
The Aligarh Bulletin of Mathematics

Volume 44, Number 2 (2025), 67 - 98

ISSN: 0304-9787

Copyright © Department of Mathematics
Aligarh Muslim University, Aligarh-202002, India

Common fixed point results for generalized
integral type (I) and (II) (F − αs)-contractions

in S-metric spaces with applications

G. S. Saluja

H.N. 3/1005, Geeta Nagar, Raipur
Raipur - 492001 (C.G.), India

Email: saluja1963@gmail.com

(Received: October 12, 2025, Accepted: December 31, 2025)

Abstract

The purpose of this paper is to introduce the notion of generalized integral
type (I) and (II)(F − αs) contractions and establish some common fixed
point theorems in the setting of complete S-metric spaces. Additionally, we
provide some consequences of the established results and give an example in
support of the established result. Furthermore, we use the obtained results
to achieve the solution of an integral equation and the bounded solution of a
functional equation in dynamic programming. Our results extend, generalize
and enrich several previously published results in the existing literature (see,
for example [10], [11], [19], [36] and some others).

1 Introduction

In the year 1922, the Polish mathematician, Banach [6] proved a theorem which en-
sures, under appropriate conditions, the existence and uniqueness of a fixed point.
His result is called Banach contraction mapping principle in the framework of met-
ric spaces. This theorem provides a technique for solving a variety of problems of
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applied nature in mathematical science and engineering. Many researchers have
extended, generalized and improved Banach fixed point theorem in different ways
and directions. In 2012, Wardowski [36] defined the notion of F -contraction to
generalise Banach fixed point theorem. On the other hand, Sedghi et al. [32] in-
troduced the concept of an S-metric space and proved some fixed point theorems
by modifying D-metric and G-metric spaces. They also gave some examples of an
S-metric space which shows that the S-metric space is different from other spaces.
Also, they built up some topological properties in such spaces and proved some
fixed point theorems in the setting of S-metric spaces. Sedghi and Dung [33] re-
marked that every S-metric space is topologically equivalent to a metric space. For
more results on S-metric spaces, see ( [21], [27], [34], [35]) and many others. In
2002, Branciari [10] developed the idea of integral type contraction mappings in
complete metric spaces and he studied the existence of fixed points for mappings
which is defined on complete metric space satisfying integral type contraction.
Samet et al. [31] introduced the notion of α-admissible mappings. The concept of
α-admissible mappings was extended in different directions. Mlaiki in [26], intro-
duced the notion of α-admissible mapping in the setting of S-metric spaces. Khom-
dram et al. [23] extended α-admissible mappings to (α, β)-admissible in S-metric
like space. Priyobarta et al. [28] extended various forms of α-admissible mappings
in S-metric space. There are various generalizations of α-admissible mappings as
well as F -contractions (see, e.g. [3], [4], [5], [16], [20], [22], [29], [30]). Recently,
Javed et al. [18] introduced the concept of Fα-contraction which is a generaliza-
tion of F -contraction and proved a fixed point theorem in the setting of S-metric
spaces.

2 Preliminaries

In this part, we recall the following definitions and lemmas in the sequel.
Denote R:= the set of real numbers, R+ := [0,+∞). A point η ∈ Γ, where Γ

is a non-void set, of the mapping g : Γ → Γ is called a fixed point of operator g if
g(η) = η.

Definition 2.1. ( [32]) Let Γ ̸= ∅ be a set and let S : Γ3 → R+ be a function
satisfying the following conditions:

(S1) S(η, θ, ϑ) = 0⇔ η = θ = ϑ;

(S2) S(η, θ, ϑ) ≤ S(η, η, ν) + S(θ, θ, ν) + S(ϑ, ϑ, ν),

for all η, θ, ϑ, ν ∈ Γ.
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Then, the function S is called an S-metric on Γ and the pair (Γ, S) is called
an S-metric space (in short SMS).

Example 2.1. (E1)( [32]) Let Γ = Rn and ∥ · ∥ a norm on Γ, then S(η, θ, ϑ) =
∥θ + ϑ− 2η∥+ ∥θ − ϑ∥ is an S-metric on Γ.

(E2)( [32]) Let Γ = Rn and ∥ · ∥ a norm on Γ, then S(η, θ, ϑ) = ∥η − ϑ∥ +
∥θ − ϑ∥ is an S-metric on Γ.

(E3)( [33]) Let Γ = R be the real line. Then S(η, θ, ϑ) = |η − ϑ| + |θ − ϑ|
for all η, θ, ϑ ∈ R is an S-metric on Γ. This S-metric on Γ is called the usual
S-metric on Γ.

(E4)( [21]) Let Γ ̸= ∅ be a set and d be an ordinary metric on Γ. Then
S(η, θ, ϑ) = d(η, ϑ) + d(θ, ϑ) for all η, θ, ϑ ∈ Γ is an S-metric on Γ.

Definition 2.2. Let (Γ, S) be an S-metric space. For r > 0 and η ∈ Γ we define an
open ball BS(η, r) and closed ball BS [η, r] with center η and radius r as follows,
respectively:

(1) BS(η, r) = {η′ ∈ Γ : S(η′, η′, η) < r},

(2) BS [η, r] = {η′ ∈ Γ : S(η′, η′, η) ≤ r}.

Example 2.2. ( [33]) Let Γ = R. Denote S(η, θ, ϑ) = |θ + ϑ− 2η|+ |θ − ϑ| for
all η, θ, ϑ ∈ R. Then

BS(1, 2) = {η ∈ R : S(η, η, 1) < 2} = {η ∈ R : |η − 1| < 1}
= {η ∈ R : 0 < η < 2} = (0, 2),

and

BS [2, 4] = {η ∈ R : S(η, η, 2) ≤ 4} = {η ∈ R : |η − 2| ≤ 2}
= {η ∈ R : 0 ≤ η ≤ 4} = [0, 4].

Definition 2.3. ( [32], [33]) Let (Γ, S) be an S-metric space and Y ⊂ Γ.
(1) If for every η ∈ Y , there exists r > 0 such that BS(η, r) ⊂ Y , then the

subset Y is called an open subset of Γ.
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(2) A sequence {ηn} in Γ converges to η ∈ Γ if and only if S(ηn, ηn, η) → 0

as n → ∞, that is, for each λ > 0, there exists N0 ∈ N such that for all n ≥ N0,
we have S(ηn, ηn, η) < λ and we denote this by limn→∞ ηn = η or ηn → η as
n→ ∞.

(3) A sequence {ηn} in Γ is called a Cauchy sequence if, S(ηn, ηn, ηm) → 0

as n,m → ∞, that is, for each λ > 0, there exists N0 ∈ N such that for all
n,m ≥ N0, we have S(ηn, ηn, ηm) < λ.

(4) The S-metric space (Γ, S) is called complete if every Cauchy sequence in
Γ is convergent.

(5) Let τ be the set of all Y ⊂ Γ with η ∈ Y and there exists r > 0 such that
BS(η, r) ⊂ Y . Then, τ is a topology on Γ (induced by the S-metric space).

(6) A nonempty subset Y of Γ is S-closed if the closure of Y coincides with
Y , that is, Y = Y .

