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Abstract

A genetic disorder resulting from epigenetic or genetic alterations in the so-
matic cells is described as cancer and has uncontrolled cell growth known
as tumor. In this paper, Numerical Method is developed based on Patade
and Bhalekar approach for the solution of optimal control model of cancer
treatment regimen using forward-backward sweep methods. Stability and
convergence of the new numerical method are discussed and is found to be
of order four, stable and convergent. Results obtained in this study shows
that, a high drug strength is infused which destroyed more cancer cells, then
the dosage is reduced to minimal level. The drug infusion time is shortened
which brings the drug strength to zero in order to reduce toxicity of the drugs.
In undergoing cancer treatment regimen using the new numerical method, the
destruction of the host normal cells is minimized and simultaneously maxi-
mize destruction of cancer cells.
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1 Introduction

Medically termed as a malignant neoplasm, cancer is a genetic disorder that results
from genetic or epigenetic alterations in the somatic cells and has uncontrolled cell
growth known as tumor [3]. This uncontrolled growth of cells can be attributed
to mutations in the signals that regulate the cell cycle of growth and division [9].
Cancer is one of the leading causes of death in the world [9].

There are many things that may increase the chance of having cancer in differ-
ent parts of the body which include tobacco consumption, poor diet, obesity, lack
of physical activity, excessive drinking of alcohol, exposure to ionizing radiation,
environmental pollutants, and infection [3], [11]. Inherited genetic defects from
patient’s parents are also responsible for cancer such as breast, ovarian, colorectal,
prostate, skin and melanoma cancer [3]. Cancer can also be resulted from infec-
tions which include but not limited to hepatitis B, human papillomavirus infection,
Epstein Barr virus, hepatitis C, human papillomavirus infection, immunodeficiency
virus (HIV), helicobacter pylori. These factors are at least partly responsible for
changing the genes [11].

Attempts to cure or palliate cancer is done through surgery, radiotherapy or chemother-
apy. Chemotherapy treatments are type of therapy that may be used to cure or
produce palliative relief and symptomatic relaxation in the advance stages of can-
cer [13]. Chemotherapy is widely used to manage cancer, but its use is restricted
for the adverse side-effects of most of the chemotherapeutic drugs [9]. The toxic
by-products of some chemotherapeutic drugs are deposited mainly in the liver pro-
ducing hepatotoxicity, leading to many side-effects like loss of appetite, nausea,
vomiting, diarrhea, abdominal cramps and constipation, anemia, fatigue, hyper-
thermia, loss of hair, etc [9].

In chemotherapy, chemicals are used to treat cancer by stopping or slowing the
growth of cancer cells or killing cancer cells or shrink tumors that is causing pain
and other problems, but have severe side effects [3], [11]. Chemotherapy regimen
involve patients been administered with anticancer drug in cyclic way, during reg-
ular weekly or bi-weekly sessions. After the completion of certain cyclic session,
treatment is stopped for several fixed periods to allow the patient to rest and their
body to re-establish from the toxic effects of anticancer drugs [13]. Cancer cells
normally develop new cells quickly than the normal cells and that is why they are
the main target of chemotherapy drugs. But, chemotherapy medicine cannot differ-
entiate between the normal cells and the tumor cells, therefore, both healthy and tu-
mor cells are damaged together and this causes adverse side effect. So chemother-
apy drugs are given in such a way to balance between curing or controlling the
disease by destroying the tumor cells and lessening the side effects on the normal
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cells. Chemotherapy is preferred by many for managing cancer, because, most nor-
mal cells will recover from the effects of chemo over time, but cancer cells do not
recover from the effects of chemo [11].

This study considered the numerical solution to optimal control model for cancer
treatment regimen of the form

Ty
min [2(t), u(t)] = / F(t,2(1), u(t))dt, (1

subject to the dynamic system

7 =gl(t, 2(t), u(t)), z(ty) = xo, (1.2)

where z(t) and wu(t) are real valued functions, f and g are differentiable func-
tions. Optimal Control (OC) has been applied in the field of Ordinary Differen-
tial Equations (ODEs), Partial Differential Equations (PDEs), Stochastics differ-
ential equations, integro differential equations, combination of discrete and con-
tinuous systems, to solve problems of physical systems, especially in the areas of
aerospace, sciences, engineering, economics, management, biology and medicine
(11, [2], [14], [15], [16].

