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Abstract

This paper investigates fixed point results for mappings that satisfying
(0-¢)-rational type contractive conditions in partial b-metric spaces. These
spaces are more general than metric spaces because they let relaxed triangle
inequalities work. We establish the existence and uniqueness of fixed points
for such mappings, utilizing novel rational contractive conditions involving
control functions. These results extend classical fixed-point theorems and
are applicable to a broader range of spaces and mappings. The results are
especially useful for mathematical analysis, optimization, and computational
methods that use iterative steps. They give us new information about how
dynamical systems behave in generalized metric frameworks.
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1 Introduction and definition

One of the field that many researchers are actively studying is fixed point theory,
particularly in analysis. Fixed point theory can be applied in a variety of fields,
including biology, computer science, engineering, economics, etc. The Banach
Contraction Principle is known as one of the most important findings in fixed point
theory. Over the past few years, the result is expanded in various ways. Bakhtin [3]]
first introduced the concept behind b-metric and broadly used by Czerwik [5,/19].
The map b—metric is itself a generalization of map metric. Each and every metric
is always a b-metric even though the converse is not true. Also every metric is
always a partial metric even though the opposite might not be hold. S.G. Mathews
[23] first defined the partial metric space. In the partial metric space, the ordinary
metric is replaced by a partial metric with the characteristic that any point in this
space may have a non zero self distance. Every metric space is always a partial
metric space, but the opposite may not hold true. Shukla [27] first defined the
partial b-metric space. Numbers of publications and references dealing with partial,
rectangular b-metric space began to surface (refer to [1,/6,9-11,(14}/15,[30]]). Zead
Mustafa et al. [24] altered the triangle property of partial b-metric and established
a condition for convergence and some rules for working in partial b-metric space.
Our findings have several implications, one of which is the generalization of similar
findings in previous research (see [4}7,[8, 164182022, 2526} [28[29]]) and the
citations therein.

In this paper, we establish some theorems for the existence and uniqueness of
a fixed point in partial b-metric space along with the concept of (0 — ¢)— rational
type Contraction mapping using auxiliary functions.

Definition 1.1. Considering A as a set having at least one element and d : A X
A — [0, 400) satisfying:

(a) d(h,N) =0 <= h=Nforall h,X € A.
(b) d(h,N) = d(X,h) forall h, N € A.
(c) d(h,R) < d(h, o)+ d(o,R) forall h,X, g € A.
Then, the map d is called metric on A and (A, d) is a metric space.

Definition 1.2. [3]] Considering A as a set having at least one element and d :
A x A — [0,400) satisfying:

(a) d(h,X) =0 <= h=NXNforall h,NX € A.
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(b) d(h,X) =d(X,h) forall h,X € A.
(c) d(h,R) < bld(h, o) + d(o,R)] for all h, X, 0 € A.
Then, the map d is called b-metric on A and (A, d) is b-metric space.

Definition 1.3. /23] Considering A as a set having at least one element and
p:AxA—|0,+00) satisfying:

(a) p(h,N) >0 forall h,X € Aand p(h,R) = p(h,h) = p(X,N) <= A =N,

(
(b) p(h, p(h,R) for all B, N € A.
(h,

h) <
(c) p(h,R) = p(N, k) for all B, N € A.

(d) p(h,R) < p(h, 0) +p(e;R) — p(e, 0) for all b, X, 0 € A.

Then, the map p is called partial-metric on A and (A, p) is partial metric space.

Definition 1.4. [27] Considering A as a set having at least one element and
P Ax A—[0,+00) satisfying:

(@) pP(h,R) = pb(h, h) = p*(R,R) <= h =N forall h,R € A.
(b) pb(h,h) < pP(h,R) for all h,X € A.

(c) pP(h,R) = pP(X, h) for all h,X € A.

(d) p°(h,R) < b[p°(h, 0) + 1"(0,R) — p*(0, 0)] for all h,R, ¢ € A.

Then function p® is a partial b-metric on A and the space (A, p®) is called a partial
b-metric space (PbM S).

We know that if b = 1 then every partial metric space is always a partial b-
metric space and also with zero self-distance and with the same coefficient, every

b-metric space is always a partial b-metric space.

Example 1.1. [27] Consider A = [0,+00),s > 1, beasetandp : A x A —
[0, 4+00) given by

PP(A,R) = (max{f,R})* + mod |l — X|*) forall h,R € A.

