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Abstract

The purpose of this paper is to introduce the notion of generalized integral
type (I) and (IT)(F — «) contractions and establish some common fixed
point theorems in the setting of complete S-metric spaces. Additionally, we
provide some consequences of the established results and give an example in
support of the established result. Furthermore, we use the obtained results
to achieve the solution of an integral equation and the bounded solution of a
functional equation in dynamic programming. Our results extend, generalize
and enrich several previously published results in the existing literature (see,
for example [10], [11], [19], [36] and some others).

1 Introduction

In the year 1922, the Polish mathematician, Banach [|6]] proved a theorem which en-
sures, under appropriate conditions, the existence and uniqueness of a fixed point.
His result is called Banach contraction mapping principle in the framework of met-
ric spaces. This theorem provides a technique for solving a variety of problems of
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applied nature in mathematical science and engineering. Many researchers have
extended, generalized and improved Banach fixed point theorem in different ways
and directions. In 2012, Wardowski [|36|] defined the notion of F'-contraction to
generalise Banach fixed point theorem. On the other hand, Sedghi et al. [32]] in-
troduced the concept of an S-metric space and proved some fixed point theorems
by modifying D-metric and G-metric spaces. They also gave some examples of an
S-metric space which shows that the S-metric space is different from other spaces.
Also, they built up some topological properties in such spaces and proved some
fixed point theorems in the setting of S-metric spaces. Sedghi and Dung [33]] re-
marked that every S-metric space is topologically equivalent to a metric space. For
more results on .S-metric spaces, see ( [21]], [27], [34], [35])) and many others. In
2002, Branciari [10] developed the idea of integral type contraction mappings in
complete metric spaces and he studied the existence of fixed points for mappings
which is defined on complete metric space satisfying integral type contraction.
Samet et al. [|31] introduced the notion of a-admissible mappings. The concept of
a-admissible mappings was extended in different directions. Mlaiki in [26]], intro-
duced the notion of a-admissible mapping in the setting of S-metric spaces. Khom-
dram et al. [23]] extended c-admissible mappings to («, 5)-admissible in S-metric
like space. Priyobarta et al. [ 28] extended various forms of a-admissible mappings
in S-metric space. There are various generalizations of «-admissible mappings as
well as F'-contractions (see, e.g. [3[I, [4], [3], [16], [20], [22], [29], [30]). Recently,
Javed et al. [18]] introduced the concept of Fi,-contraction which is a generaliza-
tion of F'-contraction and proved a fixed point theorem in the setting of S-metric
spaces.

2 Preliminaries

In this part, we recall the following definitions and lemmas in the sequel.
Denote R:= the set of real numbers, R := [0, 4+00). A point ) € I', where T’
is a non-void set, of the mapping g: I' — T is called a fixed point of operator g if

g(n) =n.

Definition 2.1. ( /32]) Let T' # () be a set and let S: T3 — R, be a function
satisfying the following conditions:

(S1) S(n,0,9) =0n=0="1;

(S2) S(n,0,9) < S(n,n,v)+ S(6,0,v) + S(I,9,v),

foralln, 0,9, v eT.



Common fixed point results for generalized integral type - - - 69

Then, the function S is called an S-metric on I and the pair (I, S) is called
an S-metric space (in short SMS).

Example 2.1. (E1)( [32)]) LetT = R™ and || - || a norm on T, then S(n,0,9) =
|60+ —2n|| + ||0 — I|| is an S-metric on T

(E2)( [32]) Let T = R™ and || - || @ norm on T, then S(n,0,9) = ||In — 9| +
|0 — 3| is an S-metric onT.

(E3)( [33]) Let T = R be the real line. Then S(n,0,9) = |n — 9| + |0 — I
for all n,0,9 € R is an S-metric on I'. This S-metric on I is called the usual
S-metric on T

(E4)( [21]) Let T' # () be a set and d be an ordinary metric on T'. Then
S(n,0,9) =d(n,9)+d(8,9) foralln,0,9 € I is an S-metric onT.

Definition 2.2. Let (I', S) be an S-metric space. Forr > 0 andn € I" we define an
open ball Bs(n, ) and closed ball Bg[n, r| with center 1 and radius r as follows,

respectively:

(1) Bs(n,r)=A{n" €T :80",1',n) <r},

(2) Bsln,r]={n"eT:80",1',n) <r}.

Example 2.2. ( [33]) Let ' = R. Denote S(n,0,9) = |0 + 9 — 2n| + |0 — V| for
alln,0,9 € R. Then

Bs(1,2) = {neR:S(n,nl)<2}={neR:|n—-1/ <1}
= {neR:0<n<2}=(0,2),

and

Bg[2,4] = {neR:Smn2)<4t={neR:|n-2[<2}
= {neR:0<n<4}=10,4].

Definition 2.3. ( [32)], [33]) Let (', S) be an S-metric space andY C T.
(1) If for every n € Y, there exists r > 0 such that Bg(n,r) C Y, then the

subset Y is called an open subset of T
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(2) A sequence {n,} in T converges ton € T if and only if S(ny,nn,n) — 0
as n — oo, that is, for each \ > 0, there exists Ny € N such that for all n > N,
we have S(1n,Mn,n) < A and we denote this by lim,_,oc 0, = 1 0r 9, — 1 as
n — oo.

(3) A sequence {n,,} in T is called a Cauchy sequence if, S(Nn, Nn, Mm) — 0
as n,m — oo, that is, for each A\ > 0, there exists Ny € N such that for all
n,m > No, we have S (1, Ny, ) < A

(4) The S-metric space (I, S) is called complete if every Cauchy sequence in
T" is convergent.

(5) Let T be the set of allY C T' withn € Y and there exists v > 0 such that
Bg(n,r) C Y. Then, T is a topology on I (induced by the S-metric space).

(6) A nonempty subset Y of I' is S-closed if the closure of Y coincides with
Y, thatis, Y =Y.

