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Abstract
The aim of this work, we consider the global existence and decay of

solutions for a p-Biharmonic equations with nonlinear damping and source
terms in a bounded domain. Firstly, we investigate the global existence of
solutions. Later, we prove the decay of solutions by the Nakao’s inequality.

1 Introduction

Let Ω ⊂ Rn (n ≥ 1) be a bounded domain, ∂Ω is a smooth boundary. We investi-
gate the following p-biharmonic equation with initial-boundary value problem⎧⎨⎩

utt +∆2
pu+m2u+ ut |ut|q−1 = u |u|r−1 , (x, t) ∈ Ω× (0,∞) ,

u(x, t) = ∂
∂υu(x, t) = 0, (x, t) ∈ ∂Ω× (0,∞) ,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,

(1.1)

where υ is the unit outward normal vector on ∂Ω, the exponents p, q, r ≥ 1 and
m > 0. The p-biharmonic ∆2

p is the nonlinear differential operator defined by

∆2
pu = ∆(|∆u|p−1∆u).

Keywords and phrases: Decay, p-biharmonic equation, nonlinear damping term.
2020 AMS Subject Classification: 35A01, 35B40.
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When p = 1 and m = 0, Eq. (1.1) becomes the following Petrovsky equation

utt +∆2u+ |ut|q−1 ut = |u|r−1 u. (1.2)

Messaoudi [5] proved the local existence and nonexistence of solutions of the prob-
lem (1.2). Later, Wu and Tsai [18] proved the decay and blow up of solutions of
the problem (1.2). Also, Pişkin and Polat [14] proved the decay of solutions of the
problem (1.2) with strong damping term (−∆ut).

Messaoudi [6] studied the p-Laplacian equation as follows

utt − div (|∇u|p∇u)−∆ut + ut |ut|q−1 = u |u|r−1 . (1.3)

He proved the decay of solution of the equation (1.3). Later, the eq. (1.3) was
considered by Wu and Xue [19]. They studied the decay of the solutions, by using
the multiplier method. Also, the problem (1.3) was studied by Pişkin [8]. He
proved the decay and nonexistence of the solutions. Some other important works
related to global existence, nonexistence and decay are [2, 4, 9–12, 16, 17, 21, 22].

In this paper, we study the global existence and decay of solutions for the p-
biharmonic equation (1.1), motivated by above works.

This paper consists of two parts in addition to the introduction. In part 2, we
give needed materials. Then, in part 3, we prove the global existence and decay of
solutions.

2 Preliminaries

In this part, we will give some notations and lemmas which shall be used through-
out this work. Let ∥.∥2 = ∥.∥ denotes the usual L2 (Ω) norm and ∥.∥p denotes the
usual Lp (Ω) norm, for p ∈ (1,∞).

Lemma 2.1. (Sobolev-Poincaré inequality) [1, 15]. Let q be a number with{︄
2 ≤ q < +∞, if n ≤ 4,

2 ≤ q ≤ 2n
n−4 , if n > 4.

Then there is constant C depending on Ω and s such that

∥u∥q ≤ C ∥∆u∥ , ∀u ∈ H2
0 (Ω).

Lemma 2.2. (Nakao’s Inequality) [7] Suppose that ϕ (t) be nonnegative and non-
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increasing function defined on [0, T ], T > 1, satisfying

ϕ1+α (t) ≤ w0 (ϕ (t)− ϕ (t+ 1)) , t ∈ [0, T ]

for α a nonnegative constant and w0 a positive constant. Then we get, for each
t ∈ [0, T ] , {︄

ϕ (t) ≤ ϕ (0) e−w1[t−1]+ , α = 0,

ϕ (t) ≤
(︁
ϕ (0)−α + w−1

0 α [t− 1]+
)︁− 1

α , α > 0

here [t− 1]+ = max {t− 1, 0} and w1 = ln
(︂

w0
w0−1

)︂
.

Now, we present the local existence theorem which can be considered by com-
bining the arguments of [3, 13, 20].

Theorem 2.1. (Local existence) Assume that p+1 < r+1 < n(p+1)
n−(p+1) , p+1 < n

and further u0(x) ∈ W 2,p+1
0 (Ω) and u1 (x) ∈ L2 (Ω) such that the problem (1.1)

has a unique local solution,

u ∈ C
(︂
[0, T ) ;W 2,p+2

0 (Ω)
)︂

and ut ∈ C
(︁
[0, T ) ;L2 (Ω)

)︁
∩ Lq+1 (Ω× [0, T )) .