Then, (A, pb) is called partial metric space with co-efficient b = 2°, but it is neither

a b- metric nor a partial metric spaces.
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Definition 1.5. /3] Given a partial b-metric space (A,p°). In A, let {h,} be a
sequence, and h € A. Then

(a) In (A,pP), the sequence {h,} is known to be convergent and converging to
h, if p*(hy., h) < e for each r > 1o, and there exists ro € N, for all € > 0
and the representation of this fact is given by lim, oo h,, = h or h. — has

7 — OQ.

(b) In (A, pP), the sequence {h,.} is known to be a Cauchy sequence if p°(hy, By y1,) <
eforallr > ro,k > 0 for every € > 0 and there exists ro € N, or equiva-
lently, if lim p?(hy., hyiy) = 0 for all k > 0.

r—00

(c) If every Cauchy sequence in A converges to some h € A, then (A,p) is a

complete partial b-metric space.

Proposition 1.1. [24|] In a partial b-metric space (A,p®), let {h,} be a Cauchy
sequence with lim, oo pP(h,, ) = 0, where h € A. Then, for all z € A,
lim, o0 p°(Ry, 2) = pP(h,2). That is, if = # h, then z is not the point of con-
vergence of {h,}.

Definition 1.6. [[72]] Given a nonempty set A and two mappings F : A — A and
0: Ax A — [0,00), then the map F is a 0-admissible if 6(h,R) > 1 —
O(Fh, FR) > 1 for every h,N € A.

Definition 1.7. /2] Suppose that (A,p®) is a partial b-metric space, and 6 :
A x A — [0,+400). If hy — h for any sequence {h,} in A and 6(hy, hyi1) > 1,
there exists a subsequence {hy, } of {h,} satisfying 0(hy,,h) > 1 forall k € N,
then A is said to be 0— regular partial b-metric space.

2 Main results

Using (6 — ¢)—rational type contraction mapping, we show some special theorems
having unique fixed point in the space (A, p) in our study. The auxiliary map ¢, as
defined by Hamed H Alsulami et al. [2], will be considered throughout this study.
Assume that ® is a family of mappings ¢ : [0, +0c0) — [0, +00) that satisfy the
properties given below:

(a) ¢ is strictly increasing and upper semi-continuous.
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(b) Forevery r > 0, [¢"(r)],en converging to 0 as 7 — +o0.
(c) Forevery r > 0, ¢(r) < r.

Definition 2.8. Consider (A,p") as (PbMS) and amap 0 : A x A — [0, +00).
Amap F : A — Ais called a (0 — ¢) - rational contractive mapping of type-I if
there exists a map ¢ € O such that for all i, N € A, the statement given below are
satisfied:

0(h, N)p"(Fh, FN) < 6(M(h, ),

where

b(h, N b(h, Fh
M(H,X) :max{pb(h,N),p( : )+2p< . I'h)
pP(h, FR) + p(R, FR) pb(h, FR)pP(R, FR)
2 T 1+ pb(RyN)
pP(h, FR)p° (R, FR) }
1+ pb(Fh, FR)

Theorem 2.1. Let (A, p®) be a complete (PbM S). Let F : A — A be a map and
0:AxA— [0,+00) be also a map. Considering the statement given below are
satisfied:

(a) F is a 0-admissible map.

(b) Fisa (0 — ¢) - rational contractive mapping of type-I.
(c) There exists hg € A such that 0(hg, Fhy) > 1.

(d) Either A is 0-regular or F is continuous.

Then,it follows that F' has a fixed point h* € A, and {F"ho} converges to h*.
Moreover, we have 6(h,R) > 1, if for all h, X € F(A). Then h = X, i.e., it has a
unique fixed point in A.

Proof. Let hy € A satisfies 0(ho, Fho) > 1. We define a sequence {%,} € A as
h. = F"hg = Fh,_q forall r € N.

We know that A, is a fixed point of F if h,, = Rh,41, for some 1y € N. Now
we assume that A, # h,.41 V7 € N,
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As F'is 0-admissible

0(ho, Fhy) = 0(ho, h1) > 1,

implies

O(Fhg, Fhy) = 0(h1,he) > 1,
and thus,

O(Fhy, Fhy) = 0(ha, hg) > 1,
therefore

e(hra hr+1) 2 17

for all » > 0. Taking h = k., X = h,11 on (1), we have
P’ (M1, Byy2) = p°(Fhy, Fhyey1) < 0(he, By 1)p"(Fhy, Fhyy) < (M (R, Brg),

where,
M(hr‘a hr+1) = max {pb(hrv hr+1)a

p° (e, Fhy) 4 p?(Ryg1, Flii1)
2 b
pb<hr7 Fhr)pb(hr+1> Fhr+1) pb(hra Fhr)pb(hr—i-l, Fhr+1) }
1+ pb(hy, Brg1) ’ 1+ p*(Fhy, Fhyy)

pb(hra hT‘+1) + pb(hra Fh?")
2 )

