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Abstract

In this paper, we prove the existence of solutions of fractional integrodif-
ferential equations with nonlocal condition by using the resolvent operators
and fixed point theorem. An example is provided to illustrate the theory. As
a special case of the equation the controllability problem is studied.

1 Introduction

In the theory of viscoelasticity and in the study of electromagnetism in rigid non-
conducting material dielectrics one can encounter the partial integrodifferential
equation of the form

2t(t,x) = zg(t,x) + U(t,z(t,x), /Ot o1(t, 1, 2(T, {L‘))dT) + oa(t, 2(t,x)), t>0,
z(t,0) = z(t,1)=0, (t,z)€[0,1] x [0, 1],
2(x,0) = z(z), 0<x <1,

where o, 01 and o9 are continuous, continuously differentiable with respect to
the first argument and uniformly Lipschitz continuous in ¢, 7 and z respectively.
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The nonlinear function o of this type with integral term ¢ occurs in mathemat-
ical problems concerned with heat flow in materials with memory and viscoelas-
tic problems in which the integral term represents the viscosity part of the prob-
lem [26]]. When we introduce the fractional derivative for better effects on the
model the above equation takes the following form

t
CDo(t,x) = zm(t,x)+a(t,z(t,x),/ ol(t,T,z(T,a:))dT)—|—02(t,z(t,x)),
0
t>0,
z2(xz,0) = z(z), 0<zx <1,

and it can be written in the abstract form as

Ot + A = f02(0) +9(t2(5), [kt 7 2(D)dr) £ >0,

0
Z(O) = 20,

where © D is the Caputo fractional derivative, —A is the infinitesimal gen-
erator of a Cp-semigroup in a Banach space X and the nonlinear functions &, g
and f satisfy appropriate conditions. This equation motivates the study of abstract
formulation of partial fractional integrodifferential equations.

The theory of fractional differential equations has been developed by many re-
searchers because of its numerous applications in various fields of science and en-
gineering [3}{16[22}24,27]. In fact, fractional differential equations are considered
as alternative models to nonlinear differential equations [13]]. The fractional order
differential operator is nonlocal, which is the most relevant feature making it a use-
ful tool in applications. The existence problem for abstract fractional differential
equations has been studied extensively in the literature [[1,|2}12}15}20L23},28-30].
Byszewski [[14] initiated the study of nonlocal Cauchy problem for semilinear evo-
lution equation. Balachandran and Park [6] extended the results to nonlinear in-
tegrodifferential equations by using resolvent operators. It has been observed that
the nonlocal initial condition has better effects than the classical condition [[19].
The nonlocal Cauchy problem for abstract fractional differential equations was
discussed in [7,8]], where as in [4}9] the authors studied the existence of solutions
of fractional impulsive evolution equations and integrodifferential equations in Ba-
nach spaces by using fixed point techniques. Hernandez et al. [17]] investigated the
existence results for abstract fractional differential equations by utilizing the re-
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solvent operator of integral equations and fixed point theorems. Further they [18]]
established the existence of solutions for a class of abstract fractional differen-
tial equations with nonlocal conditions. Balachandran and Kiruthika [5]] proved
the existence of solutions for fractional integrodifferential equations with nonlocal
conditions. It is observed that the concept of mild solutions for abstract fractional
differential equations via semigroup theory is not appropriate and not realistic. In
order to overcome this drawback, the mild solution is developed by using the re-
solvent operators of integral equations [17]. Extending this technique to a large
class of equations, in this paper we study the existence problem for fractional inte-
grodifferential equations with nonlocal conditions and obtain the results by using
resolvent operators and the Krasnoselskii fixed point theorem. An example is pro-
vided and the controllability problem for a special case is discussed.

2 Preliminaries

We need some basic definitions and properties of fractional calculus and operator
theory for establishing our results. Let X be a Banach space and C'(J; X) denote
the space of all continuous functions from J := [0,b] into a Banach space X
with supnorm denoted by || - ||¢(s,x). The notation X4 denotes the domain of
A endowed with the graph norm ||z||4 = |z| + ||Az||. In addition, B,(z, X)
represents the closed ball with center at x and radius r in X.

Definition 2.1. /22|/(Riemann-Liouville Fractional Integral). The Riemann-
Liowville fractional integral operator of order o > 0 of function f € L; (R})
is defined as
1 b f(s)ds
I¢f(t) = 2.1
10 = 57 | 7o @

where T'(+) is the Euler Gamma function.