Definition 2.4. ( [32]) Let (I, S) be an S-metric space. A mapping R: I' — T"is

said to be a contraction if there exists a constant 0 < L < 1 such that
S(R¢, RO, RY) < LS(C,0,9) @.1)

forall (,0,9 €.

Remark 2.1. ( [32))) If the S-metric space (T, S) is complete, then the mapping

defined as above has a unique fixed point.

Definition 2.5. ( [32]) Let (T, S) and (I",S") be two S-metric spaces. A function
g: ' — T is said to be continuous at a point ng € U if for every sequence {n,,} in
T with S(Nn, nnsno) = 0, S"(g(0n), 9(Mn), 9(no)) — 0 as n — oo. We say that g

is continuous on I if g is continuous at every point ng € I.

Lemma 2.1. ( [32|], Lemma2.5) Let (', S) be an S-metric space. Then, we have
S(n,n,0) =5(0,0,n) foralln,0 € T.

Lemma 2.2. ( [32|], Lemma2.12) Let (T', S) be an S-metric space. If n,, — n and
n, — 0 asn — oo then S(Np, Mn, nL,) — S(n,n,n') asn — oo.

Remark 2.2. ( [33]]) Every S-metric space is topologically equivalent to a B-

metric space.
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Lemma 2.3. ( |15, Lemma 8) Let (I', S) be an S-metric space and Y is a nonempty
subset of . Then, Y is said to be S-closed if and only if for any sequence {n,,} in
Y such that n, — nasn — oo, thenn €Y.

Lemma 2.4. ( [33|]) The limit of the sequence {n,} in an S-metric space (I, S) is

unique.

Lemma 2.5. ( [32]) Let (I, S) be an S-metric space. Then, the convergent se-
quence {n,} in I" is Cauchy.

Corollary 2.1. ( [33]) Let T: T' — I be a map from an S-metric space T’ to
an S-metric space I'. Then, T is said to be continuous at 7 € T if and only if
Tny — T'n whenever n, — 1 asn — oo.

Definition 2.6. ( [31|]) LetT" # Q) be aset. Let A: T' =T and a: T xT' — R be
given mappings. We say that A is a-admissible if for all n, 0 € T', we have

a(n,0) = 1= a(A(n), A(9)) = 1.

Lemma 2.6. ( [28], Lemma 1.17) Let (I, S) be an S-metric space, A: " — T be
a triangular as-admissible mapping. Assume that there exists ng € T such that
as(no, Mo, Ano) > 1. Define a sequence {n,} by N1 = Any,. Then, we have

as(nn777n777m) Z 1 fOr all m,n € N U {O}

Lemma 2.7. ( [28)], Lemma 1.18) Let (T', S) be an S-metric space, A,B: T' — T
be triangular as-admissible mappings. Assume that there exists ng € 1" such that
as(no,no, Ano) > 1. Define sequences

N2i+1 = Ang; and ngiy0 = Bngiy1, wherei=0,1,2,....

Then we have as(y, M, Mm) > 1 for all m,n € NU {0} withn < m.

In [2]], Aydi generalized Definition 2.6 and introduced the following.
Definition 2.7. ( [2|]) Let T # () be a set, let A,B: T' — T'and a.: T xT' — R be
mappings. We say that (A, B) is a generalized o-admissible pair if for alln, 0 € T,
we have

a(n,0) > 1= a(A(n),B(#)) >1 and a(B(0),A(n)) > 1.
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Definition 2.8. ( [26]) Let (', S) be an S-metric space, A: T' — I" and a.: T" x
I' x I' = Ry. We say that A is a-admissible if n,0,9 € T, a(n,0,9) > 1 implies
that a(An), A(9), A(9)) > 1.

Example 2.3. Let T = R, and define T: T — T and a: T3 — R by A(n) = 4n

foralln, 0,9 €' and

9
5, it > 030,00 40,

a(n,0,9) =4 ¢
Y ) {0, ifn<6<.

Then, A is a-admissible.

In 28], Priyobarta et al. generalized Definition [2.8]and introduced the follow-
ing.

Definition 2.9. ( [28]) Let (I', S) be an S-metric space, A, B: T' — I and s : T' %

' x T' = Ry. We say that the pair (A, B) is an as-admissible if n,0,9 € T such

that as(n, 6,9) > 1, then we have as(A(n), A(6), B(Y)) > 1and as(B(n), B(0), A(Y)) >
1.

Definition 2.10. ( [28]) Let (T, S) be an S-metric space, A: T' — T"and as: T' X
I' X I' = Ry. We say that A is a triangular os-admissible mapping if

(1) as(n, 0,9) > 1implies as(A(n), A(), A(¥)) > 1, n,0,9 € T;

(13) as(n,0,t) > 1 and as(t,t,9) > 1imply as(n,0,9) > 1, n,0,9,t € T.

The notion of F'-contraction was introduced by Wardowski [36]] defined as
follows.

Definition 2.11. ( [36]]) (F'-contraction) Let F': Ry — R be a mapping satisfying
the following axioms:

(F1) F is strictly increasing, that is, n < 6 implies that F'(n) < F(6) for all
1,0 € R,

(F'2) For every sequence {ny} in Ry, we have lim,,_ o, nn, = 0 if and only if
limy, 500 F'(0y) = —00.

(F'3) There exists a number k € (0, 1) such that lim,_,q+ n*F(n) = 0.

In what follows, F stands for the family of all functions F' which satisfies the
above three conditions.
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Definition 2.12. ( [36|]) A mapping T: I' — T is said to be an F-contraction if

there exists a number ™ > 0 such that
Vn,0 €L, d(T'(n),T(0)) >0 = 7+ F(d(T(n),T(¥))) < F(dn,0)),
foralln,0 €T,

Some examples related to F'-contraction [36]] are:

Example 2.4. (1) Let F': Ry — R be given by the formula F(n) = In(n), it is
clear that F satisfies (F'1) — (F3) ((F'3) for any k € (0,1)).