Pb(hm hr—i—l) + Pb(hr, hr-{—l)
2

= max {pb(h’f”a h’/‘-l—l)a
pb(hr’ hr—l—l) + pb(hr+1v hr+2)
2 M
pb(hr, hr+1)pb(hr+17 firi2) pb(hr, hr+1)pb(hr+1a hry2) }
L+ p (R, Bpy1) ’ L+ pP(hyg1, hry2)
= max {pb(hh hTJrl)apb(hTJrl’ hTJr?)a

pb(hr) h’r‘+1) + pb(hr+1, hr+2) }
2 .

)
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Since, ,
P (s B )P (B 1, )
< h’l‘ b hT Y
1+ (T, Firsr) < p’(Art1, heg2)
" (s )
p hTahT+1 D hr+1,hr+2 b
< p’(hy, rg1).
1 +pb(hr+1a hr+2) =P ( +1)
If for some r, we have
M(hru hr—H) = pb(hr—i-ly hT+2)7
then
pb(hTJrla r+2) < ¢( (h7"7h7“+1))
(" (1, Fry2)) 3)

b
<P’ (g1, Bry2)),
this is not true.
If for some r, we have

pb(hra hr+1) + pb(hn hr+2)
2

< s {p (e, Bys1), 9 (s, ) .

M(hra hr—i—l) =

If
max{pb(hm hr—i—l)apb(hr—i-l’ h7’+2)} = pb(hr’—i-ly hr—i—?)-

Then,

M (R, 1) < p°(Ryg1, Brg)
A(M (hy, hri1))
< G (Arg1, ry2))
P’ (i1, Br2),

ANVA

IN

this is not true. So, we get

M by, i) = p*(he, Fips1) for all v € N.
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pb(hr—i—h hr+2) < ¢(M(h7‘7 hr—l—l)
= 0" (e, Frs).
By the property (c) of ¢, one can deduce

P (B, hirso) < PP(Byy hoy1) for everyr € N, 4)
from the above two inequalities, we deduce that

PP (Bry1, Brg2) < &7 (p°(ho, B1)) forall v €N,

by the property (b) of ¢, one can take

Jim pP(firi1, i) = 0. (5)

Now, we will show, A, # hg, for all r £ s. Presume the opposite that /i, = A
for some s,r € N with r # s.

Since pb(hk, hi41) > 0, for all £ € N, we can presume that s > r 4+ 1 without
lost of generality.

Again substituting 7 = h,. = hs and X = h,.;1 = hgy1 in (I)) which gives

pb(hrvhr—‘rl) :pb(hthr) :pb(h57Fhs) b(Fhs—lths)

-7 ©)
< O(hs—1, hs)p*(Fhis—1, Fhs) < ¢(M(hs—1, hs)),

where,

b b
s—1y/bs S— ,F S—
M(hs—1,hs) = max{pb(hsflvhs)’p (hs—1, B )+g (hs—1,Fhs_1)
pb(hs_l’Fhs_l) +pb(h87 Fhs) pb(hs—la hs—l)pb(hsa hs)
2 ) 1 + pb(hsq, hs) )
P°(hs—1, Fhe1)p’(hs, Fhs) }
1+ p(Fhs_1, Fhy)

pb(hs—l)hs) +pb(h8)h$+l) } (7)

= mnax {pb(hs—lv hs)7pb(h87 h8+1)7 2
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If
M(hsfla hs) = pb(hsfla hs)
then, (6)) implies
pb(hra hr—H) < ¢(pb(hs—17ws>) < (bSir(pb(hrv hr-{—l))- (8)
If
M (fis—1, his) = p*(hs, sy 1)
from (6)), we get
PRy hein) < 600 (hsy Borr) < 0 (00 (hyy ). ©
If
b(hs_1, s b(hs, his
M(h5—17h5):p ( 1, );p ( U +1)
< max{pb(hs_l, hs)u pb(hsa hs+1)}'
If
maw{pb(hs—ly hs)')pb(ﬁ!;? hsi1)} = pb(hs—h hs)
(6) implies
P (B Bri1) < G(0°(hs—1,15)) < 6°" (" (R, 1)) (10)
If
max{pb(hs—la hs)apb(hs’ hs—i—l)} = pb(h57 hs—i—l)
(6) implies
P’ (frs Firg1) < (0" (hsy hoy1)) < (P (i, Brs)). (11)

By using property (c) of ¢, the inequalities (8)), (9), (10), (TI) imply

pb(hh hT+1) < pb(hr7 hTJrl)v
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this is not true. We now show {7, } is a cauchy sequence, i.e.,

lim p°(hy, Bygy) = 0 forall k € N.

