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Abstract

The present paper aims to prove the invariance of minimal prime ideals
under higher derivations. Later on, with the help of invariance property of
minimal prime ideals under higher derivations, we establish the x-version
of Posner’s second theorem for higher derivations in semiprime rings with
involution ‘x’.

1 Introduction

Throughout this article, 7 will be used to designate a semiprime ring with center
Z(T). “Martindale’s ring of quotient and extended centroid of 7~ will be denoted
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by @ and C, respectively (we refer the reader to [2]], for the definitions and related
properties of these objects). For any ¥, ¢ € T, denote the commutator ¢ — {v} by
[0, £]. Recall that a ring 7 is prime if 97 ¢ = {0} implies that ¥ = 0 or £ = 0, and
T is said to be semiprime if 97 ¢ = {0} implies that J = 0. Recall that an ideal P
of T is said to be prime if P ## T and for 9, ¢ € T,9T¢ C P implies thatJ € P or
¢ € P. A prime ideal P of 7 is minimal if P does not properly include any prime
ideals of 7. Let n > 2 be an integer, a ring T is said to be n-torsion free if nd = 0
implies ¢ = 0 where ¥ € T. The right annihilator of a set S in 7 is defined as the
setann,(S) = {r € T | sr =0 forall s € S}. The left annihilator of a set S'in T
is defined in a similar manner as the set ann;(S) = {r € T |rs =0 forall s € S}.
If left annihilator and right annihilator coincide, then it is simply called an anni-
hilator of S. A ring 7 is of bounded index if there is an integer n > 1 such that
9™ = 0 whenever ¥ is a nilpotent element of 7. The least such positive integer is
called the index of 7. A ring without nonzero nilpotent elements is merely a ring
of bounded index 1. A ring is called a reduced ring if it has no nonzero nilpotent
elements. Equivalently, a ring is reduced if it has no nonzero elements with square
zero, that is, 92 = 0 implies ¥ = 0.

An involution is an additive mapping ¢ — 9* of T such that (i) (¥¢)* =
¢*9* and (i) (0*)* = O for all ¥9,¢ € T. A ring equipped with an involution is
referred as ring with involution or a *-ring. An element ¥ in a *-ring 7 is said to
be hermitian if ¥* = ¢ and skew-hermitian if ¥* = —J. H(T) and S(T) refer
to the set of all hermitian and skew-hermitian elements of T, respectively. The
involution is said to be of the first kind if Z(7) C H(T), otherwise it is said to be
of the second kind. In the later case, S(7) N Z(T) # {0} (see [12] for details). A
ring equipped with an involution * is said to be x-prime if 97¢ = ¥*T ¢ = {0} or
I9TC = 9T¢* = {0} implies that ¥ = 0 or £ = 0. It is easy to verify that every
*-prime ring is a semiprime ring.

An additive mapping f : 7 — T is said to be centralizing (resp. commut-
ing) on T if [f(¥),9] € Z(T) (resp. [f(9),9] = 0) forall ¥ € 7. A map
d : T — T is a derivation of a ring 7 if d is additive and satisfies the Leib-
niz rule; d(9¢) = d(9)¢ + ¥d(¢), for all 9,£ € T. An obvious example of a
non-trivial derivation is the usual differentiation on the ring F'[¢] of polynomials
defined over a field F. For a fixed a € T, defined : T — T by d(9) = [a, V]
for all ¥ € T. The function d so defined can be easily checked to be additive and
d(90) = [a, ] = V]a, ] + [a, 9]¢ = Id(L) + d(9)L for all 9, ¢ € T. Thus, d is a
derivation which is called inner derivation of 7 associated with a and is generally
denoted by I,. Tt is obvious to see that every inner derivation on a ring 7 is a
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derivation. Given a derivation d of T, an ideal I of T is said to be invariant under
d or d-invariant if (1) C I. Many authors have analyzed the structure of rings and
the structure of additive mappings in various ways. They have extended the notion
of derivation in numerous directions, such as generalized derivation, Jordan deriva-
tion, higher derivation, etc. In 1957, Posner [26] proved that a prime ring must be
commutative if it possesses a nonzero centralizing derivation. Vukman [28] ex-
tended Posner’s second theorem by showing that if d is a derivation of prime ring
of characteristic not 2 such that [[d(¢}),¥],9] = 0, forall ¥ € T, thend = 0or T
is commutative.