(2) Let F': Ry — R be given by the formula F(n) = n + In(n), n > 0. Then,
F satisfies (F'1) — (F'3).

(3) Let F': Ry — R be given by the formula F(n) =
satisfies (F'1) — (F3) ((F3) forany k € (1/2,1)).

(4) Let F: Ry — R be given by the formula F(n) = In(n*+n), n > 0. Then,
F satisfies (F'1) — (F'3).

—%, n > 0. Then, F

The following theorem was developed by Wardowski [36].

Theorem 2.1. ( [36]]) Let (T', d) be a complete metric space and let T: T' — T" be
an F-contraction. Then, T has a unique fixed point ( € T" and for each ng € T,
the sequence {T"n} converges to (.

Remark 2.3. ( [36|]) If we assume that F'(n) = In(n), an F-contraction mapping
becomes the Banach contraction mapping.

Remark 2.4. Clearly Definition and (F1) implies that d(T(n),T(0)) <
d(n,0) foralln,6 € T with T'(n) # T(0). Hence, every F-contraction mapping is

continuous.

Definition 2.13. ( [/1]]) Let (I, S) be an S-metric space. A mapping T: T" — T is
said to be an F-contraction if there exists a number T > 0 such that

S(T(n),T0),T(0)) >0 = 7+ F(S(T(n), T),T(¥))) < F(Sn,0,9)),

forallm, 0,9 €T.
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Definition 2.14. ( [18]]) Let (', S) be an S-metric space and let oc: T3 — R be
a function. A mapping T': I' — T is called an F,-contraction if there exist F' € F
and a number T > 0 such that

S(T(), T(0), T(®)) >0 = 7+ F(an, 0,0)S(T(n),T(9),T(9)) < F(S5(n,0,9)),

foralln, 0,9 €T.

Definition 2.15. ( [25]) Let {2y, }nen be a non-negative sequence such that limy,_, ~ z, =
a. Then
Zn

lim [ w(t)di = / " o(t) dt,
0

n—o0 0

where w: [0,4+00) — [0, 4+00) is a Lebesgue-integrable mapping which is summable
on each compact subset of [0, +00), and such that ¥ € > 0, [ w(t)dt > 0.

Definition 2.16. ( [25]) Let {z, } nen be a non-negative sequence. Then

Zn

lim w(t)dt=0 < lim z, =0,

where w: [0, +00) — [0, +00) is a Lebesgue-integrable mapping which is summable
on each compact subset of [0, +00), and such that¥ e > 0, [ w(t)dt > 0.

Denote

® = Jw: Ry — Ry isaLebesgue-integrable mapping which is summable on
each compact subset of R, non-negative and such that foreach e > 0, fog w(t)dt >
0}.

The following theorem was introduced by Branciari [[10] in complete metric
space as follows.

Theorem 2.2. ( [|I0]) Let (T, d) be a complete metric space, k € [0,1), and T: T' —
I is a mapping such that for alln,0 € T,

d(Tn,T0) d(n,9)
/ w(t)dt <k / w(t)dt,
0 0

where w € ®. Then, T has a unique fixed point { € I, such that for eachn € T,
lim, o0 T"(n) = C.
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Now, we introduce generalized integral type (1) and (1) (F'—a)-contractions
as follows.

Definition 2.17. Let (I',.S) be an S-metric space and let as: I'® — R, be a
function. The mappings A, B: I' — T are called generalized integral type (I) and
(II) (F — as)-contractions respectively, if there exist F' € F and a number 7 > 0
such that

S(An,A0,B9)
S(An, A9, BO) > 0 = 7 + F(as(n, 9,9) / w(t)dt)
0

le(I) (7776719)
< F( / w(t)dt), (2.2)
0

foralln, 0,9 € I' and w € ® where

Wi(n,0,0) = max{S(n,0,9), 50,9, 4n), S(9,0, BY),

S(n, 9, An) 4+ S(0,9, Bﬁ)}
2

and
S(An,A0,BY)
S(An. A0, B9) > 0 = 7+ F(ay(n,0,9) / yor
0
‘I’(u)(nﬁ,ﬁ)
< F(/ w(t)dt), 2.3)
0

foralln, 0,9 € ', where

Vi, 0,9) = 115n,0,9)+128(n,0,An) + 13 S(9,9, BY)
S(9,0,BY)[1+ S(n,0,An)]

1+ S(n,0,9)
+l5 max{S(n,G,An), S(9, 19,319)},

+l4

l1,12,13,14,15 are non-negative reals such that Iy 4+ ls + I3 + 214 + 2l5 < 1 and
w e P.

For more other contractions, see (Ali and Imdad [1]]).
In the case where w(t) = 1, F(t) = In(t) for all t > 0, Equations (2.2) and
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(2.3)) become
S(An, A6, BY) < e~ 5)(1,0,9) = kW5 (1,6,0) (+)
and
S(An, A0, BY) < e "V (r1y(n,0,9) = k¥ (n,0,0) (*x)

for all n, 0,9 € I with as(n,0,9) > 1, An # A # BYand k = e~ 7 < 1. Note
that Conditions (x) and (xx) are also satisfied for all n, 6,9 € T" with as(n, 0, 9) >
1 and An = A0 = BY.

Inspired by the work of [10], [18], [26], [32], [36]], we derive some com-
mon fixed point theorems for generalized integral type (I) and (II)(F — ay)-
contractions in the framework of complete S-metric spaces. In addition, we pro-
vide some consequences of the established results and give an example in support
of the established result. Furthermore, we use the obtained results to achieve the
solution of an integral equation and the bounded solution of a functional equation
in dynamic programming. The results presented in this paper extend and generalise
several previously published results in the existing literature.

3 Main results

In this section, we shall prove some common fixed point theorems for generalized
integral type (I) and (1) (F — «as)-contractions in the setting of S-metric spaces.