Definition 2.2. [22|/(Riemann-Liouville Fractional Derivative). The Riemann-
Liouville fractional derivative of order o« > 0, n — 1 < o < n, n € N, is defined

as

DOf(t) = D"I"*f(t) = r(nl—a) (i) /0 (t —s)"" 21 f(s)ds, (2.2)

where the function f(t) has absolutely continuous derivatives up to order (n — 1).
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Definition 2.3. [22|/(Caputo Fractional Derivative). The Caputo fractional deriva-
tive of order o > 0, n — 1 < o < n, is defined as
c 1 ! 14(n)
Df(t) = =— t—s)" M (s)d 2.3
1) = Forma [ €= 9 s 3
where the function f(t) has absolutely continuous derivatives up to order (n — 1).
If 0 <a<1,then

Crapp L " f(s)ds
where f'(s) = Df(s) = dfd(j and f is an abstract function with values in X.

Consider the fractional differential equation

CDou(t) = Au(t) + f(t), te€J, } 2.5)

u(0) = uo,

where 0 < a < 1, A is a closed linear unbounded operator in X and f € C(J; X).
Equation (2.3) is equivalent to the following integral equation

oy 1 b Au(s) . 1 L f(s) .
u(t) = 0+F(a)/0 (t—s)l—ad +F(a)/0 (t—s)l—ad’ teJ (2.6)

This equation can be written in the following form of integral equation

B 1 b Au(s)
u(t) = wlt) + Fo /0 s, =0, 27

1 b f(s)ds
h t) = . W that the int 1 ti
where w(t) = ug + o) /0 (i—s)io e assume that the integral equation

(2.7) has an associated resolvent operator {S(¢)} on X and it is analytic [25], and
there exists a function ¢ 4 in L}, ([0, 00); RT) such that

15" () z|| < pa(t)||z]|x, forall ¢ > 0.

Definition 2.4. A one parameter family of bounded linear operators {S(t)} on X
is called a resolvent operator for if the following conditions hold:
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(i) S(-)x € C([0,00); X) and S(0) x = x forall x € X,
(ii)) S(t)D(A) C D(A) and AS(t) x = S(t)Ax forall x € D(A) and everyt > 0,
(iii) for every x € D(A) andt > 0,

B 1 tAS(s)x
S(t)x =z + o) /0 i—s)a ds. (2.8)

Definition 2.5. A function u € C(J; X) is called a mild solution of the integral

t
equation onJif/ (t —5)* lu(s)ds € D(A) forallt € J, w(t) € C(J; X)
0

and

Eous
u(t) = Féz) /0 = i))l—a ds 4+ w(t) forall t € J.

With the above conditions and if w € C(J; X 4), then the function v : J — X
defined by [25]]

u(t) = /0 "'t — s)w(s)ds + w(t). L€ J, 2.9)

is a mild solution of (2.7) on J.

Theorem 2.1. [31|/(Krasnoselskii fixed point theorem) Let K be a nonempty
closed convex subset of a Banach space X. If A and B are two operators such
that

(i) Az + By € K forany xz,y € K,
(ii) A is compact and continuous,
(iii) B is a contraction mapping,

then there exists z € K such that z = Az + Bz.

3 Existence results

Consider the following class of abstract fractional integrodifferential equations
with nonlocal condition

CDO‘[u(t)—/ a(t—s)g(s,u(s))ds] = Au(t)—l—f(t,u(t),/ E(t,s,u(s))ds),t € J,
0 0 3.1
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u(0) + h(u) = wo, (3.2)

where ¢ D is the Caputo fractional derivative of order 0 < a < 1, A is a closed
linear operator in a Banach space X with dense domain D(A), uyp € X and
fiIxXxX—>X,9g:JxX —>X,a:J >R Ek: AxX —> X,
h : C(J;X) — X are continuous. Here A = {(¢,s) : 0 < s < t < b}. For

t
brevity, let us take Ku(t) = / k(t,s,u(s))ds.
0

Now we introduce the concept of mild solution for the equations (3.1)-(3.2)).
This equation is equivalent to the following integral equation

wt) = w—hw+ [ a <t—s>g<s,u<s>>ds+rl) [ e

(a t—s)l-o

/ f(s ( ))ds forallt € J. (3.3)
t—s

Definition 3.1. A function u € C(J; X) is said to be a mild solution of (3.1)-(3.2)
t
on J, if / (tu(j))l_ads € D(A) forall t € J and satisfies the integral equation
o (t—

Suppose there exists a resolvent operator {S(¢)} which is differentiable and
the functions f, g, k and h are continuous in X 4, then we have

u(t) = up—h(u) + [y alt - s)g(s,u(s))ds + w5 fy LorSulds
"'f(f S'(t—s) <U0 — h(u) + [5 als — 7)g(r,u(r))dr
‘1t Jo ’Wm) ds. (3.4)

Let x1,z2,y1,y2 € X, t € J,(t,s) € A and assume the following conditions.