Definition 2.4. ( [32]) Let (Γ, S) be an S-metric space. A mapping R : Γ → Γ is
said to be a contraction if there exists a constant 0 ≤ L < 1 such that

S(Rζ,Rθ,Rϑ) ≤ LS(ζ, θ, ϑ) (2.1)

for all ζ, θ, ϑ ∈ Γ.

Remark 2.1. ( [32]) If the S-metric space (Γ, S) is complete, then the mapping
defined as above has a unique fixed point.

Definition 2.5. ( [32]) Let (Γ, S) and (Γ′, S′) be two S-metric spaces. A function
g : Γ → Γ′ is said to be continuous at a point η0 ∈ Γ if for every sequence {ηn} in
Γ with S(ηn, ηn, η0) → 0, S′(g(ηn), g(ηn), g(η0)) → 0 as n → ∞. We say that g
is continuous on Γ if g is continuous at every point η0 ∈ Γ.

Lemma 2.1. ( [32], Lemma 2.5) Let (Γ, S) be an S-metric space. Then, we have
S(η, η, θ) = S(θ, θ, η) for all η, θ ∈ Γ.

Lemma 2.2. ( [32], Lemma 2.12) Let (Γ, S) be an S-metric space. If ηn → η and
η′n → η′ as n→ ∞ then S(ηn, ηn, η′n) → S(η, η, η′) as n→ ∞.

Remark 2.2. ( [33]) Every S-metric space is topologically equivalent to a B-
metric space.
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Lemma 2.3. ( [15], Lemma 8) Let (Γ, S) be an S-metric space and Y is a nonempty
subset of Γ. Then, Y is said to be S-closed if and only if for any sequence {ηn} in
Y such that ηn → η as n→ ∞, then η ∈ Y .

Lemma 2.4. ( [33]) The limit of the sequence {ηn} in an S-metric space (Γ, S) is
unique.

Lemma 2.5. ( [32]) Let (Γ, S) be an S-metric space. Then, the convergent se-
quence {ηn} in Γ is Cauchy.

Corollary 2.1. ( [33]) Let T : Γ → Γ′ be a map from an S-metric space Γ to
an S-metric space Γ′. Then, T is said to be continuous at η ∈ Γ if and only if
Tηn → Tη whenever ηn → η as n→ ∞.

Definition 2.6. ( [31]) Let Γ ̸= ∅ be a set. Let A : Γ → Γ and α : Γ× Γ → R+ be
given mappings. We say that A is α-admissible if for all η, θ ∈ Γ, we have

α(η, θ) ≥ 1 ⇒ α(A(η), A(θ)) ≥ 1.

Lemma 2.6. ( [28], Lemma 1.17) Let (Γ, S) be an S-metric space, A : Γ → Γ be
a triangular αs-admissible mapping. Assume that there exists η0 ∈ Γ such that
αs(η0, η0, Aη0) ≥ 1. Define a sequence {ηn} by ηn+1 = Aηn. Then, we have

αs(ηn, ηn, ηm) ≥ 1 for all m,n ∈ N ∪ {0}.

Lemma 2.7. ( [28], Lemma 1.18) Let (Γ, S) be an S-metric space, A,B : Γ → Γ

be triangular αs-admissible mappings. Assume that there exists η0 ∈ Γ such that
αs(η0, η0, Aη0) ≥ 1. Define sequences

η2i+1 = Aη2i and η2i+2 = Bη2i+1, where i = 0, 1, 2, . . . .

Then we have αs(ηn, ηn, ηm) ≥ 1 for all m,n ∈ N ∪ {0} with n < m.

In [2], Aydi generalized Definition 2.6 and introduced the following.

Definition 2.7. ( [2]) Let Γ ̸= ∅ be a set, letA,B : Γ → Γ and α : Γ×Γ → R+ be
mappings. We say that (A,B) is a generalized α-admissible pair if for all η, θ ∈ Γ,
we have

α(η, θ) ≥ 1 ⇒ α(A(η), B(θ)) ≥ 1 and α(B(θ), A(η)) ≥ 1.
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Definition 2.8. ( [26]) Let (Γ, S) be an S-metric space, A : Γ → Γ and α : Γ ×
Γ× Γ → R+. We say that A is α-admissible if η, θ, ϑ ∈ Γ, α(η, θ, ϑ) ≥ 1 implies
that α(A(η), A(θ), A(ϑ)) ≥ 1.

Example 2.3. Let Γ = R+ and define T : Γ → Γ and α : Γ3 → R+ by A(η) = 4η

for all η, θ, ϑ ∈ Γ and

α(η, θ, ϑ) =

{
e

ϑ
ηθ , if η ≥ θ ≥ ϑ, η, θ ̸= 0,

0, if η < θ < ϑ.

Then, A is α-admissible.

In [28], Priyobarta et al. generalized Definition 2.8 and introduced the follow-
ing.

Definition 2.9. ( [28]) Let (Γ, S) be an S-metric space,A,B : Γ → Γ and αs : Γ×
Γ × Γ → R+. We say that the pair (A,B) is an αs-admissible if η, θ, ϑ ∈ Γ such
thatαs(η, θ, ϑ) ≥ 1, then we haveαs(A(η), A(θ), B(ϑ)) ≥ 1 andαs(B(η), B(θ), A(ϑ)) ≥
1.

Definition 2.10. ( [28]) Let (Γ, S) be an S-metric space, A : Γ → Γ and αs : Γ×
Γ× Γ → R+. We say that A is a triangular αs-admissible mapping if

(i) αs(η, θ, ϑ) ≥ 1 implies αs(A(η), A(θ), A(ϑ)) ≥ 1, η, θ, ϑ ∈ Γ;
(ii) αs(η, θ, t) ≥ 1 and αs(t, t, ϑ) ≥ 1 imply αs(η, θ, ϑ) ≥ 1, η, θ, ϑ, t ∈ Γ.

The notion of F -contraction was introduced by Wardowski [36] defined as
follows.

Definition 2.11. ( [36]) (F -contraction) Let F : R+ → R be a mapping satisfying
the following axioms:

(F1) F is strictly increasing, that is, η < θ implies that F (η) < F (θ) for all
η, θ ∈ R+.

(F2) For every sequence {ηn} in R+, we have limn→∞ ηn = 0 if and only if
limn→∞ F (ηn) = −∞.

(F3) There exists a number k ∈ (0, 1) such that limη→0+ η
kF (η) = 0.

In what follows, F stands for the family of all functions F which satisfies the
above three conditions.



Common fixed point results for generalized integral type · · · 73

Definition 2.12. ( [36]) A mapping T : Γ → Γ is said to be an F -contraction if
there exists a number τ > 0 such that

∀ η, θ ∈ Γ, d(T (η), T (θ)) > 0 ⇒ τ + F (d(T (η), T (θ))) ≤ F (d(η, θ)),

for all η, θ ∈ Γ.

Some examples related to F -contraction [36] are:

Example 2.4. (1) Let F : R+ → R be given by the formula F (η) = ln(η), it is
clear that F satisfies (F1)− (F3) ((F3) for any k ∈ (0, 1)).