In [27], Schmidt and Hasse introduced the notion of higher derivation as fol-
lows: let D = (d;);en be a family of additive mappings d; : 7 — 7. Then D is
said to be a higher derivation on 7, if do(¢) = ¥ and d,,(90) = ) d;(9)d;(0)

i+j=n
for all ¥,/ € T and for each n € N, where N is the set of all nén—negative in-
tegers. On the similar lines, a higher derivation of rank n > 1 on 7T is defined
as a family of additive mappings, say, (do,ds,...,dy,), where dy is the identity

map on 7 and d,, (W) = > d;(¥)d;(¢) forall ¥,¢ € T and 1 < m < n. The
i+j=m
above expression can be written as d, (V0) = dp, (9)0+ B, (U, £) +9d,, (£), where

B (9,0) = > d;(9¥)d;(¥). This notation has been used more frequently in this
i+j=m
i,3>1

article. Observe that for n = 1, d; is just a derivation of 7. If z € Z(T), then
dy(z) € Z(T). Forn = 2, we have

da(¥z) = da(29)

or
dg(ﬁ)z + d1 (ﬁ)dl (Z) + ﬁdg(z) = dg(z)ﬁ + dl (Z)dl (19) + ng(’l9)

for all ¥ € T which gives da(z) € Z(T). Similarly, d;(z) € Z(T) forall i € N.

In [20], Herstein postulated a conjecture stating that in a semiprime ring 7,
every minimal prime ideal is invariant under any derivation d of T (cf.; [20]). This
classical problem was also brought up by other authors as well. It would be interest-
ing to look at some favourable partial results on this conjecture (see [3}7,{10}14]] for
details). Krempa [14] proved that in a semiprime algebra over a field of character-
istic 0, all minimal prime ideals are always invariant under derivation. Propositions
1.1 and 1.3 of [10] provides a much deeper result in this direction. The best result
on this conjecture was given by Beidar and Mikhalev [3]]. They proved that: let 7
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be a ring of bounded index m such that the additive order of every nonzero torsion
element of 7, if any, is strictly larger than m. Then all minimal prime ideals of T
are invariant under any derivation of 7. In particular, every minimal prime ideal
of a reduced ring is invariant under derivation of the ring. But the above conjec-
ture is not true in general (viz., [[6] for counter example). In 2006, Chuang and
Lee [[7] proved the following: if the semiprime ring 7 either satisfies a polynomial
identity or has only countably many elements, then there exists a family { P, }oca
of minimal prime ideals such that ) aca Pa = 0 and each P, is d-invariant for
any derivation d of 7. In this direction, Matczuk [22] proved that every minimal
prime ideal P, which has nonzero annihilator of a semiprime ring 7 is invariant
under any derivation d of 7. Very recently, in [19], Lee and Lin generalizes the
Matczuk’s result for arbitrary rings.

Section |3| investigates the invariance property of prime ideals under higher
derivations. In Section 4, we establish x-version of Posner’s second theorem for
higher derivations in semiprime rings with involution. Precisely, we prove the fol-
lowing result: let 7 be a semiprime ring with involution x* of first kind and L be
a x-ideal of 7. Next, let (d;);cn be a higher derivation of rank 7 on 7 such that
[dn(9),9*] € Z(T) forall ¥ € L, n < r. Then either 7 is a commutative ring or
the center of 7 is mapped to zero by some linear combination of (d;);en”.

