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Abstract

This paper investigates fixed point results for mappings that satisfying
(θ-ϕ)-rational type contractive conditions in partial b-metric spaces. These
spaces are more general than metric spaces because they let relaxed triangle
inequalities work. We establish the existence and uniqueness of fixed points
for such mappings, utilizing novel rational contractive conditions involving
control functions. These results extend classical fixed-point theorems and
are applicable to a broader range of spaces and mappings. The results are
especially useful for mathematical analysis, optimization, and computational
methods that use iterative steps. They give us new information about how
dynamical systems behave in generalized metric frameworks.

Keywords and phrases: Rational type contraction, partial b-metric space, (θ-ϕ)-contractive
condition, nonlinear mapping.

2020 Mathematics Subject Classification: 47H10, 54H25.
∗Corresponding Author



68 Thokchom Rosy Devi, L. Shambhu Singh, Th. Chhatrajit Singh

1 Introduction and definition

One of the field that many researchers are actively studying is fixed point theory,
particularly in analysis. Fixed point theory can be applied in a variety of fields,
including biology, computer science, engineering, economics, etc. The Banach
Contraction Principle is known as one of the most important findings in fixed point
theory. Over the past few years, the result is expanded in various ways. Bakhtin [3]
first introduced the concept behind b-metric and broadly used by Czerwik [5, 19].
The map b−metric is itself a generalization of map metric. Each and every metric
is always a b-metric even though the converse is not true. Also every metric is
always a partial metric even though the opposite might not be hold. S.G. Mathews
[23] first defined the partial metric space. In the partial metric space, the ordinary
metric is replaced by a partial metric with the characteristic that any point in this
space may have a non zero self distance. Every metric space is always a partial
metric space, but the opposite may not hold true. Shukla [27] first defined the
partial b-metric space. Numbers of publications and references dealing with partial,
rectangular b-metric space began to surface (refer to [1, 6, 9–11, 14, 15, 30]). Zead
Mustafa et al. [24] altered the triangle property of partial b-metric and established
a condition for convergence and some rules for working in partial b-metric space.
Our findings have several implications, one of which is the generalization of similar
findings in previous research (see [4, 7, 8, 16–18, 20–22, 25, 26, 28, 29]) and the
citations therein.

In this paper, we establish some theorems for the existence and uniqueness of
a fixed point in partial b-metric space along with the concept of (θ − ϕ)− rational
type Contraction mapping using auxiliary functions.

Definition 1.1. Considering A as a set having at least one element and d : A ×
A→ [0,+∞) satisfying:

(a) d(ℏ,ℵ) = 0 ⇐⇒ ℏ = ℵ for all ℏ,ℵ ∈ A.

(b) d(ℏ,ℵ) = d(ℵ, ℏ) for all ℏ,ℵ ∈ A.

(c) d(ℏ,ℵ) ≤ d(ℏ, ϱ) + d(ϱ,ℵ) for all ℏ,ℵ, ϱ ∈ A.

Then, the map d is called metric on A and (A, d) is a metric space.

Definition 1.2. [3] Considering A as a set having at least one element and d :

A×A→ [0,+∞) satisfying:

(a) d(ℏ,ℵ) = 0 ⇐⇒ ℏ = ℵ for all ℏ,ℵ ∈ A.
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(b) d(ℏ,ℵ) = d(ℵ, ℏ) for all ℏ,ℵ ∈ A.

(c) d(ℏ,ℵ) ≤ b[d(ℏ, ϱ) + d(ϱ,ℵ)] for all ℏ,ℵ, ϱ ∈ A.

Then, the map d is called b-metric on A and (A, d) is b-metric space.

Definition 1.3. [23] Considering A as a set having at least one element and
p : A×A→ [0,+∞) satisfying:

(a) p(ℏ,ℵ) ≥ 0 for all ℏ,ℵ ∈ A and p(ℏ,ℵ) = p(ℏ, ℏ) = p(ℵ,ℵ) ⇐⇒ ℏ = ℵ.