Furthermore, at least one of the following statements is true:
(i) T = ∞,

(ii) ∥ut∥2 + ∥∆u∥p+1
p+1 +m2 ∥u∥2 → as t → T.

3 Global existence and decay of solutions

In this part, we prove the global existence and energy decay of the solutions for the
problem (1.1).

Firstly, we define the following functionals

J (t) =
1

p+ 1
∥∆u∥p+1

p+1 +
m2

2
∥u∥2 − 1

r + 1
∥u∥r+1

r+1 (3.1)

and
I (t) = ∥∆u∥p+1

p+1 +m2 ∥u∥2 − ∥u∥r+1
r+1 . (3.2)
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Now, we define the energy functionals

E (t) =
1

2
∥ut∥2 +

1

p+ 1
∥∆u∥p+1

p+1 +
m2

2
∥u∥2 − 1

r + 1
∥u∥r+1

r+1 , (3.3)

we also define

W =
{︂
u : u ∈ W 2,p+1

0 (Ω) , I (t) > 0
}︂
∪ {0} . (3.4)

Lemma 3.1. The energy functional E(t) is a non-increasing function for t ≥ 0

and
E′ (t) = −∥ut∥q+1

q+1 ≤ 0. (3.5)

Proof. Multiplying the first equation in (1.1) by ut and integrating over Ω. Using
integration by parts, we obtain

E (t)− E (0) = −
t∫︂

0

∥uτ∥q+1
q+1 dτ for t ≥ 0 (3.6)

Lemma 3.2. If (u0 (x) , u1 (x)) ∈ W ×L2 (Ω) , r > p and

β = C∗ (C∗E (0))
r−p
p+1 < 1, (3.7)

then we have u ∈ W for each t ≥ 0.

Proof. Since I (0) > 0, then there exists (by the continuity of u (x, t)) such that

I (t) > 0

for some interval near t = 0. Let Tp > 0 be a maximal time, when (3.2) holds on
[0, Tp] .
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By (3.1) and (3.2), we obtain

J (t) =
1

r + 1
I (t) +

r − p

(r + 1) (p+ 1)
∥∆u∥p+1

p+1 +
m2 (r − 1)

2 (r + 1)
∥u∥2

≥ r − p

(r + 1) (p+ 1)
∥∆u∥p+1

p+1 +
m2 (r − 1)

2 (r + 1)
∥u∥2 . (3.8)

Therefore, by (3.3) and E(t) being non-increasing by (3.5), we obtain

m2 ∥u∥2 + ∥∆u∥p+1
p+1 ≤ C∗J (t)

≤ C∗E (t)

≤ C∗E (0) , (3.9)

where C∗ = max
{︂

(r+1)(p+1)
r−p , 2(r+1)

r−1

}︂
. Thanks to Sobolev-Poincare inequality,

(3.7) and (3.9), we get

∥u∥r+1
r+1 ≤ C∗ ∥∆u∥r+1

≤ C∗ ∥∆u∥r+1
p+1

= C∗ ∥∆u∥r−p
p+1 ∥∆u∥p+1

p+1

≤ C∗ (C∗E (0))
r−p
p+1 ∥∆u∥p+1

p+1 (3.10)

= β ∥∆u∥p+1
p+1

< ∥∆u∥p+1
p+1 on t ∈ [0, Tp] .

Consequently, by using (3.2), we conclude that I(t) > 0 for all t ∈ [0, Tp]. By
repeating this procedure, Tp is extended to T . Therefore, the proof is completed.

Lemma 3.3. Let the conditions of the above Lemma be satisfied. Then there exists
η1 = 1− β such that

∥u∥r+1
r+1 ≤ (1− η1) ∥∆u∥p+1

p+1

Proof. From (3.10), we have

∥u∥r+1
r+1 ≤ β ∥∆u∥p+1

p+1 .
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Let η1 = 1− β, then we obtain the following result.

Remark 3.1. By the above lemma, we get

∥u∥r+1
r+1 ≤

1

η1
I(t). (3.11)

3.1 Global existence

In this subsection, we will prove that solutions to the problem (1.1) exist for all
time.

Theorem 3.1. (Global existence) Assume that p+1 < r+1 < n(p+1)
n−(p+1) and p+1 <

n holds. If u0 (x) ∈ W satisfying (3.7). Then the solution of system (1.1) is
bounded and global.