2 Preliminaries

In this section, we compile several familiar facts and outcomes that aid us in estab-
lishing our conclusions.

e Z(Q)NT = Z(T) ([15], Proposition 14.17).

e The Martindale ring of quotient () associated with a semiprime ring 7 is it-
self a semiprime ring ( [13]], page 65).

e [T and ( satisfy the same generalized polynomial identity (GPI) where L
is an ideal of T ( [3]]).

e For a prime ring 7, its Martindale ring of quotients is itself a prime ring, and
the associated extended centroid C'is a field. ( [12]], page 22).
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Lemma 2.1. [9, Proposition 1.1] Let T be a semiprime ring and let D = (d;);en
represent a higher derivation on T. Then there exists a unique higher derivation
D* = (d})ien on Q such that d,|7 = d,, for every n € N.

Lemma 2.2. [17, Main Theorem] Let ‘T be a semiprime ring, D be a nonzero
derivation of T and L be a nonzero left ideal of T. If for some positive integers
to,t1, ..., tn and for all 9 € L, the identity [[. .. [[D(9%), 9], 9%], .. .], 9] =0
holds, then either D(L) = 0, or both D(L) and D(T )L are contained within
a nonzero central ideal of T. Specifically, if T is a prime ring, then T must be

commutative.

Lemma 2.3. Let T be a semiprime ring. Let M be a minimal prime ideal of T.

Then intersection of the rest of minimal prime ideals of T is the annihilator of M.

Proof. Let A represent the collection of all minimal prime ideals of 7. For a
minimal prime ideal M of 7, Ajs denote the set A \ {M}. Now for such a

ideal M of T, we show that ann(M) = () P. Let [ P = B. Now we
PeAm PeAn
have to show ann(M) = B. Consider M N B. Any element in M N B is in the

intersection of all minimal prime ideals of 7. Using the semiprimeness of 7, we
get M N B =0. Now, MB C M N B = 0. This gives

B C ann(M). (2.1)
The reverse inclusion is a direct consequence of the inclusion
M(ann(M))=0C P,

where P is a minimal prime ideal of 7 different from M. Using primeness of P,
for every P € Ay either M C P or ann(M) C P. By the minimality of P,
M ¢ P so we have, ann(M) C P. Since P is arbitrary, it follows that

ann(M) C B. (2.2)
From (2.1)) and (2.2)), we get

B =ann(M) = ﬂ P.
PG.A]VI
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This proves the lemma. O

3 Invariance of prime ideals under higher derivations

This section aims to prove the conjecture suggested by Herstein for higher deriva-
tions (viz., [20]). A number of authors have proved the Herstein’s conjecture in
various ways (see [3.[7,/10,/14] for details). Recently, Matczuk [22]], proved the
following result:

Theorem 3.1. For a semiprime ring T, any minimal prime ideal P with a nonzero
annihilator is invariant under any derivation d of T.

Additionally, Lee and Lin [19] extended the previously mentioned result to
arbitrary rings. Specifically, they established the following result:

Theorem 3.2. Let P be a prime ideal of a ring T with l7(P) ¢ P. Then P is
invariant under any derivation of T.

A natural question arises: do the above results hold for higher derivations?
Theorems [3.3| & [3.4] below give affirmative answers.

Theorem 3.3. Let T be a semiprime ring. Then every minimal prime ideal | of T
having nonzero annihilator is invariant under the action of the higher derivation

(di)ien of T.

Proof. In a semiprime ring 7, it is a well-known fact that the right annihilator of
an ideal J coincides with its left annihilator which we called the annihilator of J
and is denoted by ann(.J).
Let A represent the collection of all minimal prime ideals of the ring 7. For a
minimal prime ideal 8 of 7, Ag denote the set A \ {R&}. In view of Lemma
we obtain ann(R) = ] P.
PeAg

Let 8 be a minimal prime ideal of 7 such that ann(f) = I # {0}. It is given
that (d;);en is higher derivation on 7. The proof is carried out using the principle
of mathematical induction on ¢. When ¢ = 1, the result is a direct consequence of
Theorem In the case ¢ = 2, for any ¢ € K and ¥ € I, we have

0 = da(qv)
= da(q)9 + di(q)d1 (V) + qda().
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On multiplying by ¢ € I from left to the above expression and using the fact that
IR = {0} and d; (R) C R, we get tda(q)¥ = 0 for all ¥,t € I and ¢ € K. This
further gives that

{0} =ITdo(R)TI C R

Because R is a prime ideal and 1 ¢_ R, we can conclude that do(R) C K. Hence, R
is invariant under ds.