A continuous extended one-step trapezoidal methods is considered by Garret [5]
for the solution of optimal control problems, where the control variables are ap-
proximated by polynomial functions. Adamu [1] solved optimal control problems
by presenting a numerical approach using the indirect method known as the back-
ward forward sweep method. Adamu et al., [15] and Aduroja et al., [15] used block
collocation approach to solve optimal control problems using Forward-Backward
sweep method.

Lenhart and Workman [7] extensively discussed forward-backward sweep method
for the solution of optimal control problem, using 4th order Runge Kutta via Pon-
tryagin’s maximum principle. This approach proved to be successful for the solu-
tion of optimal control problems, but the derivation of the classical Runge-Kutta
method is tedious and complex and the method misbehave when handling stiff
problem.

Runge-Kutta (R-K) formulas are among the oldest schemes in numerical analy-
sis [8] and are an important family of iterative methods for the approximation of
solutions of ODE’s [6]. [8], [10]. Runge-Kutta methods are typically single-step
methods, however, with multiple stages per step which were first studied by Carle
Runge and Martin Kutta [6]. Modern developments are mostly due to John Butcher
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improvement and introduction of Butcher tableau. It is easier to write the program
for the implementation of this method.

Existing Runge-Kutta schemes suffer from stiffness and computational complex-
ity. Therefore, this study considers a single step trapezoidal method with hy-
brid point for the development of iterative method following Patade and Bhalekar
approach for the solution of optimal control problems using Forward Backward
Sweep method.

2 Method

2.1 Development of linear multistep method

This study consider first Boubaker polynomials of the form

3
2(t) = anBn (1), 2.1)
n=0

where ¢ € [a,b], a, € R are unknown parameters to be determined. The first
Boubaker terms are:
By (t) =1, By (t) =t,

By(t)=t*+2, B3(t) =13+t
Interpolating and collocating (2.1) using the points

o1

2 (tntj) = 2oty = 0; 2 (tnsj) = fasrjs §=0, Too'
gives a system of equations
TA=U, 2.2)

where

3 2, t2 3

0 2 2, 3t2

T=10 2 2,5 32 )
n+100 n+%
0 2 2py 32,

T
A= [a07a17a27a3] ) U= Zn, fnu fnJr%) f’fH—l

Solving the system (2.2) for the unknown parameters and substitute the results into
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the approximate solution (2.1) to get the continuous scheme
Zntt = o) zn + Po(t)hfn + st (DS, st + Br(O)hfnrr,  (23)
where the coefficients a(t), Bo(t), 6%10 (t), B1(t) are:
100 151
t)=1 t)y=—t3 - —t* 4+t
aolt) =1, folt) = Je5t* — 1ozt +t
5000 , 10000 5 100 5 51 5
t) = — t) = —=1t° — —t°.
B = Sa00" ~ Tag7 0 PO =178~ g5
Evaluating Equation (2.3) at point 2,41 to get the discrete scheme
Znt+l = Zn + 11994 (2597fn +10 OOOfnJF% + 2397fn+1) . 2.4)
2.2 Development of Runge-Kutta like method
Equation (2.4) can be written as
53h 5000h 47h
Zn41 = Zp + %fn + wamr% + @fn—i—b (2.5)
Let
2= Zny1, (2.6)
53h 5000h
20=f=z2n+ %f(tm zn) + Wf (tn.;.%y Zn_;_%) ) (2.7)
47h
N(zpt1) = N(2) = —f (tnt1, 2n+1) - (2.8)
294
Using 3-terms solution in Daftardar-Gejji and Jafari method series, then
z2=2z0+ 21+ 292, 2.9

where z1 = N(z¢) and zo = N(zo + 21) — N(z0). Equation (2.9) becomes

z =20+ N(z0) + N(20 + z1) — N(20)
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and simplifying it to get
z=20+ N (z0+ N (20)) - (2.10)

Substituting (2.6) and (2.7) into (2.10) to get

53 5000
ﬁhf(tnazn) 7497hf ( +£7zn+%>

Zn + 306hf( ns#n) + 2ag0 ( n+3L Zn+%)