(2) Let F : R+ → R be given by the formula F (η) = η + ln(η), η > 0. Then,
F satisfies (F1)− (F3).

(3) Let F : R+ → R be given by the formula F (η) = − 1√
η , η > 0. Then, F

satisfies (F1)− (F3) ((F3) for any k ∈ (1/2, 1)).
(4) Let F : R+ → R be given by the formula F (η) = ln(η2+η), η > 0. Then,

F satisfies (F1)− (F3).

The following theorem was developed by Wardowski [36].

Theorem 2.1. ( [36]) Let (Γ, d) be a complete metric space and let T : Γ → Γ be
an F -contraction. Then, T has a unique fixed point ζ ∈ Γ and for each η0 ∈ Γ,
the sequence {Tnη0} converges to ζ.

Remark 2.3. ( [36]) If we assume that F (η) = ln(η), an F -contraction mapping
becomes the Banach contraction mapping.

Remark 2.4. Clearly Definition 2.12 and (F1) implies that d(T (η), T (θ)) <

d(η, θ) for all η, θ ∈ Γ with T (η) ̸= T (θ). Hence, every F -contraction mapping is
continuous.

Definition 2.13. ( [11]) Let (Γ, S) be an S-metric space. A mapping T : Γ → Γ is
said to be an F -contraction if there exists a number τ > 0 such that

S(T (η), T (θ), T (ϑ)) > 0 ⇒ τ + F (S(T (η), T (θ), T (ϑ))) ≤ F (S(η, θ, ϑ)),

for all η, θ, ϑ ∈ Γ.
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Definition 2.14. ( [18]) Let (Γ, S) be an S-metric space and let α : Γ3 → R+ be
a function. A mapping T : Γ → Γ is called an Fα-contraction if there exist F ∈ F
and a number τ > 0 such that

S(T (η), T (θ), T (ϑ)) > 0 ⇒ τ + F (α(η, θ, ϑ)S(T (η), T (θ), T (ϑ)) ≤ F (S(η, θ, ϑ)),

for all η, θ, ϑ ∈ Γ.

Definition 2.15. ( [25]) Let {zn}n∈N be a non-negative sequence such that limn→∞ zn =

a. Then

lim
n→∞

∫ zn

0
ω(t) dt =

∫ a

0
ω(t) dt,

where ω : [0,+∞) → [0,+∞) is a Lebesgue-integrable mapping which is summable
on each compact subset of [0,+∞), and such that ∀ ε > 0,

∫ ε
0 ω(t)dt > 0.

Definition 2.16. ( [25]) Let {zn}n∈N be a non-negative sequence. Then

lim
n→∞

∫ zn

0
ω(t) dt = 0 ⇔ lim

n→∞
zn = 0,

where ω : [0,+∞) → [0,+∞) is a Lebesgue-integrable mapping which is summable
on each compact subset of [0,+∞), and such that ∀ ε > 0,

∫ ε
0 ω(t)dt > 0.

Denote
Φ =

{
ω : R+ → R+ is aLebesgue-integrable mapping which is summable on

each compact subset ofR+, non-negative and such that for each ε > 0,
∫ ε
0 ω(t)dt >

0
}

.
The following theorem was introduced by Branciari [10] in complete metric

space as follows.

Theorem 2.2. ( [10]) Let (Γ, d) be a complete metric space, k ∈ [0, 1), and T : Γ →
Γ is a mapping such that for all η, θ ∈ Γ,∫ d(Tη,Tθ)

0
ω(t)dt ≤ k

∫ d(η,θ)

0
ω(t)dt,

where ω ∈ Φ. Then, T has a unique fixed point ζ ∈ Γ, such that for each η ∈ Γ,
limn→∞ Tn(η) = ζ.
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Now, we introduce generalized integral type (I) and (II) (F−αs)-contractions
as follows.

Definition 2.17. Let (Γ, S) be an S-metric space and let αs : Γ
3 → R+ be a

function. The mappings A,B : Γ → Γ are called generalized integral type (I) and
(II) (F −αs)-contractions respectively, if there exist F ∈ F and a number τ > 0

such that

S(Aη,Aθ,Bϑ) > 0 ⇒ τ + F
(
αs(η, θ, ϑ)

∫ S(Aη,Aθ,Bϑ)

0
ω(t)dt

)
≤ F

(∫ Ψ(I)(η,θ,ϑ)

0
ω(t)dt

)
, (2.2)

for all η, θ, ϑ ∈ Γ and ω ∈ Φ where

Ψ(I)(η, θ, ϑ) = max
{
S(η, θ, ϑ), S(η, θ, Aη), S(ϑ, ϑ,Bϑ),

S(η, ϑ,Aη) + S(ϑ, ϑ,Bϑ)

2

}
and

S(Aη,Aθ,Bϑ) > 0 ⇒ τ + F
(
αs(η, θ, ϑ)

∫ S(Aη,Aθ,Bϑ)

0
ω(t)dt

)
≤ F

(∫ Ψ(II)(η,θ,ϑ)

0
ω(t)dt

)
, (2.3)

for all η, θ, ϑ ∈ Γ, where

Ψ(II)(η, θ, ϑ) = l1 S(η, θ, ϑ) + l2 S(η, θ, Aη) + l3 S(ϑ, ϑ,Bϑ)

+l4
S(ϑ, θ,Bϑ)[1 + S(η, θ, Aη)]

1 + S(η, θ, ϑ)

+l5 max
{
S(η, θ, Aη), S(ϑ, ϑ,Bϑ)

}
,

l1, l2, l3, l4, l5 are non-negative reals such that l1 + l2 + l3 + 2l4 + 2l5 < 1 and
ω ∈ Φ.

For more other contractions, see (Ali and Imdad [1]).
In the case where ω(t) = 1, F (t) = ln(t) for all t > 0, Equations (2.2) and
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(2.3) become

S(Aη,Aθ,Bϑ) ≤ e−τΨ(I)(η, θ, ϑ) = kΨ(I)(η, θ, ϑ) (∗)

and

S(Aη,Aθ,Bϑ) ≤ e−τΨ(II)(η, θ, ϑ) = kΨ(II)(η, θ, ϑ) (∗∗)

for all η, θ, ϑ ∈ Γ with αs(η, θ, ϑ) ≥ 1, Aη ̸= Aθ ̸= Bϑ and k = e−τ < 1. Note
that Conditions (∗) and (∗∗) are also satisfied for all η, θ, ϑ ∈ Γ with αs(η, θ, ϑ) ≥
1 and Aη = Aθ = Bϑ.

Inspired by the work of [10], [18], [26], [32], [36], we derive some com-
mon fixed point theorems for generalized integral type (I) and (II)(F − αs)-
contractions in the framework of complete S-metric spaces. In addition, we pro-
vide some consequences of the established results and give an example in support
of the established result. Furthermore, we use the obtained results to achieve the
solution of an integral equation and the bounded solution of a functional equation
in dynamic programming. The results presented in this paper extend and generalise
several previously published results in the existing literature.

3 Main results

In this section, we shall prove some common fixed point theorems for generalized
integral type (I) and (II) (F −αs)-contractions in the setting of S-metric spaces.

