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Abstract

In this paper, we define the concepts of fuzzy sets, fuzzy relations and
related definitions of max-product composition. We introduce associative
properties in max-product composition of three binary fuzzy relations. Fur-
ther, we present the reversal law of two binary fuzzy relations. An example
is also provided to illustrate by using a 3× 3 order of matrix.

1 Introduction

Fuzzy relations extend classical relations in mathematics, allowing for partial mem-
bership of elements, rather than a binary membership. In classical set theory, an
element either belongs to a set or it does not (crisp relations), but fuzzy relations
deal with situations where elements can have degrees of membership ranging be-
tween 0 and 1. This concept is crucial for modeling and reasoning in scenarios
where boundaries are not clearly defined or where there is ambiguity, vagueness,
or uncertainty.

Zadeh [13] first introduced the concept of fuzzy relations. It is not only a
significant part of fuzzy set theory but also plays a vital role in image processing,
control systems, artificial intelligence, data mining, machine learning and decision-
making process [14]. Many researchers are stimulating these applications to set up
diverse fuzzy relations and to fulfill various requirements in practice. Therefore,
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it is considered one of the most interesting topics for introducing the properties of
fuzzy relations, both from a theoretical perspective and their applications.

In 2012, Dorugade et al. [2] presented a sample approach to predict life of a
component indirectly from vague information investigating the compositional rule
of inference of fuzzy relation and also a MATLAB program has been developed
for computation of success degrees of outcome. Gowrishankar et al. [3] also intro-
duced the properties of composition of fuzzy relations.

Also, the paper verifies the properties of composition of fuzzy relations using
some numerical values of 2 × 2 order of matrix. Shakhatreh and Qawasmeh [11]
presented several concepts and definitions related to the max-min composition of
fuzzy relations. They also proved max-min composition of three fuzzy relations
by using associativity. Kumar and Gangwal [4] examined the concept of fuzzy re-
lations in the context of medical diagnosis and they introduced its application to
such problems by extending the Sanchez’s approach. Lee and Hur [6] introduced
the concepts of a bipolar fuzzy reflexive, symmetric and transitive relation. Panda
and Jena [8] discussed about some linguistic relation which across some definitions
and established some operations, properties and composition of fuzzy relations.
Latha Devi and Velammal [5] construct an appropriate mathematical model utilis-
ing Z-Fuzzy Subset (ZFS) which can be implemented as a computer aided medical
diagnosis system to deal with application of Z-fuzzy relationship to medical diag-
nosis. Bezdek and Harris [1] explored some relationship among fuzzy partitions
and similarity relations. Also finally they showed that every fuzzy c-partition of a
finite data set produces a psuedo-metric of the type described. Zimmermann [15]
described the basic mathematical framework of fuzzy set theory as well as the most
important applications of this theory to other theories and techniques. Shakhatreh
and Hayajneh [10] introduced a certain collection of fuzzy subsets of a nonempty
set X and gives raise to a useful new fuzzy partition. This new fuzzy partition gives
us a way of generating a fuzzy equivalence relation as in the ordinary case. Zadeh
[12] defined the fuzzy sets. Further, proved a separation theorem for convex fuzzy
sets without requiring that the fuzzy sets be disjoint. Li and Zhang [7] first charac-
terized aggregation functions to ensure preserve properties of I-transitive and two
aggregation functions of fuzzy preference relations. Focusing on T-S consistency,
further, they investigate how aggregation functions maintain T-S consistent fuzzy
preference relations. In this paper, we propose the max-product of three binary
fuzzy relations by using the associative property. Further, we present the reversal
law of two binary fuzzy relations. We also remind the previous definitions of fuzzy
sets and fuzzy relations. In the last part of this paper, an example is also provided
to illustrate by using a 3× 3 order of matrix.
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2 Preliminaries

First, we will discuss some definitions and preliminaries concepts related to fuzzy
sets, fuzzy relations and max-product composition.

Definition 2.1. [9] If U is a universe of discourse and u be any particular element
of U , then a fuzzy set P̃ defined on U may be written as a collection of ordered pairs
P̃ = {(u, µP̃ (u)) : u ∈ U} where, each pair (u, µP̃ (u)) is called a singleton.

Definition 2.2. [11] Let P̃ and Q̃ be two fuzzy sets in X ̸= ϕ is said to be equality
of two sets iff µP̃ (x) = µQ̃(x) for all x ∈ X .

Definition 2.3. [11] Let P and Q be nonempty sets. Then, R̃ = {((p, q), µR̃(p, q)) :

(p, q) ∈ P ×Q} is called a fuzzy relations in P ×Q.