(b) p(ℏ, ℏ) ≤ p(ℏ,ℵ) for all ℏ,ℵ ∈ A.

(c) p(ℏ,ℵ) = p(ℵ, ℏ) for all ℏ,ℵ ∈ A.

(d) p(ℏ,ℵ) ≤ p(ℏ, ϱ) + p(ϱ,ℵ)− p(ϱ, ϱ) for all ℏ,ℵ, ϱ ∈ A.

Then, the map p is called partial-metric on A and (A, p) is partial metric space.

Definition 1.4. [27] Considering A as a set having at least one element and
pb : A×A→ [0,+∞) satisfying:

(a) pb(ℏ,ℵ) = pb(ℏ, ℏ) = pb(ℵ,ℵ) ⇐⇒ ℏ = ℵ for all ℏ,ℵ ∈ A.

(b) pb(ℏ, ℏ) ≤ pb(ℏ,ℵ) for all ℏ,ℵ ∈ A.

(c) pb(ℏ,ℵ) = pb(ℵ, ℏ) for all ℏ,ℵ ∈ A.

(d) pb(ℏ,ℵ) ≤ b[pb(ℏ, ϱ) + pb(ϱ,ℵ)− pb(ϱ, ϱ)] for all ℏ,ℵ, ϱ ∈ A.

Then function pb is a partial b-metric onA and the space (A, pb) is called a partial
b-metric space (PbMS).

We know that if b = 1 then every partial metric space is always a partial b-
metric space and also with zero self-distance and with the same coefficient, every
b-metric space is always a partial b-metric space.

Example 1.1. [27] Consider A = [0,+∞), s ≥ 1, be a set and p : A × A →
[0,+∞) given by

pb(ℏ,ℵ) =
(
max{ℏ,ℵ})s + mod |ℏ− ℵ|s

)
for all ℏ,ℵ ∈ A.

Then, (A, pb) is called partial metric space with co-efficient b = 2s, but it is neither
a b- metric nor a partial metric spaces.
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Definition 1.5. [13] Given a partial b-metric space (A, pb). In A, let {ℏr} be a
sequence, and ℏ ∈ A. Then

(a) In (A, pb), the sequence {ℏr} is known to be convergent and converging to
ℏ, if pb(ℏr, ℏ) < ϵ for each r > r0, and there exists r0 ∈ N , for all ϵ > 0

and the representation of this fact is given by limr→∞ ℏr = ℏ or ℏr → ℏ as
r → ∞.

(b) In (A, pb), the sequence {ℏr} is known to be a Cauchy sequence if pb(ℏr, ℏr+k) <

ϵ for all r > r0, k > 0 for every ϵ > 0 and there exists r0 ∈ N , or equiva-
lently, if lim

r→∞
pb(ℏr, ℏr+k) = 0 for all k > 0.

(c) If every Cauchy sequence in A converges to some ℏ ∈ A, then (A, pb) is a
complete partial b-metric space.

Proposition 1.1. [24] In a partial b-metric space (A, pb), let {ℏr} be a Cauchy
sequence with limr→∞ pb(ℏr, ℏ) = 0, where ℏ ∈ A. Then, for all z ∈ A,
limr→∞ pb(ℏr, z) = pb(ℏ, z). That is, if z ̸= ℏ, then z is not the point of con-
vergence of {ℏr}.

Definition 1.6. [12] Given a nonempty set A and two mappings F : A → A and
θ : A × A → [0,∞), then the map F is a θ-admissible if θ(ℏ,ℵ) ≥ 1 =⇒
θ(Fℏ, Fℵ) ≥ 1 for every ℏ,ℵ ∈ A.

Definition 1.7. [12] Suppose that (A, pb) is a partial b-metric space, and θ :

A × A → [0,+∞). If ℏr → ℏ for any sequence {ℏr} in A and θ(ℏr, ℏr+1) ≥ 1,
there exists a subsequence {ℏrk} of {ℏr} satisfying θ(ℏrk , ℏ) ≥ 1 for all k ∈ N,
then A is said to be θ− regular partial b-metric space.