Theorem 3.1. Let (Γ, S) be a complete S-metric space, αs : Γ
3 → R+ be a func-

tion. Let A,B : Γ → Γ be two mappings, then suppose that the following hold:
(1) (A,B) is a pair of generalized integral type (I) (F −αs) (2.2) contraction

mapping,
(2) (A,B) is triangular αs-admissible,
(3) there exists η0 ∈ Γ such that αs(η0, η0, Aη0) ≥ 1,
(4) A and B are continuous.
Then (A,B) has a common fixed point.

Proof. Let η1 ∈ Γ be such that η1 = Aη0 and η2 = Bη1. By induction, we
construct a sequence {ηn} of points in Γ such that

η2i+1 = Aη2i and η2i+2 = Bη2i+1, (3.1)
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where i = 0, 1, 2, . . . .
By the assumption αs(η0, η0, η1) ≥ 1 and the pair (A,B) is αs-admissible, by
Lemma 2.7, we have

αs(ηn, ηn, ηn+1) ≥ 1 for all n ∈ N ∪ {0}. (3.2)

Then,

S(η2i+1, η2i+1, η2i+2) = S(Aη2i, Aη2i, Bη2i+1)

≤ αs(η2i, η2i, η2i+1)S(Aη2i, Aη2i, Bη2i+1).

By Equation (2.2), this implies that

F
(∫ S(η2i+1,η2i+1,η2i+2)

0
ω(t)dt

)
≤ F

(
αs(η2i, η2i, η2i+1)

∫ S(Aη2i,Aη2i,Bη2i+1)

0
ω(t)dt

)
.

So, we have

F
(∫ S(η2i+1,η2i+1,η2i+2)

0
ω(t)dt

)
≤ F

(∫ Ψ(I)(η2i,η2i,η2i+1)

0
ω(t)dt

)
− τ, (3.3)

for all i ∈ N ∪ {0}. Now

Ψ(I)(η2i, η2i, η2i+1) = max
{
S(η2i, η2i, η2i+1), S(η2i, η2i, Aη2i), S(η2i+1, η2i+1, Bη2i+1),

1

2

[
S(η2i, η2i+1, Aη2i) + S(η2i+1, η2i+1, Bη2i+1)

]}
= max

{
S(η2i, η2i, η2i+1), S(η2i, η2i, η2i+1), S(η2i+1, η2i+1, η2i+2),

1

2

[
S(η2i, η2i+1, η2i+1) + S(η2i+1, η2i+1, η2i+2)

]}
≤ max

{
S(η2i, η2i, η2i+1), S(η2i, η2i, η2i+1), S(η2i+1, η2i+1, η2i+2),

1

2

[
S(η2i, η2i, η2i+1) + S(η2i+1, η2i+1, η2i+2)

]}
(by (S2) and Lemma 2.1)

= max
{
S(η2i, η2i, η2i+1), S(η2i+1, η2i+1, η2i+2)

}
.
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If max
{
S(η2i, η2i, η2i+1), S(η2i+1, η2i+1, η2i+2)

}
= S(η2i+1, η2i+1, η2i+2), then

from Equation (3.3), we obtain

F
(∫ S(η2i+1,η2i+1,η2i+2)

0
ω(t)dt

)
≤ F

(∫ S(η2i+1,η2i+1,η2i+2)

0
ω(t)dt

)
− τ,

which is a contradiction since τ > 0. Hence, we conclude that

F
(∫ S(η2i+1,η2i+1,η2i+2)

0
ω(t)dt

)
≤ F

(∫ S(η2i,η2i,η2i+1)

0
ω(t)dt

)
− τ. (3.4)

This implies that

F
(∫ S(ηn,ηn,ηn+1)

0
ω(t)dt

)
≤ F

(∫ S(ηn−1,ηn−1,ηn)

0
ω(t)dt

)
− τ (3.5)

for all n ∈ N ∪ {0}.
Repeating the same process as above, we obtain

F
(∫ S(ηn−1,ηn−1,ηn)

0
ω(t)dt

)
≤ F

(∫ S(ηn−2,ηn−2,ηn−1)

0
ω(t)dt

)
− τ. (3.6)

Using Equations (3.5) and (3.6), we get

F
(∫ S(ηn,ηn,ηn+1)

0
ω(t)dt

)
≤ F

(∫ S(ηn−1,ηn−1,ηn)

0
ω(t)dt

)
− τ

≤ F
(∫ S(ηn−2,ηn−2,ηn−1)

0
ω(t)dt

)
− 2τ

≤ F
(∫ S(ηn−3,ηn−3,ηn−2)

0
ω(t)dt

)
− 3τ

≤ . . .

≤ F
(∫ S(η0,η0,η1)

0
ω(t)dt

)
− nτ. (3.7)

Let
an = S(ηn, ηn, ηn+1).
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Therefore, from Equation (3.7), we obtain

F
(∫ an

0
ω(t)dt

)
≤ F

(∫ a0

0
ω(t)dt

)
− nτ. (3.8)

Then, it follows that

lim
n→∞

F
(∫ an

0
ω(t)dt

)
= −∞.

By F ∈ F and (F2), we obtain

lim
n→∞

∫ an

0
ω(t)dt = 0,

and so, by Definition 2.16, we obtain

lim
n→∞

an = lim
n→∞

S(ηn, ηn, ηn+1) = 0. (3.9)

Now, by F ∈ F and (F3), there exists k ∈ (0, 1) such that

lim
n→∞

(an)
kF (an) = 0. (3.10)

Now, using Equation (3.8), we have

(an)
k
[
F
(∫ an

0
ω(t)dt

)
− F

(∫ a0

0
ω(t)dt

)]
≤ −n(an)kτ ≤ 0. (3.11)

Using Equations (3.11) and (3.10), we obtain

lim
n→∞

n(an)
k = 0 = lim

n→∞
n(S(ηn, ηn, ηn+1))

k. (3.12)

Therefore, there exists a positive integer N1 ∈ N such that n(an)k < 1 for all
n > N1, or

an = S(ηn, ηn, ηn+1) <
1

n1/k
. (3.13)
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Let m,n ∈ N with m > n > N1. Then, we have

S(ηm, ηm, ηn) ≤ am−1 + am−2 + · · ·+ an

≤
m−1∑
p=n

ap ≤
∞∑
p=n

ap

=
∞∑
p=n

1

p1/k
. (3.14)

As k ∈ (0, 1) and the series
∑∞

p=n
1

p1/k
is convergent, so

lim
m,n→∞

S(ηm, ηm, ηn) = 0. (3.15)

Thus, {ηn} is a Cauchy sequence in an S-metric space (Γ, S). Since, by assump-
tion (Γ, S) is complete, so there exists a z ∈ Γ such that ηn → z implies that
η2i+1 → z and η2i+2 → z. As A and B are continuous, so we get Bη2i+1 → Bz

and Aη2i+2 → Az. Thus, z = Az. Similarly, z = Bz, we have Az = Bz = z.
Then, (A,B) has a common fixed point. The proof is completed.

In the following theorem, we dropped continuity.