(H1) The function f : J x X x X — X 4 is continuous and there exist constants
L1, N > 0 such that

1t 21, 22) = f(t oy w2l < Lo (ller — ol + llzz — g2l)
and N = max;cy f(¢,0,0).

(H2) The function £ : A x X — X4 is continuous and there exist constants
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B, B’ > 0 such that

and B’ = maxyc fg k(t,s,0)ds.

< Blz -yl

/0 [k(t,s,z) — k(t,s,y)]ds

(H3) The function g : J x X — X4 is continuous and there exist constants
Lo, N1 > 0 such that

and N7 = maxe fo a(t — s)g(s,0)ds.

< Lo|lz —y||.

/O alt — 3)[g(s, 2(5)) — g(5,4(s))]ds

(H4) The function h : C'(J; X) — X4 is continuous and there exists a constant
G > 0 such that
1A (z) = ()|l < Gllz = yl|

(H5) (G + L) (1 +blleal) <1

For brevity, let us take L = |ug|| + ||h(0)|| + Ny + L1yB’ + vL1N, L* =
G+L2 +’YL1B+’YL1, Y= ﬁ

Theorem 3.1. Assume the conditions (H1) — (H5) hold. Then there exists a mild

solution of (3-1)-B-2) on J.

Proof. First we transform the problem of existence of solutions of (3.1)-
into a fixed point problem. For that, by considering the equation (2.7)), we intro-
duce the map @ : C'(J; X) — C(J; X) by

@u(t):uo—h(u)—F/ a(t —s)g(s,u ds+ /f t—sl a( ))ds

/S't—s(uo— / a(s — 7)g(r, ul(r))dr
L[ S ),
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Now we decompose ¢ as &1 + &5 where

Dy u(t) = ug — h(u) + /0 a(t —s)g(s,u(s))ds
+ /0 S'(t — 8)(uog — h(u) + /05 a(s — 71)g(r,u(r))dr)ds,

and
f(s (5)
(I)QU / t — S 1 > ds
+/ S'(t—s) / G = ))des.
0 (s — 1)l
Here, w(t) = up — h( -|-f0 a(t — s)g(s,u(s) dS+F(a) ftwdse
C(J;Xa). Let Z = C(J;X) and B, = {2 € Z : ||z|| < r}. Choose r >
L(1+bllpal))

=L (+blle sl For any u,v € Z, we have
[®1u(t) + Pau(t)]
t
< [luoll + |~ (u) — RO)[| + [|A(0)]] +/ a(t —s)llg(s,u(s)) — g(s,0)||ds

T / olt = 9ol 0)ds| + 1 / 1 (s, u(s), Ku(s >zt _fs()s 0,0)] + 1£(5,0,0)]

+ /Ot 15°(t = ) (IIuoll + 12 (w) = hO)| + [IR(0)]]

+ / “a(s — 7)llg(r,ulr)) — gr.0)lds + | [ als —7)g(r,0)ds]
o[ [ st K - Fr00)l, U001, ),

1 «@ 0 (8_7-)1—04

< Huo\l + Gr + [|R(0)]] + Lz?‘ + N1+ y[L1(Br + B') + Lir + N]

t
+ [Ise-s [||uo| G+ |W(O)] + Lar + Ny +A[Lar + N + +Ly(Br + B')]]ds
0

t
§L+L*r+/ 1S'(t — $)|[(L + L*r)ds
0

< L+ L'r+bleall(L+ L*r)

T.

IN ]
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Thus, ® maps B, into itself and so ®;u + ®ov € B,. From the assumptions (H3) and
(H4), we see that, for any u € Z,

which implies that the function s — S'(t — s)(uo + h(u) + [; a( T,u(T))dT) is
integrable for all t € J and ®;u € Z. Moreover for u,v € Z andt € J , we get

/ S'(t — s)(uo+ h(u) + /S a(s —7)g(7,u(r)))dr
0 0

< blleall(luoll + Gr + [[R(O)[| + Lo + N1),

@ ru(t)—@r0(t)] < u H+H/ (t - 9)lg(su(s)) — gls,0(s))]ds

/ngt—smm H+H/ a(s — )a(r,u(r)) — a(r, o(r)))dr )ds

< Gllu = vl + Laflu = vf| + bllpal (Gllu = v]| + La|lu = vl])
< (14 bllealD(G + L) (lu — ).