Proof. It sufficies to show that

∥ut∥2 + ∥∆u∥p+1
p+1 +m2 ∥u∥2

is bounded independently of t. By using (3.2) and (3.3), we get

E (0) ≥ E (t) =
1

2
∥ut∥2 +

1

p+ 1
∥∆u∥p+1

p+1 +
m2

2
∥u∥2 − 1

r + 1
∥u∥r+1

r+1

=
1

2
∥ut∥2 +

r − p

(r + 1) (p+ 1)
∥∆u∥p+1

p+1 +
m2 (r − 1)

2 (r + 1)
∥u∥2 + 1

r + 1
I(t)

≥ 1

2
∥ut∥2 +

r − p

(r + 1) (p+ 1)
∥∆u∥p+1

p+1 +
m2 (r − 1)

2 (r + 1)
∥u∥2

since I(t) ≥ 0, which implies that

∥ut∥2 + ∥∆u∥p+1
p+1 +m2 ∥u∥2 ≤ CE (0) ,

here C = max
{︂
2, (r+1)(p+1)

r−p , 2(r+1)
r−1

}︂
.

3.2 Decay

In this subsection, we will prove that the solutions to the problem (1.1) converges
to zero as time approaches infinity.
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Theorem 3.2. (Decay) Assume that p + 1 < r + 1 < n(p+1)
n−(p+1) , p + 1 < n, and

(3.7) hold and further u0 (x) ∈ W . Thus, we have the following estimates

E (t) ≤

{︄
E (0) e−ω1[t−1]+, if q = 1, p = 0,(︁
E (0)−α + C−1

7 α [t− 1]+
)︁− 1

α , if q > 1

here w1, α and C7 are positive constants that will be specified later.

Proof. Integrating (3.5) over [t, t+ 1], for t > 0, we obtain

E (t)− E (t+ 1) = Dq+1 (t) ,

where

Dq+1 (t) =

∫︂ t+1

t
∥uτ∥q+1

q+1 dτ. (3.12)

By virtue of (3.12) and Hölder’s inequality, we get∫︂ t+1

t

∫︂
Ω
|ut|2 dxdt ≤

∫︂ t+1

t
|Ω|

q−1
q+1 ∥u (t)∥2q+1 dt

= |Ω|
q−1
q+1 D2 (t)

= CD2 (t) . (3.13)

Thus, from (3.13), there exist t1 ∈
[︁
t, t+ 1

4

]︁
and t2 ∈

[︁
t+ 3

4 , t+ 1
]︁

such that

∥ut (ti)∥2 ≤ CD (t) , i = 1, 2.

Multiplying Eq. (1.1) by u and integrating it over Ω× [t1, t2], we obtain

∫︂ t2

t1

I(t) =

∫︂ t2

t1

∫︂
Ω
uuttdxdt+

∫︂ t2

t1

∫︂
Ω
u∆(|∆u|p−1∆u)dxdt

+

∫︂ t2

t1

∫︂
Ω
um2udxdt+

∫︂ t2

t1

∫︂
Ω
u |ut|q−1 utdxdt. (3.14)

By using eq. (1.1) and integrating by parts and applying the Cauchy-Schwarz’s
inequality in the first term and the Hölder’s inequality in the second term of the
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right-hand side of (3.14), we get∫︂ t2

t1

I (t) dt ≤ ∥u (t2)∥ ∥ut (t2)∥+ ∥u (t1)∥ ∥ut (t1)∥

+

∫︂ t2

t1

∥ut∥2 dt−
∫︂ t2

t1

∫︂
Ω
u |ut|q dxdt. (3.15)

Now, we aim to estimate the last term on the right side of inequality (3.15). Thanks
to Hölder’s inequality, we have

∫︂ t2

t1

∫︂
Ω
u |ut|q dxdt ≤

∫︂ t2

t1

(︃∫︂
Ω
|ut|q+1

)︃ q
q+1

(︃∫︂
Ω
|u|q+1

)︃ 1
q+1

=

∫︂ t2

t1

∥ut∥qq+1 ∥u∥q+1 dt. (3.16)

Thanks to the inequality of Sobolev-Poincaré and (3.9), we get

∫︂ t2

t1

∥ut∥qq+1 ∥u∥q+1 dt

≤ C∗
∫︂ t2

t1

∥ut∥qq+1 ∥∆u∥ dt

≤ C∗
∫︂ t2

t1

∥ut∥qq+1 ∥∆u∥p+1 dt

≤ C∗
∫︂ t2

t1

∥ut∥qq+1

(︃
max

{︃
(r + 1) (p+ 1)

r − p
,
2 (r + 1)

r − 1

}︃
E (s)