Definition 2.4. [9] Let P̃1 and P̃2 be two fuzzy relations on (U, V ) and (V,W ),
respectively. Then, the max-product composition is denoted as P̃1o. P̃2 is defined as

P̃1o. P̃2(u,w) = {[(u,w),max{µP̃1
(u, v) · µP̃2

(v, w)}]} for all u ∈ U, v ∈ V,w ∈ W.

3 Main results

We now proceed to prove the following theorems.

Theorem 3.1. Let P̃1,P̃2 and P̃3 be a fuzzy relation in T ×U , U ×V and V ×W .
Then, P̃1o. (P̃2o. P̃3) = (P̃1o. P̃2)o. P̃3.

Proof. Here we need to prove that

µP̃1o. (P̃2o. P̃3)
(t, u, v, w) = µ(P̃1o. P̃2)o. P̃3

(t, u, v, w) for all t ∈ T, u ∈ U, v ∈ V,w ∈ W.

We have

µP̃1o. P̃2
(t, v) = {[(t, v),max{µP̃1

(t, u) · µP̃2
(u, v)}]}, for all t ∈ T, u ∈ U, v ∈ V

µP̃2o. P̃3
(u,w) = {[(u,w),max{µP̃2

(u, v) · µP̃3
(v, w)}]}, for all u ∈ U, v ∈ V,w ∈ W

µP̃1o. (P̃2o. P̃3)
(t, w) = {[(t, w),max{µP̃1

(t, u) · µP̃2o. P̃3
(u,w)}]}

= {[(t, w),max{µP̃1
(t, u) · {[(u,w),max{µP̃2

(u, v) · µP̃3
(v, w)}]}}]}

for all t ∈ T, u ∈ U, v ∈ V,w ∈ W.
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Now, suppose µP̃1
(t, u) = p, µP̃2

(u, v) = q, µP̃3
(v, w) = r.

µP̃1o. (P̃2o. P̃3)
(t, w) = max{p,max{q, r}}

= max{p, q, r}. (3.1)

Also

µ(P̃1o. P̃2)o. P̃3
(t, w) = {[(t, w),max{µP̃1o. P̃2

(t, v) · µP̃3
(v, w)}]}

= {[(t, w),max{[(t, v),max{µP̃1
(t, u) · µP̃2

(u, v)}]} · µP̃3
(v, w)]}

for all t ∈ T, u ∈ U, v ∈ V,w ∈ W.

Now, suppose µP̃1
(t, u) = p, µP̃2

(u, v) = q, µP̃3
(v, w) = r.

µ(P̃1o. P̃2)o. P̃3
(t, w) = max{max{p, q}, r}

= max{p, q, r}. (3.2)

From Equations (3.1) and (3.2), we have

µP̃1o. (P̃2o. P̃3)
(t, w) = µ(P̃1o. P̃2)o. P̃3

(t, w).

Hence,
P̃1o. (P̃2o. P̃3) = (P̃1o. P̃2)o. P̃3

.

Example 3.1. Let P̃1 =

u1 u2 u3

t1

t2

t3

1 .7 .3

.4 1 .8

.7 .5 1

 , P̃2 =

v1 v2 v3

u1

u2

u3

.7 0 1

.4 .5 0

.7 .5 1

 ,

and P̃3 =

w1 w2 w3

v1

v2

v3

.7 .5 .3

.5 .6 .8

.3 .8 .4

 .
Then, prove that P̃1o. (P̃2o. P̃3) = (P̃1o. P̃2)o. P̃3.
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Proof. We have to prove that

µP̃1o. (P̃2o. P̃3)
(t, u, v, w) = µ(P̃1o. P̃2)o. P̃3

(t, u, v, w) for all t ∈ T, u ∈ U, v ∈ V,w ∈ W.

Then by using max-product of fuzzy relation, we have,

P̃2o. P̃3 =

v1 v2 v3

u1

u2

u3

.7 0 1

.4 .5 0

.7 .5 1

 o.

w1 w2 w3

v1

v2

v3

.7 .5 .3

.5 .6 .8

.3 .8 .4

 .

Thus, P̃2o. P̃3 =

w1 w2 w3

u1

u2

u3

.49 .8 .4

.28 .30 .4

.49 .8 .4

 ,

P̃1o. (P̃2o. P̃3) =

u1 u2 u3

t1

t2

t3

1 .7 .3

.4 1 .8

.7 .5 1

 o.

w1 w2 w3

u1

u2

u3

.49 .8 .4

.28 .3 .4

.49 .8 .4

 .