By (HS), @, is a contraction on B,.. Next we show that the operator P, is completely con-

/ frulr Ku(r))

tinuous. Note that the function s — drds is integrable

from the assumptions on f(-) and k(-). Flrst we show that <I>2 is unlformly bounded. Now,

fort e J,
_— /Hf lef>m@
o [ ) K]
/”St <>A (s—rpa ¢

< (1 +bllpal))[r(L1 + B) + B’ + NJ.

This shows that ®5 is uniformly bounded. Let {u,, } be a sequence in B, such that u,, — u
in B,.. Since the functions f and k are continuous, we have

F(s,un(s), Kun(s)) = f(s,u(s), Ku(s)), asn — oco.
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Now for each t € J, we have

[[@oun(t) — Pou(t)]|
L[5y un(s), Kun(s) = f(s, uls), Ku(s))|
= NG / (t—s)l—= ds

‘o L[ 1 (7). K (7)) — f(ru(r), Ku()]
- S(ts)H[F(a)/O dr

(s—71)l-@

— 0 asn — oo.

From the above it is clear that ® is continuous. Next we prove that the set {®ou(t) :
u € B} is relatively compact in Z for all ¢ € J. For that we have to prove that ®, is
equicontinuous. Fort <t + h < b, h > 0 we have

[|Pou(t + h) — Pou(t)]|

1 T f(s,u(s f(s Ku(s))
SF(oz) /0 (t—l—h—slad/ t—sl‘)‘ ds

ER flr.u(r). Ku(r) |
@ A S'(t+h— /’ e drd

s [ 1010 ())dds
Fé%ﬁ[@+h—@1a‘@_iyﬂpUSm@%Kw@m@

L [ f(s,uls), Ku(s))||
rmx[ G+h—sia &

IA

+

T B o | X Ta N Ca I
+ 18 n—s =59 [ A i

o S f(rulr
e [Tl [ UL KU,

-7

which tends to zero as h — 0 [25]], and the set {®Pou : u € B,} is equicontinuous.
Thus it is relatively compact and by Arzela-Ascoli’s theorem, ®, is compact. Hence, the
Krasnoselskii fixed point theorem guarantee that there exists a fixed point u € Z such that
®u = w which is a mild solution of (3:1)) with the nonlocal condition (3.2).
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4 Example

Consider the following fractional partial integrodifferential equation of the form

a@t (ut - | . (s 5)ds ) = FLzulex) +oa(t) sinu(. )

+/ c(t —s)e 5P ds, >0,
0
u(t,0) = u(t, ™) =0, (t,z) € [0,1] x [0, 7],

u(0,x) +/() a(s)u(s,z)ds = z(x),

[}

4.1)

where z € L?[0, 7] and a, ay, az, c € C[0,1]. Take X = L?[0, ] and let A be the operator
given by Aw = w’’ with domain

D(A) ={we X :w" € X,w(0) =w(r) = 0}.

It is well known that A is an infinitesimal generator of an analytic semigroup 7'(¢) on
X. Clearly A has a discrete spectrum with eigenvalues of the form —n?, n € N, and
the corresponding normalized eigenfunctions are given by wy,(z) := +/(2/7)sin (nz). In
addition, {w,, : n € N} is an orthogonal basis for X and

T(t)w = Z et (w, wy,) wy, for all w € X and for every ¢ > 0.

n=1

From these expressions, it follows that {7'(¢)} is uniformly bounded compact semigroup,
so that R(\, A) = (A — A)~! is a compact operator for all A\ € p(A). From [25]], we
know that the integral equation

1 b Au(s) .
u(t)r(%)/o (t—s)%d, t>0,

has an associated analytic resolvent operator {S(¢)} on X given by

1
—/ (AT — A7\, t>0,
S(t) = 2mi Lo

I, t=0,

4.2)

where T',. ¢ denotes a contour consisting of the ray {re®® : r > 0} and {re~® : r > 0} for
some 6 € (g, 77). It is easy to see that {S(t)} is differentiable, and there exists a constant
N > 0 such that ||S"(t)z| < N||z||, forx € D(A), t > 0. To represent the differential
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equation (@.I)) in the abstract form (3.1)-(3.2)), we take

a(t = s)g(s,u)(z) = ar(t = s)u(z),
ft,u, Ku)(z) = u(z) + az(t)sinu(x) + Ku,
1

(=)

Note that |[|A(u(x))—h(v(z))| < |a| ||lu—v| and L1 = 1+maz|az(t)|+max|c(t)], Le =
max |ai(t)|. Here ||pall = N and b = 1. It is possible to make (Ja| + L2)(1 + N) < 1.
Thus the conditions (H1)-(H5) of Theorem 3.2 are satisfied. Hence there is a function
u € C([0,1]; L2[0, 7]) which is a mild solution of (1)) on [0,1].