700

We have already shown for k£ = 1 in (3).
Take arbitrary, k > 2.

Using the property (d) of (PbMS), we have

pb(h’r7 hT—i—k)

IANIN CIN A

IN A

IN

IN

IN

IN

P (R, hrssin)
b[p" (e, Brg1) + P (s, Prgasir) — 97 (Regt, gt
[pb(hr Tpg1) +p (hr+17 firy2541)]
O[p" (A, A 1)) + b[p" (M1, 25 41)]
b[p" (A, hri1)] + U2 [p° (i1, P y2)
0" (hes2, By yasi1) = P (hry2, Brya)]
b[p" (A, hrg1)] + 0% [ (Brgt, hry) + P (Rog2, rgsin)]
b[ P (Tiyy Bri1)] + 02 [ (B, Tir2)] + B2 (00 (ors2, Firyosg)]
B[P’ (hr, By 1)] 4 U2 [0 (1, o)) + B2 (D" (B2, Py )]
01 [0 (P, g a)] + - -+ 0T D" (B yas, By gasi1)
bGP (o, ) + B2 1P (g, ) + 536" 20 (o, )
BB (g ) + - -+ BTGP (B, )
be"[L+ b + b2¢% + 629 + - -+ + b ¢ |p" (o, )

i=2s
b¢" > b ¢'p’(ho,ha) — 0 as r — 0.
=0

Thus one can say the sequence {A,}is a Cauchy in (A,p%). As, (A,pP) is

complete, there exists i* € A having

lim p°(h,, h*) = 0. (12)

r—00

Next, we shall demonstrate that the limit point /#* of the cauchy sequence {%, } is
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the fixed point of F'. At first, let’s assume F' is continuous. Now by (12)),

lim p’(Fhy, Fh*) = lim p*(hy11, FR*) = 0.

7—00 7—00

We deduce from Proposition 1.1 that
h* = Fh".

This means that #* is the fixed point of F'.
We now consider A is f—regular. Then there exists a subsequence {#,, } of {&;,}
satisfying

0(hy,—1,h*) > 1 forall ke N.

Then, by (1) with & = h,, and X = h*, we can say

P (T 1, FIY)

p*(Fh,,, FR*)
0(hyy, I*)p°(Fhy, , FIY) (13)

<
< ¢(M (hy,, 1)),

where,

P (R, 1) + PPy, Fhiy
M(hrkah*)Zmax{pb(hrk,h*),p( k? )+2p( k> k)’

(s Flin ), p (0%, ) p(hey s Fhy )pP (B, FIY)
2 ’ 1+ pb(hy,, h*) ’

pb(ththTk>pb(h*ﬂFh*)}
1+ p?(Fhy,, Fh*)

bk, , h* (b, , By
:max{pb(hﬂ"k7h*)7p ( b )7+§ ( b k+1)7
pb(hrk>h?"k+l)apb(h*7Fh*) pb(hrkyh?"kJrl)pb(h*th*)
2 ’ 1 +pb(h/’rk7h*) ’
pb(hrkv hrk+1)pb(h*7 Fh*) }
1 —l—pb(hrk+1,Fh*) .

(14)
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Let k — oo in (14)), we obtain
M (b, %) = p°(B*, FR*).
Thus, on taking limit as k& — oo, in inequality (I3)), we get
PP(*, FI) < (0" (1", FIY)) < p"(W*, 1),
which implies that
h* = Fh*.

This means that the fixed point of F'is i*.

Lastly, let’s consider A* , N* are the distinct fixed points of F'i.e. i* # N*. Then
by the given condition, §(h*, R*) > 1. Thus, from (I)) with &z = A* and X = N*, we
obtain

pP(B* R*) = pP(FR*, FR*) < O(1*, N*)p° (FR*, FR)
< ¢(M(B*,N%)).
where
b AN b n*. Fh*
M(h*,R*) = max {pb(h*,N*),p (R, )+2p (7, )a
pP(R*, FR*) + pP (N, FR*) pb(h*, FR*)pP(R*, FR¥)
2 ’ 1 + pb(h*, R¥) ’
p”(h*,Fh*)pb(N*vFN*)}
1+ pb(Fh*, FR*)
= pP(h*,R%).