Theorem 3.2. Let (Γ, S) be a complete S-metric space, αs : Γ
3 → R+ be a func-

tion. Let A,B : Γ → Γ be two mappings, then suppose that the following hold:

(1) (A,B) is a pair of generalized integral type (I) (F −αs) (2.2) contraction
mapping,

(2) (A,B) is triangular αs-admissible,

(3) there exists η0 ∈ Γ such that αs(η0, η0, Aη0) ≥ 1,

(4) If {ηn} is a sequence in Γ such that αs(ηn, ηn, ηn+1) ≥ 1 for all n ∈
N ∪ {0} and ηn → η ∈ Γ as n → ∞, then there exists a subsequence {ηnk

} of
{ηn} such that αs(ηnk

, ηnk
, η) ≥ 1 for all k.

Then (A,B) has a common fixed point.

Proof. Follows similar lines of proof of Theorem 3.1. Define a sequence η2i+1 =

Aη2i and η2i+2 = Bη2i+1, where i = 0, 1, 2, . . . converges to η ∈ Γ. By the as-
sumption (4), there exists a subsequence {ηnk

} of {ηn} such thatαs(ηnk
, ηnk

, η) ≥
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1 for all k. Now, by using Equation (2.2) for all k, we have

S(η2nk+1, η2nk+1, Bη) = S(Aη2nk
, Aη2nk

, Bη)

≤ αs(η2nk
, η2nk

, η)S(Aη2nk
, Aη2nk

, Bη).

By Equation (2.2), this implies that

F
(∫ S(η2nk+1,η2nk+1,Bη)

0
ω(t)dt

)
≤ F

(
αs(η2nk

, η2nk
, η)

∫ S(Aη2nk
,Aη2nk

,Bη)

0
ω(t)dt

)
.

So, we have

F
(∫ S(η2nk+1,η2nk+1,Bη)

0
ω(t)dt

)
≤ F

(∫ Ψ(I)(η2nk
,η2nk

,η)

0
ω(t)dt

)
− τ (3.16)

where

Ψ(I)(η2nk
, η2nk

, η) = max
{
S(η2nk

, η2nk
, η), S(η2nk

, η2nk
, Aη2nk

), S(η, η,Bη),

1

2

[
S(η2nk

, η, Aη2nk
) + S(η, η,Bη)

]}
= max

{
S(η2nk

, η2nk
, η), S(η2nk

, η2nk
, η2nk+1), S(η, η,Bη),

1

2

[
S(η2nk

, η, η2nk+1) + S(η, η,Bη)
]}
.

Letting k → ∞ in the above inequality, we obtain

lim
k→∞

Ψ(I)(η2nk
, η2nk

, η) = max
{
S(η, η, η), S(η, η, Aη), S(η, η,Bη),

1

2

[
S(η, η,Aη) + S(η, η,Bη)

]}
= max

{
0, S(η, η, Aη), S(η, η,Bη),

1

2

[
S(η, η, Aη) + S(η, η,Bη)

]}
= max

{
S(η, η, Aη), S(η, η,Bη)

}
. (3.17)

Case I:

lim
k→∞

Ψ(I)(η2nk
, η2nk

, η) = S(η, η,Bη).
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Suppose that S(η, η,Bη) > 0. From Equation (3.17), for large k, Ψ(I)(η2nk
, η2nk

, η) >

0, which implies from (3.16) that

F
(∫ S(η2nk+1,η2nk+1,Bη)

0
ω(t)dt

)
≤ F

(∫ S(η,η,Bη)

0
ω(t)dt

)
− τ. (3.18)

Letting k → ∞ in Equation (3.18), we obtain

F
(∫ S(η,η,Bη)

0
ω(t)dt

)
≤ F

(∫ S(η,η,Bη)

0
ω(t)dt

)
− τ,

which is a contradiction, since τ > 0. Hence, S(η, η,Bη) = 0 and so by condition
(S1), we find that η = Bη.
Case II:

lim
k→∞

Ψ(I)(η2nk
, η2nk

, η) = S(η, η, Aη).

By similar fashion, we obtain η = Aη. Thus, η = Bη = Aη. This completes the
proof.

Theorem 3.3. Let (Γ, S) be a complete S-metric space, αs : Γ
3 → R+ be a func-

tion. Let A,B : Γ → Γ be two mappings, then suppose that the following hold:

(1) (A,B) is a pair of generalized integral type (II) (F−αs) (2.3) contraction
mapping,

(2) (A,B) is triangular αs-admissible,

(3) there exists η0 ∈ Γ such that αs(η0, η0, Aη0) ≥ 1,

(4) A and B are continuous.

Then, (A,B) has a common fixed point.

Proof. Follows similar lines of proof of Theorem 3.1. Define a sequence η2i+1 =

Aη2i and η2i+2 = Bη2i+1, where i = 0, 1, 2, . . . .
By the assumption αs(η0, η0, η1) ≥ 1 and the pair (A,B) is αs-admissible, by

Lemma 2.7, we have

αs(ηn, ηn, ηn+1) ≥ 1 for all n ∈ N ∪ {0}.
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Then,

S(η2i+1, η2i+1, η2i+2) = S(Aη2i, Aη2i, Bη2i+1)

≤ αs(η2i, η2i, η2i+1)S(Aη2i, Aη2i, Bη2i+1).

By Equation (2.3), this implies that

F
(∫ S(η2i+1,η2i+1,η2i+2)

0
ω(t)dt

)
≤ F

(
αs(η2i, η2i, η2i+1)

∫ S(Aη2i,Aη2i,Bη2i+1)

0
ω(t)dt

)
.

Then, we have

F
(∫ S(η2i+1,η2i+1,η2i+2)

0
ω(t)dt

)
≤ F

(∫ Ψ(II)(η2i,η2i,η2i+1)

0
ω(t)dt

)
− τ (3.19)

for all i ∈ N ∪ {0}. Now

Ψ(II)(η2i, η2i, η2i+1)

= l1 S(η2i, η2i, η2i+1) + l2 S(η2i, η2i, Aη2i) + l3S(η2i+1, η2i+1, Bη2i+1)

+l4
S(η2i+1, η2i, Bη2i+1)[1 + S(η2i, η2i, Aη2i)]

1 + S(η2i, η2i, η2i+1)

+l5 max{S(η2i, η2i, Aη2i), S(η2i+1, η2i+1, Bη2i+1)}

= l1 S(η2i, η2i, η2i+1) + l2 S(η2i, η2i, η2i+1) + l3S(η2i+1, η2i+1, η2i+2)

+l4
S(η2i+1, η2i, η2i+2)[1 + S(η2i, η2i, η2i+1)]

1 + S(η2i, η2i, η2i+1)

+l5 max{S(η2i, η2i, η2i+1), S(η2i+1, η2i+1, η2i+2)}

= (l1 + l2)S(η2i, η2i, η2i+1) + l3S(η2i+1, η2i+1, η2i+2) + l4 S(η2i+1, η2i, η2i+2)

+l5 max{S(η2i, η2i, η2i+1), S(η2i+1, η2i+1, η2i+2)}
≤ (l1 + l2 + l4 + l5)S(η2i, η2i, η2i+1) + (l3 + l4 + l5)S(η2i+1, η2i+1, η2i+2).
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From Equation (3.19), it follows that

F
(∫ S(η2i+1,η2i+1,η2i+2)

0
ω(t)dt

)
≤ F

(∫ (l1+l2+l4+l5)S(η2i,η2i,η2i+1)+(l3+l4+l5)S(η2i+1,η2i+1,η2i+2)

0
ω(t)dt

)
− τ. (3.20)

This implies that

F
(∫ S(ηn,ηn,ηn+1)

0
ω(t)dt

)
≤ F

(∫ (l1+l2+l4+l5)S(ηn−1,ηn−1,ηn)+(l3+l4+l5)S(ηn,ηn,ηn+1)

0
ω(t)dt

)
− τ, (3.21)

for all n ∈ N ∪ {0}.