2 Main results

Using (θ−ϕ)−rational type contraction mapping, we show some special theorems
having unique fixed point in the space (A, pb) in our study. The auxiliary map ϕ, as
defined by Hamed H Alsulami et al. [2], will be considered throughout this study.
Assume that Φ is a family of mappings ϕ : [0,+∞) → [0,+∞) that satisfy the
properties given below:

(a) ϕ is strictly increasing and upper semi-continuous.
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(b) For every r > 0, [ϕr(r)]r∈N converging to 0 as r → +∞.

(c) For every r > 0, ϕ(r) < r.

Definition 2.8. Consider (A, pb) as (PbMS) and a map θ : A × A → [0,+∞).

A map F : A → A is called a (θ − ϕ) - rational contractive mapping of type-I if
there exists a map ϕ ∈ Φ such that for all ℏ,ℵ ∈ A, the statement given below are
satisfied:

θ(ℏ,ℵ)pb(Fℏ, Fℵ) ≤ ϕ(M(ℏ,ℵ)),

where

M(ℏ,ℵ) = max
{
pb(ℏ,ℵ), p

b(ℏ,ℵ) + pb(ℏ, Fℏ)
2

pb(ℏ, Fℏ) + pb(ℵ, Fℵ)
2

,
pb(ℏ, Fℏ)pb(ℵ, Fℵ)

1 + pb(ℏ,ℵ)
pb(ℏ, Fℏ)pb(ℵ, Fℵ)
1 + pb(Fℏ, Fℵ)

}
.

(1)

Theorem 2.1. Let (A, pb) be a complete (PbMS). Let F : A → A be a map and
θ : A × A → [0,+∞) be also a map. Considering the statement given below are
satisfied:

(a) F is a θ-admissible map.

(b) F is a (θ − ϕ) - rational contractive mapping of type-I.

(c) There exists ℏ0 ∈ A such that θ(ℏ0, Fℏ0) ≥ 1.

(d) Either A is θ-regular or F is continuous.

Then,it follows that F has a fixed point ℏ∗ ∈ A, and {F rℏ0} converges to ℏ∗.
Moreover, we have θ(ℏ,ℵ) ≥ 1 , if for all ℏ,ℵ ∈ F (A). Then ℏ = ℵ, i.e., it has a
unique fixed point in A.

Proof. Let ℏ0 ∈ A satisfies θ(ℏ0, Fℏ0) ≥ 1. We define a sequence {ℏr} ∈ A as
ℏr = F rℏ0 = Fℏr−1 for all r ∈ N.

We know that ℏr0 is a fixed point of F if ℏr0 = ℏr0+1, for some r0 ∈ N. Now
we assume that ℏr ̸= ℏr+1 ∀ r ∈ N.
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As F is θ-admissible

θ(ℏ0, Fℏ0) = θ(ℏ0, ℏ1) ≥ 1,

implies
θ(Fℏ0, Fℏ1) = θ(ℏ1, ℏ2) ≥ 1,

and thus,

θ(Fℏ1, Fℏ2) = θ(ℏ2, ℏ3) ≥ 1,

...

therefore
θ(ℏr, ℏr+1) ≥ 1,

for all r ≥ 0. Taking ℏ = ℏr,ℵ = ℏr+1 on (1), we have

pb(ℏr+1, ℏr+2) = pb(Fℏr, Fℏr+1) ≤ θ(ℏr, ℏr+1)p
b(Fℏr, Fℏr+1) ≤ ϕ(M(ℏr, ℏr+1),

where,

M(ℏr, ℏr+1) = max
{
pb(ℏr, ℏr+1),

pb(ℏr, ℏr+1) + pb(ℏr, Fℏr)
2

,

pb(ℏr, Fℏr) + pb(ℏr+1, Fℏr+1)

