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Abstract

The contraction requirement in the Banach contraction principle requires
that a function be continuous. Numerous authors circumvent this obliga-
tion and attenuate the hypotheses using metric spaces equipped with a partial
order. This work presents many tripled fixed point theorems for functions ex-
hibiting mixed monotone features in cone metric spaces, which are broader
than partially ordered metric spaces.

1 Introduction and preliminaries

One of the most significant and researched fixed point theorems in nonlinear anal-
ysis is the well-known Banach’s contraction principle, which is a typical proce-
dure. Readers may refer to related works on fuzzy concepts and applications
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in [7–20, 24–27]. It says that ∀ k ∈ S and S is a complete metric space, if
F : S → S is a contraction on S, then u ∈ S is a unique fixed point of F
and limn F

na = u∀ a ∈ S. A fuzzy cone metric space (or FCMS) can be con-
ceptualized in a variety of ways [22, 23, 28]. The majority of scholarly works in
this domain duly acknowledge the foundational contribution of Oner et al. [21] to
the formulation of fuzzy cone metric spaces, within which they successfully estab-
lished a Hausdorff topology. Subsequently, it was demonstrated in [23] that the
topology induced by a fuzzy cone metric space, as defined by Oner, is metrizable.
Furthermore, in [21], the concept of Banach contraction was extended within the
framework of complete fuzzy cone metric spaces through the application of shift-
ing distance techniques. Studies involving algebraic systems solved via fixed point
principles in C∗−algebra valued metric space [5] illustrate the broad applicability
of contraction-type results, motivating further generalisation in fuzzy cone settings.

Definition 1.1. [21] A sequence {an} in a FCMS (S, ζ, ∗) is Cauchy if for any
0 < ϵ < 1 and any t > 0 there exists a natural number n0 such that ζ(an, am, t) >
1− ϵ for all n,m > n0.

In this study, we show that the Banach Contraction Principle and the Meir-
Keeler Fixed Point Theorem can be applied in the context of FCMS, with a slight
modification to the definition originally introduced by T. Oner et al [19].

Definition 1.2. [25] A continuous t- norm is defined as a binary operation ∗ :

[0, 1] → [0, 1] if it satisfies the following conditions.

1. (T1) ∗ is commutative and associative,

2. (T2) ∗ is continuous,

3. (T3) p ∗ 1 = 1 for every p ∈ [0, 1],

4. (T4) p ∗ q ≤ r ∗ s when p ≤ r and q ≤ s, with p, q, r, s ∈ [0, 1].

Definition 1.3. [9] A fuzzy metric space is an ordered triple (S, ζ, ∗) where ζ is a
fuzzy set on S × S × (0,∞) → (0, 1], S is a non-empty set and ∗ is a continuous
t-norm such that

1. (F1) ζ(p, q, t) > 0,

2. (F2) ζ(p, q, t) = 1 if and only if when p equals q,
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3. (F3) ζ(p, q, t) = T (q, p, t),

4. (F4) ζ(p, q, t) ∗ ζ(q, e, c) ≤ ζ(p, e, t+ c),

5. (F5) ζ(p, q, .) : (0,+∞) → (0, 1] is left continuous, for all p, q, e ∈ S and
t, c > 0.

Definition 1.4. [20] Let ζ be a fuzzy set on S × S × (0,∞], let S ̸= ϕ, and let ∗
be a continuous t-norm, and ζ such that

1. (EF1) ζ(p, q, t) > 0,

2. (EF2) ζ(p, q, t) = 1 if and only if when p equals q,

3. (EF3) ζ(p, q, t) = ζ(q, p, t),

4. (EF4) ζ(p, q, t) ∗ ζ(q, z, s) ≤ ζ(p, z, t+ s),

5. (EF5) ζ(p, q, .) : (0,+∞) → (0, 1] is left continuous.

6. (EF6) For some r > positive, the collection {ζ(p, q, .) : (0, r) → (0, 1]; (p, q) ∈
S2} is uniformly equicontinuous,

for all t, s > 0 and p, q, z ∈ S. Then, the ordered triple (S, ζ, ∗) is called a E-
fuzzy metric space.