Continuing the above process, we get

F
(∫ dn

0
ω(t)dt

)
≤ F

(∫ (l1+l2+l4+l5)dn−1+(l3+l4+l5)dn

0
ω(t)dt

)
− τ

≤ F
(∫ (l1+l2+l4+l5)dn−2+(l3+l4+l5)dn−1

0
ω(t)dt

)
− 2τ

≤ F
(∫ (l1+l2+l4+l5)dn−3+(l3+l4+l5)dn−2

0
ω(t)dt

)
− 3τ

...

≤ F
(∫ (l1+l2+l4+l5)d0+(l3+l4+l5)d1

0
ω(t)dt

)
− nτ,

where dn = S(ηn, ηn, ηn+1).

Then, it follows that

lim
n→∞

F
(∫ dn

0
ω(t)dt

)
= −∞.
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By F ∈ F and (F2), we obtain

lim
n→∞

∫ dn

0
ω(t)dt = 0,

and so, by Definition 2.16, we obtain

lim
n→∞

dn = lim
n→∞

S(ηn, ηn, ηn+1) = 0.

Now, by F ∈ F and (F3), there exists k ∈ (0, 1) such that

lim
n→∞

(dn)
kF (dn) = 0.

Rest of the proof follows from Theorem 3.1.

Theorem 3.4. Let (Γ, S) be a complete S-metric space, αs : Γ
3 → R+ be a func-

tion. Let A,B : Γ → Γ be two mappings, then suppose that the following hold:
(1) (A,B) is a pair of generalized integral type (II) (F−αs) (2.3) contraction

mapping,
(2) (A,B) is triangular αs-admissible,
(3) there exists η0 ∈ Γ such that αs(η0, η0, Aη0) ≥ 1,
(4) If {ηn} is a sequence in Γ such that αs(ηn, ηn, ηn+1) ≥ 1 for all n ∈

N ∪ {0} and ηn → η ∈ Γ as n → ∞, then there exists a subsequence {ηnk
} of

{ηn} such that αs(ηnk
, ηnk

, η) ≥ 1 for all k.
Then (A,B) has a common fixed point.

Proof. It follows from Theorem 3.1 - Theorem 3.3.

For the uniqueness, we need the following additional condition.
(U) For all u, v ∈ CF (A,B), we have αs(u, u, v) ≥ 1, where CF (A,B)

represents the set of common fixed points of A and B.

Theorem 3.5. Adding condition (U) to the hypotheses of Theorem 3.1 (resp. The-
orem 3.3), we obtain that η is the unique common fixed point of A and B.

Proof. We argue by contradiction, that is, suppose there exist η, ζ ∈ Γ such that
η = Aη = Bη and ζ = Aζ = Bζ with η ̸= ζ. By assumption (U), we have
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αs(η, η, ζ) ≥ 1. First, we assume that hypotheses of Theorem 3.1 hold. Since,
S(η, η, ζ) = S(Aη,Aη,Bζ) > 0, by Equation (2.2), we have

τ + F
(∫ S(η,η,ζ)

0
ω(t)dt

)
= τ + F

(∫ S(Aη,Aη,Bζ)

0
ω(t)dt

)
≤ F

(∫ Ψ(I)(η,η,ζ)

0
ω(t)dt

)
= F

(∫ S(η,η,ζ)

0
ω(t)dt

)
.

Then, by (F1), we have

0 <

∫ S(η,η,ζ)

0
ω(t)dt <

∫ S(η,η,ζ)

0
ω(t)dt,

which is a contradiction. Hence, η = ζ. By a similar fashion, we can prove
uniqueness of common fixed point of Theorem 3.3.

4 Consequences

If

Ψ(I)(η, θ, ϑ) = max
{
S(η, θ, ϑ), S(η, θ, Aη), S(ϑ, ϑ,Bϑ),

S(η, ϑ,Aη) + S(ϑ, ϑ,Bϑ)

2

}

Ψ(II)(η, θ, ϑ) = l1 S(η, θ, ϑ) + l2 S(η, θ, Aη) + l3 S(ϑ, ϑ,Bϑ)

+l4
S(ϑ, θ,Bϑ)[1 + S(η, θ, Aη)]

1 + S(η, θ, ϑ)

+l5 max
{
S(η, θ, Aη), S(ϑ, ϑ,Bϑ)

}
and A = B in Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem 3.4, then we
have the following corollaries.

Corollary 4.1. Let (Γ, S) be a complete S-metric space and let A : Γ → Γ be an
αs-admissible mapping such that the following hold:

(1) A is a generalized integral type (I) (F − αs) contraction mapping,
(2) there exists η0 ∈ Γ such that αs(η0, η0, Aη0) ≥ 1,
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(3) A is continuous.
Then, A has a fixed point η ∈ Γ and A is a Picard operator, that is, {Anη0}

converges to η.

Corollary 4.2. Let (Γ, S) be a complete S-metric space and let A : Γ → Γ be an
αs-admissible mapping such that the following hold:

(1) A is a generalized integral type (I) (F − αs) contraction mapping,
(2) there exists η0 ∈ Γ such that αs(η0, η0, Aη0) ≥ 1,
(3) If {ηn} is a sequence in Γ such that αs(ηn, ηn, ηn+1) ≥ 1 for all n ∈

N ∪ {0} and ηn → η ∈ Γ as n → ∞, then there exists a subsequence {ηnk
} of

{ηn} such that αs(ηnk
, ηnk

, η) ≥ 1 for all k.
Then, A has a fixed point η ∈ Γ and A is a Picard operator, that is, {Anη0}

converges to η.

Corollary 4.3. Let (Γ, S) be a complete S-metric space and let A : Γ → Γ be an
αs-admissible mapping such that the following hold:

(1) A is a generalized integral type (II) (F − αs) contraction mapping,
(2) there exists η0 ∈ Γ such that αs(η0, η0, Aη0) ≥ 1,
(3) A is continuous.
Then, A has a fixed point η ∈ Γ and A is a Picard operator, that is, {Anη0}

converges to η.