Hence, we get

pb(h*,N*) < QS(pb(h*,N*)) < pb(h*,N*),
it is only possible if p®(h*,R*) = 0, that is, h* = N*. Therefore, I’ has a unique
fixed point. O

Definition 2.9. Consider (A, p®) be a partial b-metric space (PbMS) and 0 : A x
A — [0,400). The mapping F : A — A is known to be (0 — ¢) - rational
Contractive mapping of type-II if there exists a map ¢ € ® such that for all h, X €
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A, the conditions given below holds:
0(h, N)p"(Fh, FR) < (M (h,N)),
where

AlULN)zInm<{ (1, R), p° (1, FR), pP (X, FR),

p°(h, FR)p°(R, FR)
1+ pP(h, ) + pb(h, FR) 4+ p?(R, Fh)’
pP(h, FR)p? (R, FR) }
1+ p(h, Fh) + p*(X, Fh) + p*(R, FR)

Theorem 2.2. Let (A, p®) be a complete partial b-metric space, F : A — A be a
map, and 0 : A x A — [0, +00). Presume that the statement given below are hold:

(a) The map F is 0— admissible self map.

(b) Fisa (0 — ¢) - rational contractive mapping of type-II.
(c) Forall hy € A, O(ho, Fhy) > 1

(d) Either A is 0-regular or F is continuous.

Consequently, F has a fixed point. (F"hg) converges to i* and i* € A. Further-
more, if we have 6(/,X) > 1 for all 1, X € F(A), then A = N, i.e., it has unique
fixed point in A.

Proof. The lines of the proof of Theorem 2.1 can be followed to complete the
proof. O

Example 2.2. Let A = [0, 400) be endowed with the partial b-metric space with
b=2.
h4+N)2, if h#NXN
0, if h=2XN.

%, if helo,1)
h

F(h) =9 %h, ifhell,2)

&, ifheE[2,00).
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Also define

and

O(h,R) = 1 forall h,R € A.

Clearly (A, pb) is a partial b-metric space and it is complete also.
Now, Considering the following cases:
Case 1: Let h,X € [0,1). Therefore,

1 1
0(h, R)p"(Fh, FR) = (7% + [N*)* =

L

h2 NQ 2
16( + X

< SN2 = SN = 08 (,R) < G(M (A, X)),

N

Case 2: Let h, X € [1,2) with h < N. Then,
b 1 T2 _ 1 2
6(h,N)p’(Fh, FR) = ((ih—i_ ZN) = ﬁ(h+ N)

< SN2 = SR = 08 () < G(M (A X)),

N =

Case 3: Let h, N € [2,00) with h < N. Then,

0(h, R)pb(Fh, FR) = (- + —

_ 72:7
16+16)

64

1
G
Case 4: Let h € [0,1) and X € [1,2). Clearly h < X. Then,

<

(14 1)%) = 5o () = 69 (h, W) < G(M(,R)).

N —

1 1 1
0(h, N)p®(Fh, FR) = (152 + 1N)2 = 17),(# +N)2

< SN2 = 2PN = apl () < G(M(N).

SN =

Case 5: Let h € [0,1) and X € [2,00). Clearly h < X. Then,
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1 1
b _(1p2 2 o (= 2 o = IR2 — 2
0(h,N)p”(Fh, FR) (47i +16) _(4h 16) _4h+4N) 716( + )
< Lhaw? = L w) = e’ N) < (M (BN
Case 6: Let h € [1,2) and X € [2,00). Clearly h < X. Then,
1 1 1 1 1 1 1
O(h,N)p°(Fh, FR) (4h+16) _(4h+4) < 4h+4N) —16(7i+N)
< L2 = L hw) = apb(h %) < o(M (B,
Therefore,

0(h, N)p®(Fh, FR) < ¢(M(h,R)) VYh,R € A with h <.

Therefore, all the criteria mention in Theorem [2.1] are satisfied and hence there

unique fixed point of F.

3 Conclusion

To sum up, on utilizing (6 —¢)— rational type contractive mappings, we bridged the
gap between traditional partial b-metric and metric spaces, allowing for a broader
class of spaces where fixed point theorems hold. These results have significant
implications in mathematical analysis and its applications, providing a foundation
for further studies in spaces that exhibit both partial metrics and more generalized
contraction conditions. The extended framework ensures that fixed point results
can be applied to a wider range of problems, such as in optimization and computa-
tional mathematics, where the traditional assumptions of a complete metric space
may not hold. Overall, these advancements provide valuable insights and tools for
addressing complex mathematical models.
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