Definition 1.5. [21] If P is a cone of E, S is an arbitrary set, ∗ is a continuous
t-norm and ζ is a fuzzy on X2 × int(P ), then a 3-tuple (S, ζ, ∗) is considered
fuzzy cone metric space satisfying the following conditions, for all t, s ∈ int(P ) ,
a, b, z ∈ S and t > 0, s > 0.

1. (FCM1) ζ(p, q, t) > 0,

2. (FCM2) ζ(p, q, t) = 1 if and only if when p equals q,

3. (FCM3) ζ(p, q, t) = ζ(q, p, t),

4. (FCM4) ζ(p, q, t) ∗ ζ(q, z, s) ≤ ζ(p, z, t+ s),

5. (FCM5) ζ(p, q, .) : int(P ) → [0, 1] is continuous.
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The following class of fuzzy cone metric spaces will be examined in this re-
search.

Definition 1.6. Let ζ be a fuzzy set on S × S × (0,∞], let S ̸= ϕ, and let ∗ be a
continuous t-norm, and ζ such that

1. (EFCM1) ζ(p, q, t) > 0,

2. (EFCM2) ζ(p, q, t) = 1 if and only if when p equals q,

3. (EFCM3) ζ(p, q, t) = ζ(q, p, t),

4. (EFCM4) ζ(p, q, t) ∗ ζ(q, z, s) ≤ ζ(p, z, t+ s),

5. (EFCM5) ζ(p, q, .) : int(P ) → (0, 1] is left continuous.

6. (EFCM6) The collection {ζ(p, q, .) : (0, r) → (0, 1]; (p, q) ∈ S2} is uni-
formly equicontinuous, for some r positive,

for all t, s > 0 and p, q, z ∈ S. Then, the ordered triple (S, ζ, ∗) is called a E-
fuzzy cone metric space (or E − FCMS).

Definition 1.7. [21] In a fuzzy cone metric space (S, ζ, ∗). Then,

1. A sequence {an}n converges to a ∈ S iff ζ(an, a, t) → 1 as n → +∞ for
every t > 0;

2. {an}n ∈ S is a Cauchy Sequence if and only if for every ϵ belonging to
(0, 1) and t positive, there exists n0 such that ζ(an, xm, t) > 1 − t, for all
m, n ≥ 0;

3. If each Cauchy sequence in a FCMS converges to an element p in S, then
FCMS is said to be complete.

Now we need to prove the following lemma:

Lemma 1.1. Consider a sequence {ap}p in S such that limp→∞ ζ(ap, ap+1, t) =

1, ∀ t > 0, let (S, ζ, ∗) represent a E-fuzzy cone metric space (or E − FCMS)
and let ζ̄ be the continuous extension of ζ up to [0,∞). Then,

lim
p→∞

ζ̄(ap, ap+1, 0) = 1. (1.1)
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Proof. Since the function t 7→ ζ(a, b, t) is positive, non-decreasing and continuous
on the interval (0,+∞) , ζ̄ is well-defined for any a, b ∈ S . Suppose {tp}p is a
sequence of positive numbers that decreases monotonically and converges to 0.
Similarly, let {ap}p be a sequence in S such that limp→∞ ζ(ap, ap+1, t) = 1 for
all t > 0. This means that for every t > 0 and for every ϵ > 0, there exists p0 ∈ N
such that ∀ p ≥ p0; 1 − ζ(ap, ap+1, t) < ϵ. Consequently, for t > 0 and ∀ ϵ > 0,
∃p0 ∈ N such that for all p ≥ p0, and for all k ∈ N,

1−ζ(ap, ap+1, 0) + ζ(ap, ap+1, 0)− ζ(ap, ap+1, tk)

+ ζ(ap, ap+1, tk)− ζ(ap, ap+1, t) <
ϵ

2
.