Thus, P̃1o. (P̃2o. P̃3) =

w1 w2 w3

t1

t2

t3

 .49 .8 .4

.392 .64 .4

.49 .8 .4

 .
(3.3)

And

P̃1o. P̃2 =

u1 u2 u3

t1

t2

t3

1 .7 .3

.4 1 .8

.7 .5 1

 o.

v1 v2 v3

u1

u2

u3

.7 0 1

.4 .5 0

.7 .5 1

 .
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Thus, P̃1o. P̃2 =

v1 v2 v3

t1

t2

t3

 .7 .35 1

.56 .5 .8

.7 .5 1

 ,

(P̃1o. P̃2)o. P̃3 =

v1 v2 v3

t1

t2

t3

 .7 .35 1

.56 .5 .8

.7 .5 1

 o.

w1 w2 w3

v1

v2

v3

.7 .5 .3

.5 .6 .8

.3 .8 .4

 .

Thus, (P̃1o. P̃2)o. P̃3 =

w1 w2 w3

t1

t2

t3

 .49 .8 .4

.392 .64 .4

.49 .8 .4

 .
(3.4)

Hence, from Equations (3.3) and (3.4), we get

P̃1o. (P̃2o. P̃3) = (P̃1o. P̃2)o. P̃3

Theorem 3.2. Let P̃1 and P̃2 be two fuzzy relation in T × U , U × V respectively.
Then, [P̃1(T,U)o. P̃2(U, V )]−1 = P̃−1

2 (V,U)o. P̃
−1
1 (U, T ).

Proof. We need to prove that

µ[P̃1o. P̃2]−1(v, t) = µ[P̃2]−1o. [P̃1]−1(v, t) for all t ∈ T, u ∈ U, v ∈ V.

We have

µP̃1o. P̃2
(t, v) = {[(t, v),max{µP̃1

(t, u) · µP̃2
(u, v)}]} for all t ∈ T, u ∈ U, v ∈ V

µ[P̃1o. P̃2]−1(v, t) = µP̃1o. P̃2
(t, v)

= {[(t, v),max{µP̃1
(t, u) · µP̃2

(u, v)}]} for all t ∈ T, u ∈ U, v ∈ V

(3.5)
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µP̃−1
2

(v, u)o.µP̃−1
1

(u, t) = max{µP̃−1
2

(v, u).µP̃−1
1

(u, t)}

= max{µP̃2
(u, v).µP̃1

(t, u)} [∵ µP̃−1
1

(u, t) = µP̃1
(t, u)].

(3.6)

From Equations (3.5) and (3.6), we get

Hence, [P̃1(T,U)o. P̃2(U, V )]−1 = P̃−1
2 (V,U)o. P̃

−1
1 (U, T ).

Example 3.2. Let P̃1 =

u1 u2 u3

t1

t2

t3

1 .7 .3

.4 1 .8

.7 .5 1

 and P̃2 =

v1 v2 v3

u1

u2

u3

.7 0 1

.4 .5 0

.7 .5 1

 .

Then, prove that [P̃1(T,U)o. P̃2(U, V )]−1 = P̃−1
2 (V,U)o. P̃

−1
1 (U, T ).

Proof. We have to prove that

µ[P̃1o. P̃2]−1(v, t) = µ[P̃2]−1o. [P̃1]−1(v, t) for all t ∈ T, u ∈ U, v ∈ V.

Then, by using max-product of fuzzy relation, we have

P̃1o. P̃2 =

u1 u2 u3

t1

t2

t3

1 .7 .3

.4 1 .8

.7 .5 1

 o.

v1 v2 v3

u1

u2

u3

.7 0 1

.4 .5 0

.7 .5 1

 .

Thus, P̃1o. P̃2 =

v1 v2 v3

t1

t2

t3

 .7 .35 1

.56 .5 .8

.7 .5 1

 .
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Therefore, [P̃1o. P̃2]
−1 =

t1 t2 t3

v1

v2

v3

 .7 .56 .7

.35 .5 .5

1 .8 1

 .
(3.7)

[P̃2]
−1o. [P̃1]

−1 =

u1 u2 3

v1

v2

v3

.7 .4 .7

0 .5 .5

1 0 1

 o.

t1 t2 t3

u1

u2

u3

1 .4 .7

.7 1 .5

.3 .8 1



=

t1 t2 t3

v1

v2

v3

 .7 .56 .7

.35 .5 .5

1 .8 1

 .
(3.8)

Hence, from Equations (3.7) and (3.8), we get

[P̃1o. P̃2]
−1 = [P̃2]

−1o. [P̃1]
−1.

4 Conclusion

We proposed the max-product of three binary fuzzy relations by using the associa-
tive property and proved Theorem 3.1. Also, we present the reversal law of two
binary fuzzy relations and proved Theorem 3.2. Examples are also provided to il-
lustrate our results.
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