Corollary 4.4. Let (Γ, S) be a complete S-metric space and let A : Γ → Γ be an
αs-admissible mapping such that the following hold:

(1) A is a generalized integral type (II) (F − αs) contraction mapping,
(2) there exists η0 ∈ Γ such that αs(η0, η0, Aη0) ≥ 1,
(3) If {ηn} is a sequence in Γ such that αs(ηn, ηn, ηn+1) ≥ 1 for all n ∈

N ∪ {0} and ηn → η ∈ Γ as n → ∞, then there exists a subsequence {ηnk
} of

{ηn} such that αs(ηnk
, ηnk

, η) ≥ 1 for all k.
Then, A has a fixed point η ∈ Γ and A is a Picard operator, that is, {Anη0}

converges to η.

If we take αs(η, θ, ϑ) = 1 and ω(t) = 1 for all t > 0 in Theorem 3.1, then we
have the following result.
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Corollary 4.5. Let (Γ, S) be a complete S-metric space and let A,B : Γ → Γ be
two mappings, then suppose that the following hold:

(1) S(Aη,Aθ,Bϑ) > 0 ⇒ τ + F
(
S(Aη,Aθ,Bϑ)

)
≤ F

(
Ψ(I)(η, θ, ϑ)

)
(∗′)

for all η, θ, ϑ ∈ Γ, where

Ψ(I)(η, θ, ϑ) = max
{
S(η, θ, ϑ), S(η, θ, Aη), S(ϑ, ϑ,Bϑ),

S(η, ϑ,Aη) + S(ϑ, ϑ,Bϑ)

2

}
,

(2) A and B are continuous,

(3) Condition (U) holds.

Then, (A,B) has a unique common fixed point.

Example 4.1. Let Γ = {1, 2, 3} and S be an S-metric. Let S(1, 1, 3) = S(3, 3, 1) =

1, S(1, 1, 1) = S(2, 2, 2) = S(3, 3, 3) = 0, S(1, 1, 2) = S(2, 2, 1) = 3
7 , S(2, 2, 3) =

S(3, 3, 2) = 2
7 and S(2, 3, 1) = 1

7 .

Define the mappings A,B : Γ → Γ as follows: A(η) = 1 for all η ∈ Γ,
B(1) = B(3) = 1, B(2) = 3. Let ω(t) = 1, F (t) = ln(t) for all t > 0,
αs(η, θ, ϑ) = 1 and e−τ = k < 1. Now, we prove that Theorem 3.5 (Corollary
4.5) is satisfied.

Let η, θ ∈ Γ and let η = 2 and θ = 3, then from Condition (∗′), we have

S(Aη,Aη,Bθ) ≤ kΨ(I)(η, η, θ)

where

Ψ(I)(η, η, θ) = max
{
S(2, 2, 3), S(2, 2, A2), S(3, 3, B3),

S(2, 3, A2) + S(3, 3, B3)

2

}
= max

{
S(2, 2, 3), S(2, 2, 1), S(3, 3, 1),

S(2, 3, 1) + S(3, 3, 1)

2

}
= max

{2

7
,
3

7
, 1,

1
7 + 1

2

}
= max

{2

7
,
3

7
, 1,

4

7

}
= 1,
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and
S(A2, A2, B3) = S(1, 1, 1) = 0.

Thus, we see that

S(Aη,Aη,Bθ) ≤ kΨ(I)(η, η, θ)

⇒ 0 ≤ k.1 = k,

that is, k ≥ 0. If we take 0 < k < 1, then all the assumptions of Theorem 3.5
(Corollary 4.5) are satisfied. So, A and B have a unique common fixed point.
Here, 1 is a unique common fixed point of A and B.

5 Application on an integral equation

In this section, we apply the result given by Corollary 4.5 to study the existence of
a solution to a system of integral equations.

For instance, we consider the nonlinear integral equations

η(t) = g(t) +

∫ 1

0
M1(t, s, η(s))ds, t ∈ [0, 1], (5.1)

and

η(t) = g(t) +

∫ 1

0
M2(t, s, η(s))ds, t ∈ [0, 1], (5.2)

where g : [0, 1] → R and M1,M2 : [0, 1] × [0, 1] × R → R are continuous func-
tions. Let Γ = C([0, 1],R) represents the set of all continuous real-valued func-
tions on [0, 1]. Define an S-metric S : Γ3 → R by

S(η, θ, ϑ) = ∥η − ϑ∥+ ∥θ − ϑ∥ = sup
{
(|η(t)− ϑ(t)|+ |θ(t)− ϑ(t)|) : t ∈ [0, 1]

}
,

for all η, θ, ϑ ∈ Γ.
It is well-known that (Γ, S) is a complete S-metric space (see, [24]). Now, we

prove the following result.

Theorem 5.1. Suppose the following hypotheses hold:
There exists k ∈ (0, 1) where k = e−τ < 1 and β : Γ× Γ → [0,∞) such that
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for all η, θ ∈ Γ and s ∈ [0, 1], we have

0 ≤ |M1(t, s, η(s))−M2(s, t, θ(s))| ≤ β(t, s) |η(s)− θ(s)|, (5.3)

and

sup
t∈[0,1]

∫ 1

0
β(t, s)ds = k.

Then, the integral Equations (5.1) and (5.2) have a unique common solution η∗ in
Γ.

Proof. For η ∈ Γ and t ∈ [0, 1], define the mappings

Aη(t) = g(t) +

∫ 1

0
M1(t, p, η(p))dp,

and

Bη(t) = g(t) +

∫ 1

0
M2(t, p, η(p))dp.

Thus, by Condition (5.3) of Theorem 5.1, we have

|Aη(t)−Bθ(t)| ≤
∫ 1

0
|M1(t, s, η(s))−M2(t, s, θ(s))|ds

≤
∫ 1

0
β(t, s)(|η(s)− θ(s)|)ds

≤ k ∥η − θ∥, (5.4)

or equivalently,

2|Aη(t)−Bθ(t)| ≤ 2k ∥η − θ∥.

We deduce that for all η, θ ∈ Γ

S(Aη,Aη,Bθ) ≤ k S(η, η, θ) ≤ kΨ(I)(η, η, θ).

Condition (1) of Corollary 4.5 holds by taking τ = −ln(k) and F (t) = ln(t).
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Hence, Corollary 4.5 is applicable and so the mappings A and B have a unique
common fixed point, that is, the functional equations (FE) (5.1) and (5.2) have a
unique common solution η∗ ∈ Γ.

6 Application on a dynamic programming

The problem of dynamic programming related to a multistage process reduces to
the subject of solving functional equations. The existence of solutions of func-
tional equations and system of functional equations arising in dynamic program-
ming which have been studied by using various fixed point theorems (for more de-
tails one can see [7], [8], [9]). Suppose that U and V are Banach spaces, W ⊂ U is
a state space and D ⊂ V is a decision space. It is well known that the dynamic pro-
gramming provides useful tools for mathematical optimization and computer pro-
gramming as well. In this part, we are interested in solving the following functional
equations arising in dynamic programming by Corollary 4.5, we set r : W → R

r(x) = sup
y∈D

{
f(x, y) + G(x, y, r(τ(x, y))

}
, x ∈ W, (6.1)

r(x) = sup
y∈D

{
f(x, y) +K(x, y, r(τ(x, y))

}
, x ∈ W, (6.2)

where τ : W × D → W , f : W × D → R, G,K : W × D × R → R. Here, we
study the existence and uniqueness of η∗ ∈ B(W), where B(W) denote the space
of all bounded real-valued functions on W , a common solution of the functional
Equations (6.1) and (6.2).