(1.2)

Thus, for every t > 0 and for every ϵ positive, ∃ a p0 ∈ N such that ∀ k ∈ N and
for every p ≥ p0,

1− ζ̄(ap, ap+1, 0) <
ϵ

2
+ | ζ̄(ap, ap+1, 0)− ζ(ap, ap+1, tk) |

+ | ζ(ap, ap+1, tp)− ζ(ap, ap+1, t) | .
(1.3)

Alternatively, based on the fact that limk ζ(ap, ap+1, tk) = ζ̄(ap, ap+1, 0) and as-
sumption (EFCM6), we deduce that ∃ t0 positive: ∀ ϵ positive, ∃ p0 ∈ N, ∀
p ≥ p0, ∃ k0 ∈ N, such that

| ζ̄(ap, ap+1, 0)− ζ(ap, ap+1, tk) |≤
ϵ

4
(1.4)

| ζ(ap, ap+1, tk)− ζ(ap, ap+1, t) |≤
ϵ

4
(1.5)

Such that for every k greater than k0 and t less than t0. Hence, by relation 1.3,
1.4, 1.5, it gives ∀ t > 0, ∃ p0 ∈ N such that for every p ≥ p0, we have
1− ζ̄(ap, ap+1, 0) < ϵ, and this means

lim
p
ζ̄(ap, ap+1, 0) = 1, (1.6)

which completes the proof.
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2 Main results

Variants of generalised F-contractions such as (α, F )−Geraghty contractions have
been fruitfully examined in non-Archemedean fuzzy frameworks [4], further em-
phasizing the versatility of fuzzy metric extensions.

Now, we will present our main results.

Theorem 2.1. Consider the E- fuzzy cone metric space (S, ζ, ∗) to be complete.
Consider a contractive mappings χ : S → S with a contractive constant k, which
means there exists k ∈ ]0, 1[ such that

1

ζ(χa, χb, t)
− 1 ≤ k((

1

ζ(a, b, t)
− 1), (2.1)

∀ a, b ∈ S and ∀ t > 0. Consequently, the sequence {χna} converges to a∗ and χ
has a unique fixed point a∗ for all a ∈ S.

Proof. Let a ∈ S and an = χna, (n ∈ N) suppose t be positive and n belonging
to natural number, N. By 2.1, we get

1

ζ(an+1, an+2, t)
− 1 ≤ k(

1

ζ(an, an+1, t)
− 1), (2.2)

for all t greater than 0 and for every n belonging to N this indicates that

lim
n→∞

ζ(an, an+1, t) = 1, ∀t > 0. (2.3)

In order to show that {an}n is a Cauchy sequence, one can proceed by contradic-
tion. Since t 7→ ζ(a, b, t) is a function which non decreasing, ∃ ϵ ∈ (0, 1) and ∃ ξ
positive such that ∀ p belong to N and

∃ np(≥ p) < mp ∈ N

such that
ζ(amp , anP , t) ≤ 1− ϵ, (2.4)

∀ t < ξ, Let t0 < min{ξ, r}. As a result of (2.3) and the previous inequality, it can
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be expressed that ∃ ϵ ∈ (0, 1) and ∀ p belong to N, ∃ np(≥ p) < mp ∈ N;

ζ(amp , anp , t0) ≤ 1− ϵ,

ζ(amp−1, anp , t0) > 1− ϵ.
(2.5)

Given the continuity of the function t 7→ ζ(a, b, t) and the condition ζ(amp−, anp , t0) >

1− ϵ, we can select q0 ∈ N such that

ζ(amp−1, anp , t0 −
1

q0
) > 1− ϵ. (2.6)

As a result of assumptions (T4) and (EFCM4) and relation 2.5 and 2.6, it follows
that

1− ϵ ≥ ζ(amp , anp , t0)

≥ ζ(amp , am−p−1,
1

q0
) ∗ ζ(amp−1, anp , t0 −

1

q0
)

≥ ζ̄(amp , amp−1, 0) ∗ (1− ϵ).

(2.7)

Based on our hypotheses (T2)-(T3), limit (2.3), and Lemma 1, it follows

lim
p→∞

ζ(amp , anp , t0) = 1− ϵ. (2.8)

Assuming for every p1 positive, there exists p ≥ p1 so that

ζ(amp+1, anp+1, t0) ≤ 1− ϵ.