Zn4l = 2n +

o +N (z + Bhf(tn, 20) + D0 f (t 51,2
n 306 ny <n) T 7497 e
(2.11)
n=20,1,2,...
This can be simplified, by considering Equation (2.8) as
53 5000
et = 2 g s 20) 4 b (o)
ATh 53 5000
01! (oo b g ) + 3120 (v
(2.12)
Equation (2.12) reduces to
h
Zn+1 = 2Zn + ——— (2597k1 + 10000k2 + 2397ky) , (2.13)

14994

where
k1 = f(tnazn)a ko = f (tn+£7zn+%> )

100

53h 5000h )

ks = f (tnotszn + otk
3 f( T A DT,

53h 5000h 47h )

oo = £ [t il 2
4 f<”+1’“7’”+3061 7197 "2 1 59478

Runge-Kutta properties are tested in order to establish that, the new method is not
a Runge-Kutta method. The numerical method is written as

Zn+l = Zn + h (blkl + bokso + bsks + b4k¢4) ,
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while k; is written as
ki=f (tj + c1h, zj + h(a;1ki + aioke + a;sks + aukyq)) ,i = 1,2,3, 4.

The following parameters are extracted from the numerical method:

53 5000 47

5
bl 3067 2 74977 b3 07 b4 294, C1 07 C2 100703 C4 )
11 = @12 = 13 = A14 = G21 = A2 = 23 = a4 = 0,
a —5—3 a ——5000 asz3 = az4s = 0,a —ﬁa ——5000 a —ﬂa =0
31_306’ 32—74977 33 =azq = U, 41_306’ 42—7497, 43—294, 44 = 0.

Thus the Butcher table for the numerical method is

For Runge-Kutta method, it is necessary that » a;j = ¢; [4]. From the parameters,
j=1

az1+azo+aszz+asy, = % = c3. This shows that numerical method is not Runge-
Kutta method.

3 Analysis of the numerical method

3.1 Order of the method

Definition 3.1. The largest integer p such that
|15 = O (h?). 3.1)
is called the order of the single step method.

Theorem 3.1. The new numerical method in (2.13) is of order four.

Proof. We have
k1= fn. (3.2)
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Using second order Taylor’s series, we can write ks, k3 and k4 as

49h 49h 49h2 49h2 49h2
:fn+7fn,t+?f fntt fntz fnzz"’ (33)
h? 47h? 47h 47h%
kS - fn+hfn,t+?fn,tt"‘ﬂfnfn,tz“‘@fnfn,z“‘21168f fn 2zt (34)
h? h
k4 :fn+hfn,t+?fn,tt+w4 hfn,tz+fn,z+1fnfn,zz + ... (35)

where

49h 49h 49h2
ATh £ | 500K o+ = e+ 55 fne + T fon
204Jmn 7497 49h2 49h

+ fn tz fn zz

W4 = ’
+53h fn"‘hfnt"‘ fntt+ 294 fnfntz
306 +§g792fnfn,z + 24171h68f7%fn,zz

of(t, =) of(t, =)
fn:f(tn,zn)a fn, = ( > ) fn,z: < > s
i ot (tnr2m) 0z (tnr2n)
_ (Pf(t2) _ (21t 2)
fn,tt - <8t2> (tn7zn) ) fn,zz — < 822 >(tmzn) )

9*f(t, 2)
fn,tz = .
ot 0z (tnr2m)

Using (3.2), (3.3), (3.4) and (3.5) in (2.13), we get

I N osgtf 410000 ( fot bt oot 00 Tt st s
Zn+l = 14994 n n n,t 2 n,tt 204 n n,tz n,z 4 nJn,zz

h? h
+ 2397 (fm + hfn,t + ?fn,tt + W4 |:hfn,tz + fn,z + anf'n,,zz]) :|
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587 359 253
Zn+lzzn+hfn+ ( fnfnz = f ,)

2204118 306"
h? <85§17634532f”2f2 2(151;1326f” 2528()7431538f”t2f”
a (iiiiéfmfm iiiéffmfm S e
+ 5961 I+ Ty o ots o + Tiggsg ot o
4
1239397258f"f"zf“ 192012??576552“’?&":22]6"72)
5(%& R o B W
" zéigz(Sf" ntz T 1239397258f”f"tzfnz 32599387556fn n,22
+ o000 I nn ¥ g e + soagt s
233%%#%&)]