2
,

pb(ℏr, Fℏr)pb(ℏr+1, Fℏr+1)

1 + pb(ℏr, ℏr+1)
,
pb(ℏr, Fℏr)pb(ℏr+1, Fℏr+1)

1 + pb(Fℏr, Fℏr+1)

}
= max

{
pb(ℏr, ℏr+1),

pb(ℏr, ℏr+1) + pb(ℏr, ℏr+1)

2
pb(ℏr, ℏr+1) + pb(ℏr+1, ℏr+2)

2
,

pb(ℏr, ℏr+1)p
b(ℏr+1, ℏr+2)

1 + pb(ℏr, ℏr+1)
,
pb(ℏr, ℏr+1)p

b(ℏr+1, ℏr+2)

1 + pb(ℏr+1, ℏr+2)

}
= max

{
pb(ℏr, ℏr+1), p

b(ℏr+1, ℏr+2),

pb(ℏr, ℏr+1) + pb(ℏr+1, ℏr+2)

2

}
.

(2)
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Since,
pb(ℏr, ℏr+1)p

b(ℏr+1, ℏr+2)

1 + pb(ℏr, ℏr+1)
≤ pb(ℏr+1, ℏr+2),

and
pb(ℏr, ℏr+1)p

b(ℏr+1, ℏr+2)

1 + pb(ℏr+1, ℏr+2)
≤ pb(ℏr, ℏr+1).

If for some r, we have

M(ℏr, ℏr+1) = pb(ℏr+1, ℏr+2),

then

pb(ℏr+1, ℏr+2) ≤ ϕ(M(ℏr, ℏr+1))

= ϕ(pb(ℏr+1, ℏr+2))

< pb(ℏr+1, ℏr+2)),

(3)

this is not true.

If for some r, we have

M(ℏr, ℏr+1) =
pb(ℏr, ℏr+1) + pb(ℏr, ℏr+2)

2

≤ max
{
pb(ℏr, ℏr+1), p

b(ℏr+1, ℏr+2)
}
.

If
max{pb(ℏr, ℏr+1), p

b(ℏr+1, ℏr+2)} = pb(ℏr+1, ℏr+2).

Then,

M(ℏr, ℏr+1) ≤ pb(ℏr+1, ℏr+2)

≤ ϕ(M(ℏr, ℏr+1))

≤ ϕ(pb(ℏr+1, ℏr+2))

≤ pb(ℏr+1, ℏr+2),

this is not true. So, we get

M(ℏr, ℏr+1) = pb(ℏr, ℏr+1) for all r ∈ N.
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pb(ℏr+1, ℏr+2) ≤ ϕ(M(ℏr, ℏr+1)

= ϕ(pb(ℏr, ℏr+1).

By the property (c) of ϕ, one can deduce

pb(ℏr+1, ℏr+2) < pb(ℏr, ℏr+1) for every r ∈ N, (4)

from the above two inequalities, we deduce that

pb(ℏr+1, ℏr+2) ≤ ϕr(pb(ℏ0, ℏ1)) for all r ∈ N,

by the property (b) of ϕ, one can take

lim
r→∞

pb(ℏr+1, ℏr+2) = 0. (5)

Now, we will show, ℏr ̸= ℏs, for all r ̸= s. Presume the opposite that ℏr = ℏs
for some s, r ∈ N with r ̸= s.

Since pb(ℏk, ℏk+1) > 0, for all k ∈ N, we can presume that s > r + 1 without
lost of generality.