This means that, considering (2.1) and (2.8), that {an}n has two subsequences
{anp}p and{amp}p which satisfy

lim
p→∞

ζ(amp , anp , t0) = lim
p→∞

ζ(amp+1, anp+1, t0) = 1− ϵ. (2.9)

Now, we assume that ∃ p1 greater than or equal to 0 so that

ζ(amp+1, anp+1, t0) > 1− ϵ
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for every p1 ≥ p. One can assert that

lim
p
ζ(amp+1, anp+1, t0) = 1− ϵ.

Let us assume this is not the case, i.e., ∃ γ positive and two subsequences {anp}p
and {amp}p verifying

ζ(amp+1, anp+1, t0) > γ + (1− ϵ), (2.10)

∀ p belonging to N. Having q belonging to N satisfying

ζ(amp+1, anp+1, t0 −
1

q
) > γ + (1− ϵ),

we obtain

1− ϵ ≥ ζ(amp , anp , t0)

≥ ζ(am−p, amp+1,
1

2q
) ∗ ζ(am−p, anp+1, t0 −

1

q
)

∗ ζ(a− n− p+ 1, anp ,
1

2q
)

≥ ζ̄(amp , amp+1, 0) ∗ [γ + (1− ϵ)] ∗ ζ̄(anp+1, anp , 0)

−→ γ + (1− ϵ), as p −→ ∞.

(2.11)

This leads to a contradiction. Therefore,

lim
p
ζ(amp+1, anp+1, t0) = 1− ϵ. (2.12)

Relation (2.8), (2.9) and (2.12) lead to contradiction with (2.1). So, {an}n is a
Cauchy sequence in the complete FCMS S and one can conclude that ∃ a∗ ∈ S

such that
lim
n
ζ(an, a

∗, t) = 1, (2.13)

∀ t > 0, and by 2.1, we get

1

ζ(χan, χa∗, t)
− 1 ≤ k(

1

ζ(an, a∗, t)
− 1), (2.14)
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∀ n ∈ N and ∀ t > 0. Taking the limit, considering the limit in (2.13), it becomes
that ζ(a∗, χa∗, t) = 1, which, with hypothesis (EFCM2) and (2.1), gives that a∗ is
the unique fixed point of mapping χ. Hence, we proof the theorem.

Applications of fixed point theorems in solving nonlinear equations in me-
chanics, such as beam theory, have been rigorously addressed in modified metric
space [2],which parallels the methodology used herein.

Theorem 2.2. Consider the E- fuzzy cone metric space (S, ζ, ∗) to be complete.
Let the mapping χ : S → S be a fuzzy cone Meir-Keeler type, that is, there exists
δ positive, for every ϵ belonging to (0, 1) so that

ϵ− δ < ζ(a, b, t) ≤ ϵ⇒ ζ(χa, χb, t) > ϵ, ∀ a, b ∈ S ∀ t > 0. (2.15)

Then, {χna} converges to a∗ and χ has a unique fixed point a∗, ∀ a ∈ S.

Proof. Suppose a ∈ S and an = χna(n ∈ N) and t > 0. Obviously,

ζ(a, χa, t)− δ < ζ(a, χa, t) ≤ ζ(a, χa, t), (2.16)

∀ δ > 0, and due to relation (2.15), we get ζ(χ2a, , χa, t) > ζ(a, χa, t). Recur-
sively, we get a sequence

{ζ(an, an+1, t)}n ∈ [0, 1]

verifying
ζ(an, an+1, t) < ζ(an+1, an+2, t),∀n ∈ N. (2.17)

It is a sequence that is both bounded and non-decreasing. Then, ∃ v : (0,∞) →
[0, 1] so that

lim ζ(an, an+1, t) = sup
n∈N

ζ(an, an+1, t) = v(t), for every t greater than 0.

(2.18)
For every t positive, we assert that v(t) = 1. Let this is not the case, meaning
there exist t0 positive such that v(t0) belonging to (0, 1).Using limit from (2.18),
for every δ ∈ (0, v(t0)), ∃ n0 ∈ N so that

v(t0)− δ < ζ(an, an+1, t0) ≤ v(t0), (2.19)
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∀ n ≥ n0, which, combined with condition (2.15), leads to the conclusion that

ζ(an+1, an+2, t0) > v(t0).