The Taylor’s series expansion of exact value z(t) about t,, is

587359 253
2(thy1) = zn+hfn+h2< frnfnz+ f,>3.6

3.6
2204118 3067™" (3.6)
587 359 2 117077 2 587 359
3 8816472fn 2 0+ 26449416f” nz 1 2204118fn t=fn —|—O(h4).
+ire fre ¥ S5oss fntus T 35 fup

The truncation error gives

o1 = mip1 — 2(tit)
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587 359 253
_ 2 v
Tn+1—zn+hfn+h (2204118fnfnz 306fnt)
587 359 117077 587 359
h 2 o AAM A1 ~dT 2 n,tzJn
(8816472fnz Ju + 26449416f 2 2204118f i
29375 39997 253
119327m= T 3g0gg mtfne + grafna )
39997 29375 39997
(29988fntzfnt 22491fn tzfnz 59976fnt fnz
29375 117077 39997
+ 89964f“ 2fnz + 13224708f”f"“f”2 119952f"f”Z 2fnt
29375 2224463 .,
 i79gas nn It w04357952f"f”vz2f”72>
117077 29224 463
5 3 2
(7617431 808f "22 1904 357952f”f”’th"’22
117077 29375 29375
mf"f”” 179028 itz nz2 + 359856f"f" 2
39997 29375 .,
239904fnt fnfnz 44982 n,tz
29375 39997
89964f"”f“ 59976f”t f””)
(3.7)
117077 29224463 117077
Tn = h5 - 1 401 ONo 3 T ANA OF~ (O 2 n,lz n
+ <7617431 808f e 1904357952f”f tefnz & 26449416f s
29 375 29 375 39997
179928f”f””f“ 359856f” n,2? 239904f”t 2fnfn.z2
29375 29 375 39997 6
119827tz T ggggg mesfnar 59976f”t2f”t2> +O(h).
(3.8)
Hence, the new numerical method is of fourth order. Il

3.2 Convergence of the numerical method

Definition 3.2 (12). A single step method is said to be consistent if
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¢ (t2,0) = f(t2). (3.9)

Definition 3.3. A single step method is said to be regular if the function ¢ (t, z, h)
is defined and continuous in the domain a < t < b,—oc0 < 2/ < 00,i =
1,2,..,n,0 < h < hg and if there exist a constant L such that

||(,25(t,2:,h) - ¢(t7 Z*a h)” <L ||Z - Z*H ’ (3.10)
for every t € [to,b], 2z, 2" € (—00,00),h € (0, ho) [12].

Theorem 3.2. Suppose the single step method is regular, then the relation (3.9) is

a necessary and sufficient condition for the convergence of the single step method

[12].

Theorem 3.3. An iterative method (2.13) is said to be convergent by Theorem 3.2
if the following results hold:

() Consistency holds

(ii) Regularity holds

Proof (Consistency) Consider the increment function in (2.13),

30671 T 7207 ™2 1 201

& (o, ) = ) <53h L 5000, 47h k3>

& (2n, Un, h) = (2597k1 + 10000ky + 2397ky) . 3.11)

14994
If h = 0, then

& (zn,un,0) = f(t, 2). (3.12)
Therefore, by Definition 3.2, the method (2.13) is consistent.

Proof. (Regularity)  Let ki = f(tn,2%), ki = f (tn w2 ) k=
100’ +1oo
F (twsrs5 -+ 4K + H085) and
ky =F ( n+1, 2p t gghk* + 57025)7}%2 + %Zk:.)) for every (¢,z), (t,2*) € S
and k,, (n = 1,2, 3,4) are defined in (2.13).
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Since f(t, z) is Lipschitz, we have

1By = Kl = 1S (s 20) = f (tn, 20) 1]

< Lllzn — 2]l
51h 51h 51h 51h
by — k3l = ||f (tn + Sz oo ) = F (4 2o 2t 4 20
2 2|’Hf<+1ooz+1oo> f< +1002"+100>
< Lilzn — 2]l