)︃ 1
p+1

dt

≤ C∗
(︃
max

{︃
(r + 1) (p+ 1)

r − p
,
2 (r + 1)

r − 1

}︃)︃ 1
p+1

∫︂ t2

t1

∥ut∥qq+1E
1

p+1 (s) dt

≤ C∗
(︃
max

{︃
(r + 1) (p+ 1)

r − p
,
2 (r + 1)

r − 1

}︃)︃ 1
p+1

sup
t1≤s≤t2

E
1

p+1 (s)

∫︂ t2

t1

∥ut∥qq+1 dt

≤ C∗
(︃
max

{︃
(r + 1) (p+ 1)

r − p
,
2 (r + 1)

r − 1

}︃)︃ 1
p+1

sup
t1≤s≤t2

E
1

p+1 (s)Dq (t) ,
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and ∫︂ t2

t1

∥ut (ti)∥2 ∥u (ti)∥2 dt ≤
∫︂ t2

t1

C ∥ut (ti)∥ ∥∆u∥p+1 dt (3.17)

= CC∗ ∥ut (ti)∥
(︃
max

{︃
(r + 1) (p+ 1)

r − p
,
2 (r + 1)

r − 1

}︃)︃ 1
p+1

∫︂ t2

t1

E
1

p+1 (s) dt

= C1 ∥ut (ti)∥
(︃
max

{︃
(r + 1) (p+ 1)

r − p
,
2 (r + 1)

r − 1

}︃)︃ 1
p+1

sup
t1≤s≤t2

E
1

p+1 (s) .

By the (3.9), (3.13) and the Lemma 1, we obtain

∥ut (ti)∥ ∥u (ti)∥ ≤ C1D (t) sup
t1≤s≤t2

E
1

p+1 (s) ,

where

C1 = CC∗
(︃
max

{︃
(r + 1) (p+ 1)

r − p
,
2 (r + 1)

r − 1

}︃)︃ 1
p+1

.

Then by (3.15), we obtain∫︂ t2

t1

I (t) dt

= C1D (t) sup
t1≤s≤t2

E
1

p+1 (s) +D2 (t)

+ C∗

(︃
max

{︃
(r + 1) (p+ 1)

r − p
,
2 (r + 1)

r − 1

}︃)︃ 1
p+1

sup
t1≤s≤t2

E
1

p+1 (s)Dq (t)

= C3

{︃
sup

t1≤s≤t2

E
1

p+1 (s)D (t) +D2 (t)

+ C∗

(︃
max

{︃
(r + 1) (p+ 1)

r − p
,
2 (r + 1)

r − 1

}︃)︃ 1
p+1

sup
t1≤s≤t2

E
1

p+1 (s)Dq (t)

}︄
.(3.18)

On the other hand, by using (3.2), (3.3) and Remark 7, we get

E (t) ≤ 1

2
∥ut∥2 + C4I (t) dt, (3.19)
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where C4 = max {C1, C, 1}.
By integrating (3.19) over [t1, t2], we get∫︂ t2

t1

E (t) ≤ 1

2

∫︂ t2

t1

∥ut∥2 + C4

∫︂ t2

t1

I (t) dt. (3.20)

Then by (3.13), (3.18) and (3.20), we have∫︂ t2

t1

E (t)

≤ 1

2

∫︂ t2

t1

∥ut∥2 + C4

∫︂ t2

t1

I (t) dt

≤ 1

2
CD2 (t) + C4C3

[︃
D (t) sup

t1≤s≤t2

E
1

p+1 (s) +D2 (t)

]︃
+ C∗

(︃
max

{︃
(r + 1) (p+ 1)

r − p
,
2 (r + 1)

r − 1

}︃)︃ 1
p+1

sup
t1≤s≤t2

E
1

p+1 (s)Dq (t) . (3.21)

By integrating (3.5) over [t, t2], we have

E (t) = E (t2) +

∫︂ t2

t
∥uτ∥q+1

q+1 dτ. (3.22)

Hence, given that t2 − t1 ≥ 1
2 , we conclude that∫︂ t2

t1

E (t) dt ≥ (t2 − t1)E (t2)

≥ 1

2
E (t2) ,

which implies that

E (t2) ≤ 2

∫︂ t2

t1

E (t) dt. (3.23)

Consequently, exploiting (3.13), (3.21), (3.23) and since t1, t2 ∈ [t, t+ 1], we have
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E (t) ≤ 2

∫︂ t2

t1

E (t) dt+

∫︂ t2

t
∥uτ∥q+1

q+1 dτ

= 2

∫︂ t2

t1

E (t) dt+Dq+1 (t) . (3.24)

Then, by (3.21), we get

E (t) ≤ (C + 2C4C3)D
2 (t) +Dq+1 (t) + C5E

1
P+1 (t) (D (t) +Dq (t)) ,

here C5 = 2C4C3max
(︂
1, C∗,max

{︂
(r+1)(p+1)

r−p , 2(r+1)
r−1

}︂)︂
.