Theorem 3.1. Let (T, S) be a complete S-metric space, as: I'® — Ry be a func-
tion. Let A, B: ' — T be two mappings, then suppose that the following hold:

(1) (A, B) is a pair of generalized integral type (I) (F — ) contraction
mapping,

(2) (A, B) is triangular as-admissible,

(3) there exists ng € T such that as(ng, no, Ang) > 1,

(4) A and B are continuous.

Then (A, B) has a common fixed point.

Proof. Let m1 € T be such that 5, = Ang and 172 = Bmn;. By induction, we
construct a sequence {7, } of points in I" such that

N2i+1 = Anz; and M40 = Bnoiy1, 3.1
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wheret =0,1,2,....
By the assumption «(n9,10,71) > 1 and the pair (A, B) is as-admissible, by
Lemmal[2.7] we have

s (s 1y Mnt1) > 1 forall n € NU{0}. (3.2)

Then,

S(M2it+1,M2i41, N2i+2) = S(An2i, Anoi, Bnoiy1)
< ag(n2i,m2is N2i41) S (An2i, Ani, Bnjoig1).

By Equation (2.2)), this implies that

S(n2it+1m2i41,M2i42) S(Ana;,Anai, Brzis1)
F(/ w(t)dt) < F<0¢s<772i7772i7772i+1)/ w(t)dt).
0 0

So, we have

S(M2i41,m2i41,M2i+2) (1) (M23:m2i,M2i+1)
F(/ w(t)dt) < F(/ w(t)dt) 7, (3.3)
0 0

forall i € NU {0}. Now

W ry(m2is m2is M2i41) = maX{S(U2¢,772¢,U2¢+1),5(772¢,772i,A772¢),5(772i+1,772i+1,3772i+1),

S(n2i, 2i41, An2i) + S(M2i41, M2it1, Bnoiga)] }

N | —

= max {5(77% 0235 M2i+1)5 S (M2i5 M2, M2i+1), S(M2i41, M2it-15 M2i42)

[S (0215 m2i41, M2i41) + S (N2i41, M2i41, M2it2) | }

IN
N

max {5(7721‘7 024> M2i+1)» S (M2i, M2i5 M2i41), S(N2i4 15 M2i1, M2i42)
1

3 [S (126, m26, M2i1) + S (M2i41, M2it1, M2042) | }

(by (S2) and Lemmal2.1)
= max {5(77217 12isM2i4+1), S (M2i+1, M2it15 772z'+2)}-
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If max {5(77217 12, N2i41), S (N2i41, M2it15 772i+2)} = S(12i+1,M2i+1, M2i+2), then
from Equation (3.3, we obtain

S(M2i+1,M2i4+1,M2i+2) S(M2i+1,M2i4+1,M2i+2)
F(/ w(t)dt) < F(/ w(t)dt) _—
0 0

which is a contradiction since 7 > 0. Hence, we conclude that

5(7721'+1,7721'+17772i+2) S("]2i7772i7772i+1)
F(/ w(t)dt) < F(/ w(t)dt) . (34)
0 0

This implies that

S (Nn,MnMn+1) S(Mn—1,Mn—1,1n)
F(/ w(t)dt) < F(/ w(t)dt) —r  (3.5)
0 0

foralln € NU{0}.
Repeating the same process as above, we obtain

S(nn—lyﬁn—l»nn) S(nn—277]n—277]n—1)
F(/ w(t)dt) < F(/ w(t)dt) . (36)
0 0
Using Equations (3.3) and (3.6), we get
S(nn,ﬁn,nn+1) S(nnflynnflvnn)
F(/ w(t)dt) < F(/ w(t)dt) 7
0 0

S(nn72777n72177n71)
< F(/ w(tydt) — 27
0

S(nn—377ln—377)n—2)
F(/ w(t)dt) — 37
0

IN

IN

S(TIOJIO,TH)
F( / w(t)dt) _ 1 3.7)
0

IN

Let
an = S(Un’ Tn, 7]n+l)-



Common fixed point results for generalized integral type - - - 79
Therefore, from Equation (3.7), we obtain
an ao
F(/ w(t)dt) < F(/ w(t)dt) 1 (3.8)
0 0
Then, it follows that
Qn
lim F(/ w(t)dt) = —00.
n—oo 0
By F' € F and (F'2), we obtain
an
lim w(t)dt =0,
n—oo 0
and so, by Definition[2.16] we obtain
lim an = lim S(ﬂnﬂ?m 77n+1) =0. (3.9
n—o0 n—oo
Now, by F' € F and (F'3), there exists k& € (0, 1) such that
lim (an)*F(a,) = 0. (3.10)

n—oo

Now, using Equation (3.8)), we have

(an)k[F</Oanw(t)dt) - F(/anw(t)dtﬂ < —nlap)fr<0.  (3.11)

Using Equations (3.11)) and (3.10), we obtain

lim n(an)]C =0= lim n<S(T/na77n777n+1))k'

n— oo n— oo
Therefore, there exists a positive integer N; € N such that n(a,)*

n > Ny, or

1
Qp = 5(77n,77n777n+1) < W

(3.12)

< 1 for all

(3.13)
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Let m,n € N with m > n > Np. Then, we have

S(Um, Nim, 77n) < am-1+amo-+---+ay,

m—1 e’}

< D<) g
p=n p=n
o

1

p=n

As k € (0,1) and the series > ° |

1 .
/% 1S convergent, so

Hm SNy Py ) = 0. (3.15)

m,n—00

Thus, {7, } is a Cauchy sequence in an S-metric space (I, S). Since, by assump-
tion (T, S) is complete, so there exists a z € I' such that 7, — z implies that
Noi+1 — z and 72,42 — 2. As A and B are continuous, so we get Bng;+1 — Bz
and Ang;10 — Az. Thus, z = Az. Similarly, 2z = Bz, we have Az = Bz = 2.
Then, (A, B) has a common fixed point. The proof is completed. O

In the following theorem, we dropped continuity.