Again substituting ℏ = ℏr = ℏs and ℵ = ℏr+1 = ℏs+1 in (1) which gives

pb(ℏr, ℏr+1) = pb(ℏr, Fℏr) = pb(ℏs, Fℏs) = pb(Fℏs−1, Fℏs)

≤ θ(ℏs−1, ℏs)pb(Fℏs−1, Fℏs) ≤ ϕ(M(ℏs−1, ℏs)),
(6)

where,

M(ℏs−1, ℏs) = max
{
pb(ℏs−1, ℏs),

pb(ℏs−1, ℏs) + pb(ℏs−1, Fℏs−1)

2
pb(ℏs−1, Fℏs−1) + pb(ℏs, Fℏs)

2
,
pb(ℏs−1, ℏs−1)p

b(ℏs, ℏs)
1 + pb(ℏs−1, ℏs)

,

pb(ℏs−1, Fℏs−1)p
b(ℏs, Fℏs)

1 + pb(Fℏs−1, Fℏs)

}

= max
{
pb(ℏs−1, ℏs), pb(ℏs, ℏs+1),

pb(ℏs−1, ℏs) + pb(ℏs, ℏs+1)

2

}
. (7)
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If
M(ℏs−1, ℏs) = pb(ℏs−1, ℏs)

then, (6) implies

pb(ℏr, ℏr+1) ≤ ϕ(pb(ℏs−1, xs)) ≤ ϕs−r(pb(ℏr, ℏr+1)). (8)

If
M(ℏs−1, ℏs) = pb(ℏs, ℏs+1)

from (6), we get

pb(ℏr, ℏr+1) ≤ ϕ(pb(ℏs, ℏs+1) ≤ ϕs−r+1(pb(ℏr, ℏr+1)). (9)

If

M(ℏs−1, ℏs) =
pb(ℏs−1, ℏs) + pb(ℏs, ℏs+1)

2

< max{pb(ℏs−1, ℏs), pb(ℏs, ℏs+1)}.

If
max{pb(ℏs−1, ℏs), pb(ℏs, ℏs+1)} = pb(ℏs−1, ℏs)

(6) implies

pb(ℏr, ℏr+1) ≤ ϕ(pb(ℏs−1, ℏs)) ≤ ϕs−r(pb(ℏr, ℏr+1)). (10)

If
max{pb(ℏs−1, ℏs), pb(ℏs, ℏs+1)} = pb(ℏs, ℏs+1)

(6) implies

pb(ℏr, ℏr+1) ≤ ϕ(pb(ℏs, ℏs+1)) ≤ ϕs−r+1(pb(ℏr, ℏr+1)). (11)

By using property (c) of ϕ, the inequalities (8), (9), (10), (11) imply

pb(ℏr, ℏr+1) < pb(ℏr, ℏr+1),
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this is not true. We now show {ℏr} is a cauchy sequence, i.e.,

lim
r→∞

pb(ℏr, ℏr+k) = 0 for all k ∈ N.

We have already shown for k = 1 in (5).

Take arbitrary, k ≥ 2.

Using the property (d) of (PbMS), we have

pb(ℏr, ℏr+k) = pb(ℏr, ℏr+2s+1)

≤ b[pb(ℏr, ℏr+1) + pb(ℏr+1, ℏr+2s+1)− pb(ℏr+1, ℏr+1)]

≤ b[pb(ℏr, ℏr+1) + pb(ℏr+1, ℏr+2s+1)]

≤ b[pb(ℏr, ℏr+1)] + b[pb(ℏr+1, ℏr+2s+1)]

≤ b[pb(ℏr, ℏr+1)] + b2[pb(ℏr+1, ℏr+2)

+pb(ℏr+2, ℏr+2s+1)− pb(ℏr+2, ℏr+2)]

≤ b[pb(ℏr, ℏr+1)] + b2[pb(ℏr+1, ℏr+2) + pb(ℏr+2, ℏr+2s+1)]

≤ b[pb(ℏr, ℏr+1)] + b2[pb(ℏr+1, ℏr+2)] + b2[pb(ℏr+2, ℏr+2s+1)]

...