Hence, we get

E (t) ≤ C6

[︂
D2 (t) +Dq+1 (t) +D

p+2
p+1 (t) +D

p+2
p+1

q
(t)

]︂
, (3.25)

where C6 = max
{︁
2C + 4C4C3+C

2
5 , 2, C

2
5

}︁
. Note that, since E (t) is non-increasing

and E (t) ≥ 0 on [0,∞),

Dq+1 (t) = E (t)− E (t+ 1)

≤ E (0) .

Thus, we get
D (t) ≤ E

1
q+1 (0) . (3.26)

By the (3.25) and (3.26), we get

E (t) ≤ C6D
2 (t)

[︂
1 +Dq−1 (t) +D2(q−1) (t)

]︂
≤ C6

[︃
1 + E

q−1
q+1 (0) + E

2(q−1)
q+1 (0)

]︃
D2 (t)

≤ C7D
2 (t) ,

where C7 = C6

[︃
1 + E

q−1
q+1 (0) + E

2(q−1)
q+1 (0)

]︃
. Thus, we get

E (t)m+1 ≤
(︁
C7D

2 (t)
)︁m+1

,
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where m = max
{︂

(r+1)(p+1)
r−p , 2(r+1)

r−1

}︂
. Thus

E (t)m+1 ≤ Cm+1
7 D2m+2 (t)

= Cm+1
7 Dq+1 (t)D2m−q+1 (t)

≤ Cm+1
7 Dq+1 (t)E

2m−q+1
q+1 (0)

= C8D
q+1 (t)

= C8 (E (t)− E (t+ 1)) , (3.27)

where C8 = Cm+1
7 E

2m−q+1
q+1 (0) .

Case 1: When q = 1 and m = 0 from (3.27), we have

E (t) ≤ C8 (E (t)− E (t+ 1)) .

Thanks to the Nakao’s Inequality, we have

E (t) ≤ E (0) e−w1[t−1]+ ,

here w1 = ln C7
C7−1 .

Case 2: When (m+ 1) q > 1, applying Nakao’s Inequality to (3.27) yield

E (t) ≤
(︁
E (0)−α + C−1

7 α [t− 1]+
)︁− 1

α ,

where α = (m+1)q−1
m+2 . The proof of this theorem is completed.
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[2] Z. S. Çelik, Ş. Gür, E. Pişkin, Energy decay and blow-up of solutions for a
class of system of generalized nonlinear Klein-Gordon equations with source
and damping terms, Turkish Journal of Mathematics, 47(4)(2023), 1288-
1305.

[3] V. Georgiev, G. Todorova, Existence of a solution of the wave equation
with nonlinear damping and source terms, Journal of Differential Equations,
109(2)(1994), 295–308.

[4] D. Li, C. Zhang, H. Zhang, Energy decay estimates for the wave equation
with logarithmic feedback, Mathematical Methods in the Applied Sciences,
48(9)(2025), 10110–10113.

[5] S. A. Messaoudi, Global existence and nonexistence in a system of Petrovsky,
Journal of Mathematical Analysis and Applications, 265(2)(2002), 296–308.

[6] S. A. Messaoudi, On the decay of solutions for a class of quasilinear hy-
perbolic equations with nonlinear damping and source terms, Mathematical
Methods in the Applied Sciences, 28(2005), 1819–1828.

[7] M. Nakao, Asymptotic stability of the bounded or almost periodic solution of
the wave equation with nonlinear dissipative term, Journal of Mathematical
Analysis and Applications, 58(2)(1977), 336–343.
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[10] E. Pişkin, E. Akkurt, Decay of solutions for a higher-order parabolic type
Kirchhoff equation, The Aligarh Bulletin of Mathematics, 43(2)(2024), 101–
113.
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[13] E. Pişkin, N. Polat, Global existence, decay and blow up solutions for coupled
nonlinear wave equations with damping and source terms, Turkish Journal of
Mathematics, 37(2013), 633–651.
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