S Special case

In Equation 1i if we take a(t — s) = ﬁ(t —s) L 0<a<1, h(u) =0and A is

a bounded linear operator then we have

“pe b t—s(’_l s,u(s))ds] = Au U t s,u(s))ds
Dou(t) = s [ (0= 9 gl u(e)ds] = Autt) + (tute). [ (s (”{2 i;
that is,

cDo‘[u(t) —I%(t,u(t))] = Au(t) + f(t,u(t), Ku(t)), (5.2)
and since © DT“u(t) = u(t) we have

CD(t) = Au(t)+ g(t,u(t)) + f(t,u(t), Ku(t)), (5.3)

u(0) = wpg.

Introducing a control variable v(t) and incorporating ¢ in f the Equation (5.3) takes the
form

CDu(t) = Au(t) + Bu(t) + f(t,u(t), Ku(t)), t € J =[0,T), (5.4)
w(0) = wupg.

where the control function v € L2(.J, V'), a Banach space of admissible control functions
with V' as a Banach space and B : V' — X is a bounded linear operator. If || A| < %
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then the solution of (5-4) is [10]
t
u(t) = Eq(AtY)up + / (t —8)* By o (At — 5)%) [Bo(s) + f(s,u(s), Ku(s))]ds(5.5)
0

where the Mittag-Leffler operator function of a bounded linear operator A is defined as [11]]

(e.¢] Ak
E,p(A) = _
8(A) kZ:OF(ka"‘B)
If 3 = 1then E, 1(A)is E,(A) and Fy(A) = e,

Definition 5.1. [I121|] The system (5.4)) is said to be controllable on the interval J if, for
every ug,u; € X, there exists a control function v € L?(J, V') such that u(T) = u,.

The controllability Grammian operator W : X — X is defined as
T
Wz — / FoaA(T — )*)BB* Ea.o(A*(T — 5)*)2ds
0
where the star denotes the adjoint of an operator. If the linear system

CDu(t) Au(t) + Bo(t),
u(0) = wg

is controllable on J, then the operator W is invertible [21].
Take M; = sup || Es(At“)ug|| and My = (T —t)* L EL(A(T — t)Y)]|.
0<t<T

sup |
< 0<t<T
Let x1, Z2,,%1,Y2 € By, t € J, (t,s) € A and assume the following conditions.

(A1) The function f : Jx X xX — X is continuous and there exist constants L1, N > 0
such that

||f(t7x17$2)_f(t7y17y2)” < L1 (Hml_y1||+||x2_y2H)

and N = max;ecy f(t,0,0).

(A2) The function k : A x X — X is continuous and there exist constants M, M’ > 0
such that

and M’ = max;c s fot k(t,s,0)ds.

< Mz -yl

/0 [k(t,s,x) — k(t,s,y)]ds
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(A3) 2TM,Li(1+ M) < 1.

Theorem 5.1. Assume that (Al)-(A3) hold and if the linear system is controllable then the
nonlinear integrodifferential system is controllable on J.

Proof. Since the linear system is controllable and so the operator W is invertible.
Define the control variable v(t) as

v(t) = (T — )" “B*Eg o (A*(T =))W " ug — p(T,u)] (5.6)
where
p(T,u) = Eq (AT ug + /o (T — 5)* ' Epo(A(T — 5)*) f(s,u(s), Ku(s))ds.

QM +2T Mo Ly (N+M’)+|jus ||

Choose r > 1—2T ML, (1+M)

and define the operator ¥ : Z — Z by
Du(t)

= By (At%)uo + /0 (t —8)* YT — 8)" " “Ey.0(A(t — 5)*)BB*Eq o (A*(T — 5)%)
W uy — p(T, u)]ds + /0 (t —8) By o (A(t — 5)) f(s,u(s), Ku(s))ds  (5.7)

Substituting in to one can easily see that Uu(7T) = uy which means that the
control v(t) steers the system from ug to wq. This can be achieved by proving that
the integral equation (5.7) has a solution, that is the operator ¥ has a fixed point. Observe
that ¥ maps B, into itself. From the assumptions

and
||\I”U,1 — \IJUQH S 2TM2L1(1 + M)||u1 - UQH

By (A3), ¥ is a contraction. Hence there exists a unique fixed point u € B, such that
Uu(t) = u(t) and u(T') = u;. Thus the system (5.4) is controllable on J.
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