Now, we equip B(W) with the following S-metric, which is obviously a com-
plete S-metric space,

S(η, θ, ϑ) = sup
{
(|η(x)− ϑ(x)|+ |θ(x)− ϑ(x)|) : x ∈ W

}
,

for all η, θ, ϑ ∈ B(W) (see, [24]).
Now, we state the main result of this part.

Theorem 6.1. Let f : W ×D → R and G,K : W ×D × R → R be two bounded
functions and also let τ : W ×D → W be a function. Let A,B : B(W) → B(W)



92 G. S. Saluja

be defined by

A(h)(x) = sup
y∈D

{
f(x, y) + G(x, y, h(τ(x, y))

}
, x ∈ W, (6.3)

B(h)(x) = sup
y∈D

{
f(x, y) +K(x, y, h(τ(x, y))

}
, x ∈ W, (6.4)

for all h ∈ B(W) and x ∈ W . Suppose that the following condition holds:

|G(x, y, h1(τ(x, y))−K(x, y, h2(τ(x, y))| ≤ k |h1(x)− h2(x)|, (6.5)

for all h1, h2 ∈ B(W), x ∈ W and y ∈ D. Then, the functional Equations (6.1)
and (6.2) have a unique common solution in B(W).

Proof. We know that (B(W), S) is a complete S-metric space. Let µ > 0 be
an arbitrary positive real number, x ∈ W and h1, h2 ∈ B(W), then there exist
y1, y2 ∈ D such that

A(h1)(x) < f(x, y1) + G(x, y1, h1(τ(x, y1)) +
µ

2
, (6.6)

B(h2)(x) < f(x, y2) +K(x, y2, h2(τ(x, y2)) +
µ

2
, (6.7)

A(h1)(x) ≥ f(x, y2) + G(x, y2, h1(τ(x, y2)), (6.8)

and

B(h2)(x) ≥ f(x, y1) +K(x, y1, h2(τ(x, y1)). (6.9)

Then, by Equations (6.5), (6.6) and (6.9), we have

A(h1)(x)−B(h2)(x) < G(x, y1, h1(τ(x, y1))−K(x, y1, h2(τ(x, y1)) +
µ

2

≤
∣∣G(x, y1, h1(τ(x, y1))−K(x, y1, h2(τ(x, y1))

∣∣+ µ

2

≤ k
∣∣h1(x)− h2(x)

∣∣+ µ

2
.
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Thus, we get

A(h1)(x)−B(h2)(x) ≤ k
∣∣h1(x)− h2(x)

∣∣+ µ

2
. (6.10)

Similarly, by Equations (6.5), (6.7) and (6.8), we get

B(h2)(x)−A(h1)(x) ≤ k
∣∣h1(x)− h2(x)

∣∣+ µ

2
. (6.11)

Therefore, by Equations (6.10) and (6.11), we obtain that

max
{
A(h1)(x)−B(h2)(x),−(A(h1)(x)−B(h2)(x))

}
≤ k

∣∣h1(x)− h2(x)
∣∣+ µ

2
,

that is,

|A(h1)(x)−B(h2)(x)| ≤ k
∣∣h1(x)− h2(x)

∣∣+ µ

2
.

Hence, we have

2|A(h1)(x)−B(h2)(x)| ≤ 2k
∣∣h1(x)− h2(x)

∣∣+ µ, (6.12)

which implies

S(A(h1)(x), A(h1)(x), B(h2)(x)) ≤ k S(h1(x), h1(x), h2(x)) + µ. (6.13)

Since the Inequality (6.13) is true for any x ∈ W , we get

S(A(h1), A(h1), B(h2)) ≤ k S(h1, h1, h2) + µ. (6.14)

Finally, since µ > 0 is arbitrary, so we can deduce that

S(A(h1), A(h1), B(h2)) ≤ k S(h1, h1, h2) ≤ kΨ(I)(h1, h1, h2).

Thus, all the hypotheses of Corollary 4.5 are satisfied with e−τ = k < 1 and
F (t) = ln(t) for all t > 0. Hence by application of Corollary 4.5, the functional
equations (6.1) and (6.2) have a unique common solution η∗ ∈ B(W).
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Example 6.1. Consider the following functional equations:

A(h)(x) = sup
y∈D

{
arctan(x+ 3|y|) + 1

2

(
x+

1

1 + |y|
+ |h(x)|

)}
, (6.15)

B(j)(x) = sup
y∈D

{
arctan(x+ 3|y|) + 1

2

(
x+

1

1 + |y|
+ |j(x)|

)}
, (6.16)

for x ∈ [0, 1], where W = [0, 1], D = R. Then,

f : [0, 1]× R → R is defined by f(x, y) = arctan(x+ 3|y|),
h : [0, 1]× R → [0, 1] is defined by h(x, y) = x,

j : [0, 1]× R → [0, 1] is defined by j(x, y) = x,

G : [0, 1]× R× R → R is defined by G(x, y, t) = 1
2

(
x+ 1

1+|y| + |t|
)

, and

K : [0, 1]× R× R → R is defined by K(x, y, u) = 1
2

(
x+ 1

1+|y| + |u|
)

.

It is clear that |f(x, y)| ≤ π
2 , |G(x, y, 0)| =

∣∣1
2

(
x+ 1

1+|y|
)∣∣ < 2 and |K(x, y, 0)| =∣∣1

2

(
x+ 1

1+|y|
)∣∣ < 2 for all x ∈ [0, 1] and all y ∈ R.

Hence the first assumption of Theorem 6.1 is satisfied. Now, for all x ∈ [0, 1]

and all y ∈ R (we can assume that |h1| > |h2| without loss of generality), it follows
that:

|G(x, y, h1(x))−K(x, y, h2(x))|

=
∣∣∣1
2

(
x+

1

1 + |y|
+ |h1(x)|

)
− 1

2

(
x+

1

1 + |y|
+ |h2(x)|

)∣∣∣
=

∣∣∣1
2

(
|h1(x)| − |h2(x)|

)∣∣∣
=

1

2

(
|h1(x)| − |h2(x)|

)
=

1

2

(∣∣|h1(x)| − |h2(x)|
∣∣)

≤ 1

2

(
|h1(x)− h2(x)|

)
= k

(
|h1(x)− h2(x)|

)
,

where k = 1
2 < 1. Thus, Inequality (6.5) of Theorem 6.1 also holds, where x ∈

[0, 1] and y ∈ R. Hence, functional Equations (6.15) and (6.16) have a unique
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common solution h∗ ∈ B([0, 1]).

7 Conclusion

In this paper, we prove some common fixed point theorems for generalized inte-
gral type (I) and (II) (F − αs)-contractions in the setting of complete S-metric
spaces. In addition, we provide some consequences of the established results. An
example is provided in support of the established result. Also the results are used
to achieve the solution of an integral equation and the bounded solution of a func-
tional equation in dynamic programming. Our results extend and generalise several
well-known results in the existing literature (see, for example [10], [36] and many
others).
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