This clearly contradicts condition (2.18). Hence,

lim
n→∞

ζ(an, an+1, t) = 1, ∀ t > 0. (2.20)

Next, one can prove in similar approach as in the Theorem 2.1 to demonstrate that
{an}n is a Cauchy sequence in the complete FCMS. This leads to the conclusion
that there exists an element a∗ ∈ S such that

lim
n→∞

ζ(a∗, an, t) = 1, (2.21)

Conversely, for every n belonging to N and all δ belonging to (0, ζ(a∗, an, t)) , we
have

ζ(a∗, an, t)− δ < ζ(a∗, an, t) ≤ ζ(a∗, an, t), (2.22)

condition (2.15) assures that

1 ≥ ζ(χa∗, χan, t) > ζ(a∗, an, t), (2.23)

which, with the limit in (2.21), gives lim ζ(χa∗, χan, t) = 1, and finally

a∗ = χa∗ (2.24)

To prove uniqueness, assuming ∃ b∗(̸= a∗) ∈ S so that b∗ = χb∗. It is evident

∀δ ∈ (0, ζ(a∗, b∗, t)), ζ(a∗, b∗, t)− δ < ζ(a∗, b∗, t) ≤ ζ(a∗, b∗, t).

Here, by (2.15),
ζ(χa∗, χb∗, t) > ζ(a∗, b∗, t)

or
ζ(a∗, b∗, t) > ζ(a∗, b∗, t),

a contradiction, and this achieves the proof.
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Corollary 2.1. Let us consider a complete metric space (S, d), Let χ be a Meir-
Keeler mapping on S, that is, for each ε positive, ∃ β positive such that for every
a, b ∈ S,

ε ≤ d(a, b) < ε+ β =⇒ d(χ(a), χ(b)) < ε. (2.25)

Let ζ be a function on S × S × (0,+∞) defined by

ζ(a, b, t) =
t+ 1

t+ 1 + d(a, b)
. (2.26)

Then,

(i) (S, ζ, ·) is an E − FCMS, where · represents the product t-norm.

(ii) For every ε > 0, ∃ β > 0. so

ε− β < ζ(a, b, t) ≤ ε =⇒ ζ(χa, χb, t) > ε, (2.27)

for every a, b ∈ S and for every t > 0.

Proof. Consider(S, ζ, ·) as a FCMS (as described in [9] and [21]). The set of
functions {t 7→ ζ(a, b, t); a, b ∈ S} has a common Lipschitz constant of 1, making
it uniformly equicontinuous.It implies, (S, ζ, ·) is an E − FCMS.
For the next assumption, it is enough to verify that for every both ε and t positive,
β ∈ (0, ϵ), and for every a, b ∈ S, the following holds

ε− β < ζ(a, b, t) ≤ ε⇐⇒ ε− β <
t+ 1

t+ 1 + d(a, b)
≤ ε

⇐⇒ ε− β <
1

1 + ( 1
t+1)d(a, b)

≤ ε

⇐⇒ (t+ 1)(
1

ε
− 1) ≤ d(a, b) < (t+ 1)(

1

1− β
− 1)

(2.28)

Consider ε0 = (t+ 1)((1ε )− 1) and βε0 > 0 so that
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ε0 ≤ d(a, b) < ε0 + βε0 =⇒ d(χa, χb) < ε0. (2.29)

Now, we select β in 2.28 so, (t+1)(( 1
(ε−β))−1) < (t+1)((1ε )−1)+βε0 . Hence,

applying 2.28 and 2.29, becomes

ε− β < ζ(a, b, t) ≤ ε =⇒ ((t+ 1)(
1

ε
− 1) < d(a, b) ≤ (t+ 1)(

1

ε
) + βε0

=⇒ d(χa, χb) < (t+ 1)(
1

ε
− 1)

=⇒ t+ 1

t+ 1 + d(χa, χb)
> ε

=⇒ ζ(χa, χb, t) > ε,

(2.30)

which completes the result.