Theorem 3.2. Let (T, S) be a complete S-metric space, as: ' — Ry be a func-
tion. Let A, B: I' — T be two mappings, then suppose that the following hold:

(1) (A, B) is a pair of generalized integral type (I) (F — a) contraction
mapping,

(2) (A, B) is triangular as-admissible,

(3) there exists nyg € I such that as(ng, no, Ang) > 1,

(4) If {nn} is a sequence in T such that os(Np, MpyMnt1) > 1 forall n €
NU {0} and n,, = n € I as n — oo, then there exists a subsequence {ny,, } of
{nn} such that ccs(nn, , Mn,,,m) > 1 for all k.

Then (A, B) has a common fixed point.

Proof. Follows similar lines of proof of Theorem Define a sequence 79,11 =
Amo; and 19,49 = Bno;y1, where i = 0,1,2,... converges tonn € I". By the as-
sumption (4), there exists a subsequence {7, } of {n, } such that as(ny, , 7., 1) >
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1 for all k. Now, by using Equation (2.2)) for all k, we have

5(772nk+17 T2n,+1,5 B77) = S(AnQHk ) AnQﬂIw Bn)
< as(M2ng s M2ng M) S (Anan,, , Anon,. . Bn).

By Equation (2.2)), this implies that

S(N2ng+1,m2n,+1,8m) S(Anzn,, ,An2n,, ,Bn)
r( (b)) < F (0 onee) | wlt)dr).
0 0

So, we have
S(N2ny,+1,M2n,+1,81) U1y (M2ny, M2ny, 1)
F(/ w(t)dt) < F(/ w(t)dt) — 7 (3.16)
0 0

where

\II(I) (n2nk7 772711@ 7]) = max {5(772nk7 772nk7 77)7 5(772nk; 7]2nk7 An2’nk>7 S(Th 7]7 BT’)7
1
5 [SCruyom, Ann,) + S(n.n, B }
= max {S(Thnka N2ny, s 77)7 S(T]an, 2ny nan+1)7 5(77, 7, Bn)a

1
5 [5(7727%7777 7’2nk+1) + 5(77» 1, Bn)] }

Letting kK — oo in the above inequality, we obtain

klingo \I](I) (772nk s M2ny, 77) = max {5(777 m, 77)7 5(777 m, A77)7 5(777 m, B77)7
1
5 [S(n,m, An) + S(n,n, Bn)]}
1
= max {0, S(n,n, An), S(n,n, Bn), 5 [S(n,n,An) 4+ S(n,n, Bn)] }

= max {S(n,n, An),S(n,n, Bn)}. (3.17)

Casel:

Jim Wy (n2ny s 1120y, m) = S0, 1, Br)-
—00
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Suppose that S(n, n, Bn) > 0. From Equation (3.17), for large k, ¥ 1y (2n,, , N2n,,, 1) >
0, which implies from (3.16)) that

S(ﬂ2nk+17772nk+15377) S(n,m,Bn)
F(/ w(t)dt) < F(/ w(t)dt) . (318
0 0

Letting £ — oo in Equation (3.18)), we obtain

F</OS(77J7,BW) w(t)dt) - F(/OS(W%BH) w(t)dt) .

which is a contradiction, since 7 > 0. Hence, S(n,n, Bn) = 0 and so by condition
(S1), we find that n = Br).
CaseIl:

Jim W (r) (2nys N2ng s 1) = S0, 1, An).-

By similar fashion, we obtain 7 = An. Thus, n = Bn = An. This completes the
proof. O

Theorem 3.3. Let (T, S) be a complete S-metric space, as: I'> — Ry be a func-
tion. Let A, B: I' — T" be two mappings, then suppose that the following hold:

(1) (A, B) is a pair of generalized integral type (I11) (F — o) contraction
mapping,

(2) (A, B) is triangular as-admissible,

(3) there exists nyg € I such that as(ng, no, Ang) > 1,

(4) A and B are continuous.

Then, (A, B) has a common fixed point.

Proof. Follows similar lines of proof of Theorem 3.1} Define a sequence 7241 =
Amno; and 19,10 = Bmojr1, where i = 0,1,2,....

By the assumption as(79,70,71) > 1 and the pair (A, B) is as-admissible, by
Lemmal[2.7] we have

as(nnanmnn+1) >1 forall n e NU {0}
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Then,

S(M2it1, M2it1, M2ivr2) = S(An2i, Anzi, Bnit1)
< os(M2is M2is M2i+1) S (An2i, Angi, Brjaigt).

By Equation (2.3)), this implies that

S(n2i+1ﬂ72i+17772¢+2) S(AT]21,A7721'737722’+1)
F(/ W(t)dt) < F<as(772ia772i7772i+1)/ w(t)dt).
0 0

Then, we have

S(N2i+1M2i+1,M2i+2) V(1) (M2i:m2im2i+1)
F(/ w(t)dt) < F(/ w(t)dt) — 7 (3.19)
0 0

foralli € NU {0}. Now

W rry(m2i5 M2i, N2it1)

=11 S(n2i, m2i, 2i+1) + 12 S(M2iM2i5 An2i) + 138 (M2i41, N2i+1, Bn2ig1)
S(n2i+1,m2i, Bnzi+1)[1 4+ S(m2i, m2i, Anai)]

L+ S(n2i,m2i, M2i11)
+l5 max{S(n2i, n2i, An2i), S(M2i+1, N2i+1, Bn2i+1) }

+ly

= 11 S(m2i, m2i,m2i41) + 12 S(M2i5M2i, M2i1) + 138 (N2i41, M2i41, M2i42)
S(N2i+1, m2is 2iv2) [1 + S (n2i, M2i, M2i41)]

1+ S(n2i,m2i, M2i+1)
15 max{S(n2i, m2i, N2i+1), S(M2i41, M2i11,M2iv2) }

+ly

= (li +12) S(n2i;n2is M2i+1) + 13S(M2i41, M2i+1, N2i2) + La S (2541, 24, M2i42)
+l5 maX{S(U%a 124, 772i+1>7 5(772z‘+17 712341, 772i+2)}
< (I + 12+l + 15)S(n2i, m2i, m2i1) + (I3 4+ 1o+ 15)S(M2i41, M2it1, M2it2)-
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From Equation (3.19), it follows that

S(N2i4+1,M2i+1,M2i+2)
F( / w(t)dr)
0

( /(11 +lo+14+15)S(m2i,m2i,m2i4+1)+(13+1a+15) S (M2i4+1,M2i4+1,M2i+2)

<F w(t)dt)

. (3.20)

0

This implies that

F(/Os(nn,nn,nnu) w(t)dt)

( /(11 +io+Hla+H5)S(Mn—1,Mm—1,mn)+(3+a+15)S (M 00 Mnt1)

<F w(t)dt)

. (3.21)

0

foralln € NU{0}.