53h . 5000h
’%_@W{%GML%+ )

306 1 7497

53h +_5000
306 1 74972

_f<n+1vzn+

247h

53h 5000h 4Th
f (t + h,zn + Fogk1 + g7 ke + 294k3)

s — k3l = * ,
= (tn+ by 25 + 55641 + e kS + 251K3)
53h 5000Ah 47h
<L -z L ki—k ko — k ks — k3
< Ll = 230+ 2 g = K11+ T o = 51+ 507 k= 451

11609
<L(1+Lh+_——L*n° -z

Now using equation (2.13)

&2, tns h) — dzn, u, ) = @wm+wmmmwm

14994
—-2597k{-10000k;-2397kz).

B 47 545623, o .

=L'|zn — 2

al
n Y

where L' = L (1 + 294Lh + 255i512621?§4L2h2) .
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Therefore, the increment ¢ satisfies a Lipschitz condition in z and hence, by Defi-
nition 3.3, the method (2.13) is regular. O]

Lemma 3.1. Suppose the function f(t, z) is defined and continuous in the strip
S (|t —to] < a, ||z]] < oco,a > 0) and satisfy Lipschitz condition

[f(t2) = [t 29| < Lz = 27 (3.13)

forevery (t,z),(t,z*) € S, where L is Lipschitz constant; then, method (2.13) is
said to be convergent.

Proof. Since consistency and regularity holds for method (2.13), by Theorem 3.2,
it is convergent. O

3.3 Stability of the numerical method

A
Definition 3.4. For a method given by the tableau i‘b—, the stability for a

2! = 1)z is the set of points in the complex plane satisfying |R (z)| < 1 [14].

Theorem 3.4. For the iterative method (2.13) to be stable, we must have

103h\ 4841h2)\2 55 225h3\3
(1+ 153 T ~ 44985 T 6353046)

1 — 1L75h2)2 _ 50hA _ 55225h3)3
21609 147 6353 046

Proof Using Definition 3.4. Applying the iterative method (2.13) to the test equa-
tion 2/ = Az, we obtain

k1 = Azp, k2:)‘zn+%7

ha— 2| (14 212N, 5000RA
T 306 )" 7497 ntiee |
53hA  AThA  ATh2)\2 5000h\ 117 500h2)\2
A 1+ Zn Zn—i—% .

ks =
! 306 * 294 + 1764 7497 * 1102059
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From (2.13), we can write

. . 2497h\ N 117 359h2)\2 N 2209h3\3 B
ntl 7497 2204118 518616 ) "
5000h\ N 117 500h2)\2 N 2761 250R3\3 B
7497 1102 059 162002673 ) “n+ioo’
writing Zppdo as 100 (zn+1 + 2n) , then
B ) 2497h\ N 117 359h2)\2 N 2209h3\3 B
et 7497 2204 118 518616 ) "
51 ('5000h) N 117 500h2\2 N 2761 250h3\3 (e + 20)
100 \ 7497 1102 059 162002673 aniies

103k | 4841h2)\2 55 225h3\3
(1+ 153 T 44985+ 6353046)

Zn—i—l - <

z
1 — LL75h2)2 _ 50h) _ 55225h3)3
21609 147 6353046

Now, for stability of numerical method and by Definition (3.4), we must have

242 313
(1 4 1({:;2,\ | 4841h202 | 55295h°) )

14982 6353 046
1 _ 1175h2)2 _ 50hA _ 55225h3\3
21609 147 6353 046

4 Numerical experiment

In this section, the new numerical method is used to solve optimal control of the
form (1.1) and (1.2) for cancer management. Numerical solutions are given in
figure and tabular form. All computations in this section are done with the aid of a
written MATLAB codes, which were run on a Window 8.1 computer.