≤ b[pb(ℏr, ℏr+1)] + b2[pb(ℏr+1, ℏr+2)] + b3[pb(ℏr+2, ℏr+3)]

+b4[pb(ℏr+3, ℏr+4)] + · · ·+ b2s+1[pb(ℏr+2s, ℏr+2s+1)]

≤ bϕrpb(ℏo, ℏ1) + b2ϕr+1pb(ℏo, ℏ1) + b3ϕr+2pb(ℏo, ℏ1)

+b4ϕr+3pb(ℏo, ℏ1) + · · ·+ b2s+1ϕr+2spb(ℏo, ℏ1)

≤ bϕr[1 + bϕ+ b2ϕ2 + b3ϕ3 + · · ·+ b2sϕ2s]pb(ℏo, ℏ1)

≤ bϕr
i=2s∑
i=0

biϕipb(ℏo, ℏ1) → 0 as r → ∞.

Thus one can say the sequence {ℏr}is a Cauchy in (A, pb). As, (A, pb) is
complete, there exists ℏ∗ ∈ A having

lim
r→∞

pb(ℏr, ℏ∗) = 0. (12)

Next, we shall demonstrate that the limit point ℏ∗ of the cauchy sequence {ℏr} is
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the fixed point of F . At first, let’s assume F is continuous. Now by (12),

lim
r→∞

pb(Fℏr, Fℏ∗) = lim
r→∞

pb(ℏr+1, Fℏ∗) = 0.

We deduce from Proposition 1.1 that

ℏ∗ = Fℏ∗.

This means that ℏ∗ is the fixed point of F .
We now consider A is θ−regular. Then there exists a subsequence {ℏrk} of {ℏr}
satisfying

θ(ℏrk−1, ℏ∗) ≥ 1 for all k ∈ N.

Then, by (1) with ℏ = ℏrk and ℵ = ℏ∗, we can say

pb(ℏrk+1, Fℏ∗) = pb(Fℏrk , Fℏ
∗)

≤ θ(ℏrk , ℏ
∗)pb(Fℏrk , Fℏ

∗)

≤ ϕ(M(ℏrk , ℏ
∗)),

(13)

where,

M(ℏrk , ℏ
∗) = max

{
pb(ℏrk , ℏ

∗),
pb(ℏrk , ℏ∗) + pb(ℏrk , Fℏrk)

2
,

pb(ℏrk , Fℏrk), pb(ℏ∗, Fℏ∗)
2

,
pb(ℏrk , Fℏrk)pb(ℏ∗, Fℏ∗)

1 + pb(ℏrk , ℏ∗)
,

pb(ℏrk , Fℏrk)pb(ℏ∗, Fℏ∗)
1 + pb(Fℏrk , Fℏ∗)

}
= max

{
pb(ℏrk , ℏ

∗),
pb(ℏrk , ℏ∗),+pb(ℏrk , ℏrk+1)

2
,

pb(ℏrk , ℏrk+1), p
b(ℏ∗, Fℏ∗)

2
,
pb(ℏrk , ℏrk+1)p

b(ℏ∗, Fℏ∗)
1 + pb(ℏrk , ℏ∗)

,

pb(ℏrk , ℏrk+1)p
b(ℏ∗, Fℏ∗)

1 + pb(ℏrk+1, Fℏ∗)

}
.

(14)
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Let k → ∞ in (14), we obtain

M(ℏrk , ℏ
∗) = pb(ℏ∗, Fℏ∗).

Thus, on taking limit as k → ∞, in inequality (13), we get

pb(ℏ∗, Fℏ∗) ≤ ϕ(pb(ℏ∗, Fℏ∗)) < pb(ℏ∗, Fℏ∗),

which implies that
ℏ∗ = Fℏ∗.