Continuing the above process, we get

dn (li+l2+Hla+15)dn—1+(I3+14+5)dn
F(/ w(t)dt) < F(/ w(t)dt)—T
0 0

(Li+la+la+l5)dn—2+(I3+H1la+15)dn—1

< F(/ w(tydt) — 27
0
(li+l2+Hla+15)dn—3+(I3+1a+15)dn 2
< F(/ w(t)dt) — 37
0

< F(

(l1+l2+1a+l5)do+(I3+1a+l5)d1
/ w(t)dt) —nT,

0

where dy, = S (M, N, Nnt1)-

Then, it follows that

ILm F(/dn w(t)dt) = —00.
nmree 0
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By F' € F and (F2), we obtain

dn
lim w(t)dt =0,

n—o0 0

and so, by Definition[2.16] we obtain

lim dn = ILm 5(77m77m77n+1) =0.

n—o0

Now, by F' € F and (F'3), there exists k& € (0, 1) such that

lim (d,)*F(d,) = 0.

n—o0

Rest of the proof follows from Theorem 3.1 O

Theorem 3.4. Let (T, S) be a complete S-metric space, os: I'* — R be a func-
tion. Let A, B: I' — T" be two mappings, then suppose that the following hold:

(1) (A, B) is a pair of generalized integral type (1I) (F —ay) contraction
mapping,

(2) (A, B) is triangular as-admissible,

(3) there exists ng € T such that as(ng, no, Ang) > 1,

(4) If {nn} is a sequence in T such that as(Np, MpyMnt1) > 1 forall n €
NU {0} and n,, — n € T as n — oo, then there exists a subsequence {ny,, } of
{nn} such that oas(nn, , Mn,.,n) > 1 for all k.

Then (A, B) has a common fixed point.

Proof. 1t follows from Theorem 3.1]- Theorem[3.3] O

For the uniqueness, we need the following additional condition.
(U) For all u,v € CF(A,B), we have as(u,u,v) > 1, where CF (A, B)
represents the set of common fixed points of A and B.

Theorem 3.5. Adding condition (U) to the hypotheses of Theorem (resp. The-
orem , we obtain that 1 is the unique common fixed point of A and B.

Proof. We argue by contradiction, that is, suppose there exist 17, € I" such that
n = An = Bpand ( = A = B( with n # (. By assumption (U), we have
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as(n,m,¢) > 1. First, we assume that hypotheses of Theorem hold. Since,
S(n,n,¢) = S(An, An, B() > 0, by Equation (2.2}, we have

T+ F( /0 ol w(t)dt) - T4 F( /O S A w(t)dt)

F(/O\P(I)(M’Ow(t)dQ _ F(/()S(WMC)w(t)dt).

IN

Then, by (F'1), we have

S(nm,Q) S(m,m,¢)
0< / w(t)dt < / w(t)dt,
0 0

which is a contradiction. Hence, n = (. By a similar fashion, we can prove
uniqueness of common fixed point of Theorem 3.3] O

4 Consequences
If

Uiry(n,0,9) = max{S(n,6,9),5(1,0, An), S(9, 9, B),

S(n,9, An) + (9,7, Bﬁ)}
2

Viny(n,0,9) = 118(n,0,9)+125(n,0,An) + 13 59,9, BY)
s S(¥,0,BY)[1+ S(n,0, An)]
1+ S(n,0,9)
+s5 max{S(n,@,An), S(9,9, Bz?)}

and A = B in Theorem[3.1} Theorem [3.2] Theorem [3.3]and Theorem [3.4] then we
have the following corollaries.

Corollary 4.1. Let (I, S) be a complete S-metric space and let A: T' — T" be an
ag-admissible mapping such that the following hold:

(1) A is a generalized integral type (I) (F — «) contraction mapping,

(2) there exists ng € T such that as(ng, no, Ang) > 1,
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(3) A is continuous.
Then, A has a fixed point n € T and A is a Picard operator, that is, { A"ny}
converges to 1.

Corollary 4.2. Let (', S) be a complete S-metric space and let A: T' — T be an
as-admissible mapping such that the following hold:

(1) A is a generalized integral type (I) (F — «) contraction mapping,

(2) there exists ng € T such that as(ng, no, Ang) > 1,

(3) If {nn} is a sequence in T such that os(Np, MpyMnt1) > 1 forall n €
NU {0} and n,, = n € I as n — oo, then there exists a subsequence {ny,, } of
{nn} such that ccs(nn, , Mn,,,m) > 1 for all k.

Then, A has a fixed point n € T and A is a Picard operator, that is, { A"ny}

converges to 1.

Corollary 4.3. Let (I',S) be a complete S-metric space and let A: T' — T be an
ag-admissible mapping such that the following hold:

(1) A is a generalized integral type (11) (F — as) contraction mapping,

(2) there exists ny € T such that as(ng, no, Ang) > 1,

(3) A is continuous.

Then, A has a fixed point n € T and A is a Picard operator, that is, { A"ny}
converges to 1.