Problem: A cancer management regimen with control to minimize the tumor den-
sity and the harmful side effect of the drugs over an interval of time The tumor
is assumed to have Gompertzian growth. The Skipper’s log-kill hypothesis which
states cell-kill due to chemotherapeutic drugs is examined to be proportional to tu-
mor population. Now, if N (¢) is the normalized density of the tumor at time ¢, then
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the model is given by

N'(t) = rN(#)In <N1(t)> —u(®)SN ()

where 7 is the growth rate of the tumor, 0 is the magnitude of the dose, and w(t)
describes the pharmacokinetics of the drug, i.e., u(t) = 0 implies no drug effect
and u(t) > 0 is the strength of the drug effect. The initial condition is taken to be
N(0) = Ny, where 0 < Ny < 1, as the tumor cells have been normalized. The
objective functional used is quadratic, where the cost of the control, representing
possible side-effects, and the tumor density N are minimized over a time interval.
Finally, we require u(¢) > 0 for all t. The optimal control problem is

20
minJ = [ aN2(t) + u? (¢) dt
-
subject to
"t)=r n L —u
N'(t)=rN(t)] < (t)) (t)dN (t),
u(t) > 0.

Here, a is a positive weight parameter [7].

Solution 4.1. Optimality system of the problem is developed by constructing the
Hamiltonian as

H = aN? (1) +u® () + A <rN(t) In <N1(t)> ()N (t)> .

The optimality condition is

O:a—H:—N(t)(S:ML*:O.

The adjoint equation is

N (t) = _oH —rln <N1(t)) +u(t)d +r.

Using the optimality system, the numerical code is generated, written in MAT-
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LAB R2018a. This problem is solved with N = 1000. The results are shown in
Figures and Tables. First considering the parameters r = 0.3, a = 3, § = 0.45,

No =0.975 [7].

Figure 1: The tumor density and pharmacokinetics of the numerical method a = 3,

0 =0.45

Tumor Density

10 12 14 18

12
Days
18
g |\
&
- EET N
= o o
] —
] e = ——
Eost g 58
3 i 3
i N,
i} 1 1 1 1 1 1 1 1 1 b
1] 2 4 a ] 10 12 14 18 12 b1
Days

Table 1: State and control for case 1

State

Control

t

NNM

CRKM [7]

NNM

CRKM [7]

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.975000000000000
0.500839379285516
0.413491710358522
0.387760017402417
0.379306324575994
0.376778902117361
0.377045342141515
0.380361998024978
0.390666267569043
0.421628254534164
0.528538228793916

0.975000000000000
0.505666934475205
0.418346012470344
0.392501590925836
0.383961298332402
0.381361475491616
0.381534248673752
0.384688927101804
0.394710210763667
0.425267941054758
0.532047049218665

1.433706826998135
0.803368588845305
0.692013735685715
0.659157626185285
0.647484528418595
0.641447595126311
0.633885235217778
0.616201459422975
0.567993322376923
0.430117465428098
0

1.431519487300024
0.807359115509372
0.696011945637606
0.663049282997642
0.651348032758281
0.645392567220932
0.638061381565947
0.620797910085466
0.573066317811511
0.434791866206044
0

The aim is to minimize the tumor density and drug side effects over a given
time interval. The control is the drug strength with its possible side-effects, and
the tumor density is the state. From Figure 1 when the magnitude of the dose

= 3 and positive weight parameter a = 0.45 show that, immediately high drug
strength is introduced, it drastically reduced the tumor density. The drug strength
is then reduced slowly and maintained at a constant level between day 8 and day
14, at this point, the tumor is reduced to its lowest density (0.4). When the drug
strength is further reduced to O at day 20, the tumor density began to increase again.
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From Table 1, it clearly minimize the tumor and the drug side effects better when
compared to [7]. Varying the parameters §

|
ZDER -
& i
= !
=1, 7:131 .
5 \
goal J

- e t————— . . ——r—
D 2 i & 8 m 12 M 16 g 20
Days
iEF . . r r . . r . . .
w o\
g |\
= [}
g 1t 4
5 AN
Eost — e pomiss .
& .,
"y,
D 2 i & 8 W 12 W % g 20
Days

Figure 2: The tumor density and pharmacokinetics of the numerical method for
a=3,0=0.09.