This means that the fixed point of F is ℏ∗.
Lastly, let’s consider ℏ∗ , ℵ∗ are the distinct fixed points of F i.e. ℏ∗ ̸= ℵ∗. Then
by the given condition, θ(ℏ∗,ℵ∗) ≥ 1. Thus, from (1) with ℏ = ℏ∗ and ℵ = ℵ∗, we
obtain

pb(ℏ∗,ℵ∗) = pb(Fℏ∗, Fℵ∗) < θ(ℏ∗,ℵ∗)pb(Fℏ∗, Fℵ∗)

< ϕ(M(ℏ∗,ℵ∗)).

where

M(ℏ∗,ℵ∗) = max
{
pb(ℏ∗,ℵ∗),

pb(ℏ∗,ℵ∗) + pb(ℏ∗, Fℏ∗)
2

,

pb(ℏ∗, Fℏ∗) + pb(ℵ∗, Fℵ∗)

2
,
pb(ℏ∗, Fℏ∗)pb(ℵ∗, Fℵ∗)

1 + pb(ℏ∗,ℵ∗)
,

pb(ℏ∗, Fℏ∗)pb(ℵ∗, Fℵ∗)

1 + pb(Fℏ∗, Fℵ∗)

}
= pb(ℏ∗,ℵ∗).

Hence, we get
pb(ℏ∗,ℵ∗) ≤ ϕ(pb(ℏ∗,ℵ∗)) < pb(ℏ∗,ℵ∗),

it is only possible if pb(ℏ∗,ℵ∗) = 0, that is, ℏ∗ = ℵ∗. Therefore, F has a unique
fixed point.

Definition 2.9. Consider (A, pb) be a partial b-metric space (PbMS) and θ : A×
A → [0,+∞). The mapping F : A → A is known to be (θ − ϕ) - rational
Contractive mapping of type-II if there exists a map ϕ ∈ Φ such that for all ℏ,ℵ ∈
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A, the conditions given below holds:

θ(ℏ,ℵ)pb(Fℏ, Fℵ) ≤ ϕ(M(ℏ,ℵ)),

where

M(ℏ,ℵ) = max
{
pb(ℏ,ℵ), pb(ℏ, Fℏ), pb(ℵ, Fℵ),

pb(ℏ, Fℏ)pb(ℵ, Fℵ)
1 + pb(ℏ,ℵ) + pb(ℏ, Fℵ) + pb(ℵ, Fℏ)

,

pb(ℏ, Fℏ)pb(ℵ, Fℵ)
1 + pb(ℏ, Fℏ) + pb(ℵ, Fℏ) + pb(ℵ, Fℵ)

}
.

Theorem 2.2. Let (A, pb) be a complete partial b-metric space, F : A → A be a
map, and θ : A×A→ [0,+∞). Presume that the statement given below are hold:

(a) The map F is θ− admissible self map.

(b) F is a (θ − ϕ) - rational contractive mapping of type-II.

(c) For all ℏ0 ∈ A, θ(ℏ0, Fℏ0) ≥ 1.

(d) Either A is θ-regular or F is continuous.

Consequently, F has a fixed point. (F rℏ0) converges to ℏ∗ and ℏ∗ ∈ A. Further-
more, if we have θ(ℏ,ℵ) ≥ 1 for all ℏ,ℵ ∈ F (A), then ℏ = ℵ, i.e., it has unique
fixed point in A.

Proof. The lines of the proof of Theorem 2.1 can be followed to complete the
proof.

Example 2.2. Let A = [0,+∞) be endowed with the partial b-metric space with
b = 2.

Pb(ℏ,ℵ) =

(ℏ+ ℵ)2, if ℏ ̸= ℵ
0, if ℏ = ℵ.

F (ℏ) =


1
4ℏ

2, if ℏ ∈ [0, 1)

1
4ℏ, if ℏ ∈ [1, 2)

1
16 , if ℏ ∈ [2,∞).
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Also define

ϕ(t) =
t

2
,

and
θ(ℏ,ℵ) = 1 for all ℏ,ℵ ∈ A.

Clearly (A, pb) is a partial b-metric space and it is complete also.

Now, Considering the following cases:

Case 1: Let ℏ,ℵ ∈ [0, 1). Therefore,

θ(ℏ,ℵ)pb(Fℏ, Fℵ) = ((
1

4
ℏ2 +

1

4
ℵ2)2 =

1

16
(ℏ2 + ℵ2)2

≤ 1

2
(ℏ+ ℵ)2 = 1

2
pb(ℏ,ℵ) = ϕpb(ℏ,ℵ) ≤ ϕ(M(ℏ,ℵ)).