Corollary 4.4. Let (', S) be a complete S-metric space and let A: T' — T be an
as-admissible mapping such that the following hold:

(1) A is a generalized integral type (I11) (F — as) contraction mapping,

(2) there exists ng € I such that cs(no, no, Ano) > 1,

(3) If {nn} is a sequence in T’ such that os(Np, MnyMnt1) > 1 forall n €
NU {0} and n,, = n € I as n — oo, then there exists a subsequence {ny,, } of
{nn} such that ccs(nn, , ., m) > 1 for all k.

Then, A has a fixed point n € T and A is a Picard operator, that is, { A"ny}

converges to 1.

If we take as(n,0,9) = 1 and w(t) = 1 for all ¢ > 0 in Theorem [3.1] then we
have the following result.
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Corollary 4.5. Let (I',S) be a complete S-metric space and let A, B: I' — T be
two mappings, then suppose that the following hold:

(1) S(An, A0, BY) > 0 = 7+ F(S(An, A0, BY)) < F(¥y(n,0,9)) (x)
forallm, 0,9 € ', where

W(1)(n,0,9) = max { S(1,0,9), S(n, 6, An), (9, 9, BY),

S(n, 9, An) + S(9,9, Bﬂ)}
2 )

(2) A and B are continuous,
(3) Condition (U) holds.

Then, (A, B) has a unique common fixed point.

Example4.1. Let T = {1,2,3} and S be an S-metric. Let S(1,1,3)
1,8(1,1,1) = §(2,2,2) = $(3,3,3) =0, S(1,1,2) = $(2,2,1) =
5(3,3,2) = 2and S(2,3,1) = 1.

Define the mappings A,B: T' — T as follows: A(n) = 1 foralln € T,
B(l) = B(3) =1, B(2) = 3. Let w(t) = 1, F(t) = In(t) for all t > 0,
as(n,0,9) = 1and e™™ = k < 1. Now, we prove that Theorem(Corollary

is satisfied.
Letn,0 € T and let 1 = 2 and 0 = 3, then from Condition (%), we have

S(3,3,1) =
S

3,5(2,2,3) =

S(An, An, BO) < k¥ (py(n,n,0)

where
2,3, A2 B
‘I’(U(””?v@)—max{5(2,2,3),5(2,2,A2),S(3,3,33),S( 3 >;5(3,3, 3)}
2,3,1 1
:max{S(272’3)’S(2’2’1)75(37371)’S( 737 )35(3,3, )}
1
=41
:max{?%’L?; }
2 3 4
=max{7. 5,17} =1
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and
S(A2,A2,B3) = S(1,1,1) = 0.

Thus, we see that

S(An, An, BO) < kW1 (n,n,0)
=0<kl=k,

that is, k > 0. If we take 0 < k < 1, then all the assumptions of Theorem
(Corollary are satisfied. So, A and B have a unique common fixed point.
Here, 1 is a unique common fixed point of A and B.

S Application on an integral equation

In this section, we apply the result given by Corollary {.5]to study the existence of
a solution to a system of integral equations.
For instance, we consider the nonlinear integral equations

1
n(t) = g(t) +/0 My (t,s,n(s))ds, te]0,1], (5.1)

and
1
W@ZMU+AJMNﬁm@W& teo,1], (5.2)

where ¢: [0,1] — R and M, M3: [0,1] x [0,1] x R — R are continuous func-
tions. Let I' = C(]0, 1], R) represents the set of all continuous real-valued func-
tions on [0, 1]. Define an S-metric S: T — R by

S(,6,9) = lln — 0] + 16 — 9] = sup {(In(t) — 9(1)] + 1) = 9(O)]) : £ € [0,1]},

foralln,0,9 € I.
It is well-known that (T, S) is a complete S-metric space (see, [24]). Now, we
prove the following result.

Theorem 5.1. Suppose the following hypotheses hold:
There exists k € (0,1) wherek =e™" < land 5: ' x I' — [0, 00) such that
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foralln,0 € T and s € |0, 1], we have
0 < [Mi(t,s,m(s)) — Ma(s,t,0(s))| < B(t, 5) In(s) — 6(s)l, (5.3)

and

1
sup /0 B(t,s)ds = k.

tel0,1]

Then, the integral Equations and have a unique common solution n* in
T.

Proof. Forn € T"and t € [0, 1], define the mappings

1
An(t) = g(t) + /0 M(t,p,n(p))dp,

and

1
Bn(t) =g(t)+/0 Ma(t,p,n(p))dp.

Thus, by Condition (5.3) of Theorem[5.1] we have

1
[An(t) — BO(t)| < /0IMl(t,S,Tl(S))—Mz(t7879(5))|d5

IN

1
/0 B(t, 5)(In(s) — 0(s)|)ds
klln — 6], (5.4)

IN

or equivalently,
2[An(t) — BO(t)| < 2k ||l — 0].
We deduce that forall n,0 € T’
S(An, An, BO) <k S(n,n,0) < k¥ p(n,n,0).

Condition (1) of Corollary 4.5/ holds by taking 7 = —In(k) and F(t) = In(t).
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Hence, Corollary {.5]is applicable and so the mappings A and B have a unique
common fixed point, that is, the functional equations (FE) (5.1 and (5.2) have a
unique common solution n* € T'. O

6 Application on a dynamic programming

The problem of dynamic programming related to a multistage process reduces to
the subject of solving functional equations. The existence of solutions of func-
tional equations and system of functional equations arising in dynamic program-
ming which have been studied by using various fixed point theorems (for more de-
tails one can see [[7[], [8], [9]). Suppose that / and V are Banach spaces, WW C U is
a state space and D C V is a decision space. It is well known that the dynamic pro-
gramming provides useful tools for mathematical optimization and computer pro-
gramming as well. In this part, we are interested in solving the following functional
equations arising in dynamic programming by Corollary 4.5 we set r: W — R

r(z) = sup {f(z,9) + Gz, y, 7 (T(2,9) }, zeW, (6.1)
r(z) = sgg {f(af,y) + K(z,v, ’I“(T(.%',y))}, zeW, (6.2)

where 7: W XD - W, f WxD —=R,GK: WxDxR — R. Here, we
study the existence and uniqueness of 7, € B(W), where B(W) denote the space
of all bounded real-valued functions on ¥V, a common solution of the functional

Equations and (6.2)).
Now, we equip B(W) with the following S-metric, which is obviously a com-
plete S-metric space,

S(n,0,9) = sup {(In(z) — (z)| + [0(z) — I(x)]) : 2 € W},

for all n, 6,9 € B(W) (see, [24]).
Now, we state the main result of this part.