Let the result holds for all i < k, that is, d;(R) C R for all i < k. Now, for
i=k+1,and g € R,¥ € I, we have

0 = drt1(qv)
= di+1(9)0 + di(@)d1 (V) + - + di(q)di (V) + qdp+1().

Again multiply the above relation by ¢t € I from left and using /8 = {0} and
d;(R) C R, we conclude that td11(q)¢ = 0 for all 9,¢ € I and ¢ € K. This
implies that

{0} = ITdp41(R)TT C R

By the primeness of R and I ¢ K, we obtain d41 (&) C &. Hence, R is d;-invariant
under higher derivation (d;);cn of 7. O

Let P be a prime ideal of a semiprime ring 7, satisfying the condition I (P) #
{0}. Then, it is well-established that the left annihilator of P, denoted by i1 (P),
satisfies {7(P) NP = {0}. In particular, we have I7-(P) ¢ P. Building on this
idea, we extend the aforementioned theorem to arbitrary rings in the context of
higher derivation.

Theorem 3.4. Let T be a ring, P a prime ideal of T and l7(P) be left annihilator
of P, with the condition that l7(P) € P. Then, P is d;-invariant under higher
derivation (d;);en of T.

Proof. Suppose I = l7(P) = {9 € T | ¥p = 0forall p € P}. Note that I forms
an ideal of 7. By the definition of I, for any a € I and p € P, we have ap = 0.
We prove the result by induction on 7. For ¢ = 1, d; is a derivation, so the result
follows from Theorem [3.2] For i = 2, we have

0 = da(ap)
= dy(a)p + di(a)di(p) + ada(p)
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forall a € I and p € P. This gives that Jada(p) = {0} foralla € I and p € P.
Since a € I is arbitrary, we have I?dy(p) = {0}. This can be written as

I*Tdy(P) C P.

Primeness of P and the condition 12 C I 51 P yields that do(P) C P. Now,
suppose that the result holds for all i < k, that is, d;(P) C P for all i < k. For
i = k + 1, we have

0 = di+1(ap)
= div1(a)p + di(a)di(p) + - -+ + di(a)d(p) + adk41(p)
forall a € I and p € P. This implies
Tadg41(p) =0
for all @ € I and p € P, which further gives
I*Tdy1(P) CP.

Again by using the primeness of P and the condition I ¢ P, we conclude that
dg+1(P) C P. Hence, P is invariant under higher derivation (d;);cn of 7. This
proves the theorem completely. O

Using the analogous argument, we may come up with the following:

Corollary 3.1. Let T be a ring and P a prime ideal of T with r(P) € P, where
r7(P) is a right annihilator of P. Then, P is d;-invariant under higher derivations

(di)ien of T.

It is worth noting that in the hypotheses of Theorem [3.4] the condition of
l7(P) € P is necessary. This is shown by the following example.

Example 3.1. Let T = Q[X] be the ring of polynomials over Q. Consider P =<
22 + 1 > to be the prime ideal of T. Define d : T — T by d(f) = f' for all
f € T. Then, it is straightforward to check that d is a derivation on T. Moreover,
if we put dy = idy (the identity map on T ) and d,(f) = %for n>1 feT,
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then D = (dy)nen is a higher derivation on T. Further, it is easy to see that
l7(P) C P. However, d;(P) ¢ P for some values of P.