Case 2: Let ℏ,ℵ ∈ [1, 2) with ℏ ≤ ℵ. Then,

θ(ℏ,ℵ)pb(Fℏ, Fℵ) = ((
1

4
ℏ+

1

4
ℵ)2 = 1

16
(ℏ+ ℵ)2

≤ 1

2
(ℏ+ ℵ)2 = 1

2
pb(ℏ,ℵ) = ϕpb(ℏ,ℵ) ≤ ϕ(M(ℏ,ℵ)).

Case 3: Let ℏ,ℵ ∈ [2,∞) with ℏ ≤ ℵ. Then,

θ(ℏ,ℵ)pb(Fℏ, Fℵ) = ((
1

16
+

1

16
)2 =

1

64

≤ 1

2
(
1

4
(1 + 1)2) =

1

2
pb(ℏ,ℵ) = ϕpb(ℏ,ℵ) ≤ ϕ(M(ℏ,ℵ)).

Case 4: Let ℏ ∈ [0, 1) and ℵ ∈ [1, 2). Clearly ℏ ≤ ℵ. Then,

θ(ℏ,ℵ)pb(Fℏ, Fℵ) = (
1

4
ℏ2 +

1

4
ℵ)2 = 1

16
(ℏ2 + ℵ)2

≤ 1

2
(ℏ+ ℵ)2 = 1

2
pb(ℏ,ℵ) = ϕpb(ℏ,ℵ) ≤ ϕ(M(ℏ,ℵ)).

Case 5: Let ℏ ∈ [0, 1) and ℵ ∈ [2,∞). Clearly ℏ ≤ ℵ. Then,
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θ(ℏ,ℵ)pb(Fℏ, Fℵ) = (
1

4
ℏ2 +

1

16
)2 ≤ (

1

4
ℏ+

1

16
)2 ≤ 1

4
ℏ+

1

4
ℵ)2 = 1

16
(ℏ+ ℵ)2

≤ 1

2
(ℏ+ ℵ)2 = 1

2
pb(ℏ,ℵ) = ϕpb(ℏ,ℵ) ≤ ϕ(M(ℏ,ℵ)).

Case 6: Let ℏ ∈ [1, 2) and ℵ ∈ [2,∞). Clearly ℏ ≤ ℵ. Then,

θ(ℏ,ℵ)pb(Fℏ, Fℵ) = (
1

4
ℏ+

1

16
)2 ≤ (

1

4
ℏ+

1

4
)2 ≤ 1

4
ℏ+

1

4
ℵ)2 = 1

16
(ℏ+ ℵ)2

≤ 1

2
(ℏ+ ℵ)2 = 1

2
pb(ℏ,ℵ) = ϕpb(ℏ,ℵ) ≤ ϕ(M(ℏ,ℵ))

Therefore,

θ(ℏ,ℵ)pb(Fℏ, Fℵ) ≤ ϕ(M(ℏ,ℵ)) ∀ℏ,ℵ ∈ A with ℏ ≤ ℵ.

Therefore, all the criteria mention in Theorem 2.1 are satisfied and hence there
unique fixed point of F.

3 Conclusion

To sum up, on utilizing (θ−ϕ)− rational type contractive mappings, we bridged the
gap between traditional partial b-metric and metric spaces, allowing for a broader
class of spaces where fixed point theorems hold. These results have significant
implications in mathematical analysis and its applications, providing a foundation
for further studies in spaces that exhibit both partial metrics and more generalized
contraction conditions. The extended framework ensures that fixed point results
can be applied to a wider range of problems, such as in optimization and computa-
tional mathematics, where the traditional assumptions of a complete metric space
may not hold. Overall, these advancements provide valuable insights and tools for
addressing complex mathematical models.
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