Theorem 6.1. Let f: W XD = Rand G, K: W x D x R — R be two bounded
functions and also let T: W x D — W be a function. Let A, B: B(W) — B(W)
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be defined by
A(h)(z) = sup {f(z,y) +G(z,y, h((z,y)}, z€W, (6.3)
ye
B(h)(z) = sup {f(z,y) + K(z,y,h(r(z,y))}, z€W, (6.4)
ye

forall h € BOW) and x € W. Suppose that the following condition holds:
|g(l’, Y, hl(T(xa y)) - K:(CC, Y, h2(7’(ﬂj7 y))‘ <k |h1(ZL‘) - h2($)|, (65)

forall hy,he € BOW), x € W and y € D. Then, the functional Equations
and have a unique common solution in B(WV).

Proof. We know that (B(W), S) is a complete S-metric space. Let u > 0 be
an arbitrary positive real number, x € W and hy, hg € B(WW), then there exist
Y1, Y2 € D such that

A(hl)(x) < f(xvyl) + g(x7y17 h1(7($7 yl)) + %7 (66)
Bha) (@) < f(@,02) + Ky, h(r(a.2)) + 5. (6.7)
A(h1)(z) = f(2,y2) + G(z, y2, ha (T (2, y2)), (6.8)
and
B(h2)(x) > f(x7y1) + K:(l'7y1, hQ(T(xvyl))' (69)

Then, by Equations (6.5), (6.6) and (6.9), we have
Ah)@) = Bh)(@) < Gl ha(r(e.) = K(won. () + 4

Gy, b (7 0)) = K, g, ha(r ()| + 5

IN

< k ’hl(x) — hg(l’)‘ + %
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Thus, we get
A(m)(z) — B(ha)(x) < k |h1(z) — ho()] + g (6.10)
Similarly, by Equations (6.5), (6.7) and (6.8), we get

B(hs)(x) — A(h1)(2) < k |h(2) — ha()] + g

6.11)
Therefore, by Equations (6.10) and (6.1T)), we obtain that
max { A(h) (@) = B(ha)(@), ~(A(hn) (@) ~ B(ha) @) | < k| (@) ~ ha(a)] + 5,
that is,
[A(l)(@) = B(ho)(@)| < k [I(x) = ha(a)| + 5.
Hence, we have
2|A(h1)(x) — B(ha)(x)| < 2k|hi(z) — ha(z)| + p, (6.12)
which implies
S(A(h1)(w), A(h1)(x), B(h2)(x)) < k S(hi(z), ha(w), h2(z)) + p. (6.13)
Since the Inequality (6.13) is true for any = € W, we get
S(A(h1), A(h1), B(h2)) < k S(hy, by, h) + p. (6.14)
Finally, since px > 0 is arbitrary, so we can deduce that
S(A(h1), A(h1), B(h2)) < k S(h1,h1,ha) < kW (hi, b, ho).

Thus, all the hypotheses of Corollary are satisfied with e™” = k < 1 and
F(t) = In(t) for all t > 0. Hence by application of Corollary the functional
equations (6.1) and (6.2) have a unique common solution 7, € B(W). O
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Example 6.1. Consider the following functional equations:

A(h)(z) = sup {arctcm(x + 3ly|) + ; ( + —+ \h(:v)]) }, (6.15)

1
yeD 1+H

. 1 1 .

B(j)(x) = Slelg {arctcm(x + 3ly|) + 5 (a: I Tl + |](x)|) }, (6.16)

for xz € [0, 1], where W = [0, 1], D = R. Then,
f:]0,1] x R — R is defined by f(x,y) = arctan(
h:[0,1] x R — [0, 1] is defined by h(x,y) = =,
j:[0,1] x R — [0, 1] is defined by j(z,y) = =,

).

G:[0,1] x R x R — R is defined by G(z,y,t) = %(xjtf'yﬁ ),and
K:10,1] xRxR%stdeﬁnedble T, Y,u) = %(:c—l—ﬁ‘y'—ﬂu\)
Itis clearthat |f(x,y)| < T, |G(x,y,0)| = ‘2(x+1+\y|)‘ < 2and |K(z,y,0)| =

|3 (2 + o) | < 2forallx € [0,1] andally €R
Hence the first assumption of Theorem |6.1|is satisfied. Now, for all x € [0, 1]
and all y € R (we can assume that |hy| > |ha| without loss of generality), it follows

that:
’g(l‘, Y, hl(x)) - ]C(:E, Y, hQ(x))’

_ ‘;<x+1+1’y|+|h1(:c)|)—;<:1:—|-1_:|y’+|h2($)|)‘
= |5 (s@)] = Ihata))

= S (m@)] - (@)

= S (@]~ ha)])

< %(‘hlx 2(2)])

= k(|h(z) - ho(2))),

where k = % < 1. Thus, Inequality of Theorem also holds, where x €
[0,1] and y € R. Hence, functional Equations and have a unique
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common solution h, € B(]0, 1]).

7 Conclusion

In this paper, we prove some common fixed point theorems for generalized inte-
gral type (I) and (II) (F' — «as)-contractions in the setting of complete S-metric
spaces. In addition, we provide some consequences of the established results. An
example is provided in support of the established result. Also the results are used
to achieve the solution of an integral equation and the bounded solution of a func-
tional equation in dynamic programming. Our results extend and generalise several
well-known results in the existing literature (see, for example [10], [36] and many
others).
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