1 > %, we conclude that

"Byt > (th—t) E(t)

t1

1
> —FE(t
— 2 (2)?

which implies that
1)

E(t) <2 [ E(t)dt (3.23)

t1

Consequently, exploiting (3.13), (3.21)), (3.23) and since ¢1, t2 € [t,t + 1], we have
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to t2
E() < 2 E(t)dt+/ ||uT||Zi}dr
t t
1252
= 2| E(t)dt+ D (1). (3.24)

ty
Then, by (3.21), we get

E (1) < (C +204C3) D2 (t) + DI (1) + Cs P (1) (D (t) + DY (1))

here C5 = 2C,C3 max (1, C,, max { (r+1)_(g+1)7 2(::1) }) )

Hence, we get

E(t) < Cs [D? (t) + D" (1) + D#1 (t) + Drii® t)] (3.25)

where Cg = max {20 + 40403+C52, 2, 052 } Note that, since F (t) is non-increasing
and E (t) > 0 on [0, 00),

DIty = E(@)-E(t+1)
< E(0)
Thus, we get )
D (t) < E«t1 (0). (3.26)

By the (3.25) and (3.26), we get

E(t) < CeD*(t) {1 + D7 () 4 D) (t)}

2(g—1)

Cs [1 L ETT(0)+ B (0)] D (1)

IN

< C7D2 (t) ,

2(g—1)

—1
where C7 = C [1 + B (0) + E oF1 (0)] . Thus, we get

E ()™ < (C:D? (1)),
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+1)(p+1) 2(r+1
wherem:max{(T T)fg ), (Ll)}.Thus

E@®)™! < optipimiR ()
_ C’;”HD‘I“ (t) D2m—a+1 (t)
< optiprtt () ETET (0)
= CgDIH1 (1)
= Cs(E(t)—E(t+1)), (3.27)

2m—qg+1

where Cg = C7"M E~ a7 (0).
Case 1: When ¢ = 1 and m = 0 from (3.27)), we have

E(t)<Cs(E(t)—E(t+1)).
Thanks to the Nakao’s Inequality, we have

E(t) < E(0)e~wlt=1"

_ Cy
here w; = In o

Case 2: When (m + 1) ¢ > 1, applying Nakao’s Inequality to (3.27) yield

1

E@t) < (BE@O)“+Clalt—1]7) =,

where o = %. The proof of this theorem is completed. O
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