3 Application

The following portion aims to provide an illustration showing that an integral equa-
tion has a solution, which can be obtained by using Theorem 2.1. Readers may
refer to [6] for a common solution to a system of two integral equations including
such integral equations. Real-world dynamical systems, such as the ascending mo-
tion of rockets, have also been effectively modeled in extended metric spaces [1],
underscoring the practical utility of such abstract mathematical frameworks. Ex-
amine the integral equation,

a(c) = f(c) +

∫ c

0
Q(c, s, a(s))ds, ∀ c ∈ [0, I], I > 0, (3.1)

S = C([0, I],R) which is Banach space consists of all continuous functions on the
interval [0, 1], and is equipped with the supremum norm

∥a∥ = sup
c∈[0,1]

| a(c) |, a ∈ C([0, I],R) = S, (3.2)
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with induced metric

d(a, b) = sup
c∈[0,1]

| a(c)− b(c) | . (3.3)

Now, let the FCMS (S, ζ, ∗) equipped with the product t-norm, and assume it is
complete

ζ(a, b, t) =
t

t+ d(a, b)
, for all a, b ∈ C([0, I],R) = S and t > 0. (3.4)

Theorem 3.1. Let χ be an integral operator on C([0, I],R) be

χa(c) = f(r) +

∫ c

0
Q(c, s, a(s))ds. (3.5)

Assume there exists a function g : [0, I]×[0, I] → [0,∞) such that g ∈ L1([0, I],R)
and let Q fulfill the following relations:

| Q(s, c, a(c))−Q(s, c, b(c)) |≤ g(c, s) | a(s)− b(s) |, (3.6)

for all a, b ∈ C([0, I],R) and ∀ c, s ∈ [0, I] where

sup
c∈[0,I]

∫ c

0
g(c, s)ds ≤ k < 1. (3.7)

Then, the integral equation equation 3.1 has a unique solution.

Proof. Let a, b ∈ C([0, I],R) and consider

| χa(c)− χb(c) | ≤
∫ c

0
| Q(c, s, a(s))−Q(c, s, b(s)) | d(s)

≤
∫ c

0
g(c, s) | a(s)− b(s) | d(s)

≤ d(a, b)

∫ c

0
g(c, s)d(s)

≤ kd(a, b).

(3.8)

So,
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d(χa, χb) ≤ kd(a, b). (3.9)

Using 3.4, we can write

1

ζ(a, b, t)
− 1 =

d(a, b)

t

1

ζ(χa, χb, t)
− 1 =

t+ d(χa, χb)− t

t

=
d(χa, χb)

t

≤ k
d(a, b)

t

≤ k(
1

T (a, b, t)
− 1)

(3.10)

since all the conditions of Theorem 2.1 are satisfied, hence (3.1) has a unique
solution.

4 Conclusion

The study of fixed point results in E-fuzzy cone metric spaces is an important area
in mathematical analysis, particularly due to its applications in optimization, deci-
sion theory, and computational mathematics. Classical fixed point theorems can be
applied to E-fuzzy cone metric spaces. This gives us a strong way to solve prob-
lems in areas that are not as well organized as regular metric or normed spaces.
These spaces incorporate the concepts of fuzziness and cone structures, making
them highly adaptable for modeling uncertainty and imprecision. The key findings
show that we can establish fixed point theorems in E-fuzzy cone metric spaces
under suitable contractive conditions. These results extend and generalize clas-
sical fixed point theorems like the Banach contraction principle to more abstract
settings. Moreover, the role of the cone’s properties, such as normality and solid-
ness, is crucial in ensuring the existence and uniqueness of fixed points. Recent
applications of fixed points theory to machine learning and neural network using
ϕ−interpolative contractions have been discussed in [3], indicating the growing
relevance of these mathematical tools in AI research. Moreover, the exploration of
E-fuzzy cone metric spaces enriches the field by offering new theoretical insights
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and expanding its applicability. Future research may focus on developing more
generalized conditions and exploring applications in diverse areas such as machine
learning, network theory, and engineering systems that involve uncertainty and
fuzzy information.
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