Table 2: State and control for case 2

State

Control

NNM

CRKM [7]

NNM

CRKM [7]

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.975000000000000
0.316174778473394
0.250340295480829
0.234461995575852
0.230008033592787
0.228863696436917
0.229091392749493
0.230994754817556
0.237564997246677
0.260533618010916
0.361917965094058

0.975000000000000
0.321535501574790
0.255249785933422
0.239159503078733
0.234610517903486
0.233409401728040
0.233557808902514
0.235290083956162
0.241502289744987
0.263848355874142
0.364635290524031

1.577888180446669
0.607140277382097
0.514222152672691
0.491758637340540
0.485145080847041
0.482435483642046
0.479251884044770
0.470738364567357
0.443770662816609
0.353380082320243
0

1.574841700801036
0.611810080427200
0.518338270123177
0.495631451262817
0.488938157245321
0.486272382635043
0.483284185170976
0.475198137206699
0.448850520235493
0.358315009284885
0

In Figure 2, when the magnitude of the dose is maintain at 6 = 3 and positive
weight parameter varied to a = 0.9, the lowest tumor density is reduced up to 0.2.
From Table 2, it clearly minimize the tumor and the drug side effects better when
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compared to [7]
Now varying the parameters a = 6, r

=0.3,0 =0.45, Ny = 0.975

(=
o

Tumaor Density
= o
- =3

=
[X]

Pharmacokinetics
=4
in

=

n ra

Figure 3: The tumor density and pharmacokinetics of the numerical method a =
6,0 = 0.45

Table 3: State and control for case 3

State

Control

RKLM

CRKM [7]

RKLM

CRKM [7]

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.975000000000000
0.403447602122316
0.325034006643511
0.304223090211370
0.297921588053831
0.296180286997951
0.296444118005061
0.299009083064674
0.307408503038023
0.334692031896936
0.441385751325378

0.975000000000000
0.408335804379769
0.329640783423408
0.308622195107628
0.302196877601881
0.300368203948060
0.300532617139906
0.302927501090392
0.311011978928587
0.337797013107579
0.444167700807145

2.145893109279030
1.006668615260192
0.857133295208174
0.817397101457904
0.804601842438389
0.798757081251958
0.791713131092871
0.774118569309370
0.722322938984285
0.561623883382889
0

2.142727839377600
1.012674278588370
0.862619610386473
0.822574837362603
0.809670968277103
0.803902166061581
0.797166532808081
0.780198373396690
0.729225238354402
0.568221726831470
0

In Figure 3, when the magnitude of the dose is varied to § = 6 and positive
weight parameter maintained at ¢ = 0.45, the lowest tumor density is reduced up
to 0.3. From Table 1, it clearly minimize the tumor and the drug side effects better
when compared to [7].

Therefore, studying Figure 1 to Figure 3, it can be noticed that, the optimal treat-
ment strategy is one of high drug strength early followed by a slow reduction to
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no drug treatment on day 20. However, it can be noticed that, the lowered drug
strength allows for a slight increase in tumor density after day 14. It can also be
observed that when the weight parameter is maintained at 6 = 3 and the drug
strength increased, the tumor density is reduced to its minimal level, but maintain-
ing the drug strength at a = 0.45 and increasing weight parameter does not yield
to a better treatment.

Table 1 to Table 3, the state (tumor) was high at the beginning, but as soon as
the control (dose of drug) is introduced heavily, the state reduced drastically and
became almost constant to one decimal place. But as soon as the control reach
zero, the state begin to increase again.

5 Conclusion

In this study, a numerical method is developed based on Patade and Bhalekar
approach for the numerical solution of optimal control problem using forward-
backward sweep method. The numerical method developed is of order four and
verified to be stable and convergent. Codes are written for the implementation of
the numerical method using MATLAB R2018a.

Studying the results obtained, it can be noticed that, the optimal treatment strategy
is one of high drug strength early followed by a slow reduction to no drug treatment
on day 20. It can also be noticed that, the lowered drug strength allows for a
slight increase in tumor density after day 14. It is observed that when the weight
parameter is maintained at § = 3 and the drug strength increased, the tumor density
is reduced to its minimal level. But maintaining the drug strength at a = 0.45 and
increasing weight parameter does not yield to a better treatment. Management
of cancer using the new numerical method, a high drug strength is infused which
destroyed more cancer cells, then the dosage is reduced to minimal level. The
drug infusion time is shortened which brings the drug strength to zero in order to
reduce toxicity of the drugs. This minimized the destruction of the host cells and
simultaneously maximizing the destruction of cancer cells.
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