4 Applications

This section focuses on examining the applications of the results established in
the preceding section, including connections to a renowned result established by
Posner [26]. In [26], Posner made groundbreaking contributions to the study of
centralizing and commuting mappings. He proved a fundamental theorem stating
that the presence of a nonzero centralizing derivation in a prime ring ensures the
ring’s commutativity. Further, Lanski [[16] used differential identities to extend
Posner’s work in more general setting for Lie ideals. Furthermore, Posner’s sec-
ond theorem has also been generalized in a number of ways and several important
outcomes have already been derived (see for example, [4}8,/18,[25]] for details).

On the other hand, recently Ali and Dar [ 1] demonstrated the *-version of result
established by Posner. Indeed, they proved that if 7 is a prime ring that is 2-torsion
free and possesses an involution * and d is a nonzero derivation of 7 such that
[d(9),9%] € Z(T) forall ¥ € T, along with the condition d(S(T)NZ(T)) # {0},
then 7 is commutative. Further, this result improved in [24, Theorem 3.7] and they
removed the condition d(S(7) N Z(T)) # {0}. Our next theorem is the *-version
of Posner’s second theorem for higher derivations in rings with involution.

Theorem 4.1. Let T be a semiprime ring equipped with an involution * of the first
kind and L be a x-ideal of T. Next, let (d;);en be a higher derivation of rank
ron T such that [d,(9),9*] € Z(T) forall 9 € L, n < r. Then, either T is
a commutative ring or there exists a linear combination of (d;);en that maps the
center of T to zero.

Proof. Under the stated assumption, it holds that
[dn(9),9%] € Z(T) 4.1)
V¢ € L. By applying a linearization to (4.1)), it follows that

[dn(9), €] + [dn(£),9"] € Z(T) (4.2)
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vV 9,¢ € L. Substituting ¢ with £h in @2)), where h € H(T) N Z(T), results in
(B, (¢, h) + Ld,(h), 9] € Z(T)
V ¢, ¢ € L, which infer that
[[Bn(€, h) + £dy(h), 9], t] =0 4.3)

V9,£,t € L. Since L and @ both satisfy the same generalized polynomial identity,
and as stated in Lemma [2.1] any higher derivation defined on 7 can be extended
uniquely to a higher derivation on (). Thus, we can conclude that

[[Bn(¢, h) + 4dy(h), 9], t] =0 4.4)

forall 9, ¢,t € Q. Let P be a prime ideal of Q with ig(P) # {0}. Then Q = Q/P
is a prime ring. Utilizing the invariance of prime ideals under higher derivation, we
introduce a family of additive mappings (d;)ien : @ — Q such that d;(¢ + P) =

di(q) + P for all ¢ € Q. It is easy to check that (d;);c is a higher derivation on
Q. From (4.4), we conclude that

[[Bn(g7 71) + £ n(ﬁ),ﬁ],ﬂ =0
Vo, T e Q This can be reformulated as

[6(9),11 =0

Vd,t € Qand h € Z(Q), where §(9) = [Bn(¢,h) + €dy,(h),?)] is an inner

derivation for fix £ and h. Replace 7 by 1J, we get

[6(9),9] = 0. (4.5)
Thus, in view of Lemmal[2.2} we establish that § = 0 or Q is commutative.
If Q is commutative, then [, /] = 0V 9, € Q. This implies [9,¢] € P for all
9,0 € Q. Since P represents an arbitrary prime ideal of Q) and ({P | P is a prime

ideal of Q} = {0}, it follows that [J,¢] = 0V ¢,¢ € Q. This shows that () is
commutative, leading to the conclusion that 7 is commutative. On the other hand,
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if 6 =0, then
(B (£, 1) + ldp(R), 9] = 0 (4.6)

forall o € Q. Substituting the expression for B, (¢, h) into the preceding equa-
tion, we get

[Jn—l(g)gl (h) + dn—Q(Z)CE(h) + 4+ Jl (g)dn—l(h) + [7 n(h)v ﬁ] = (_)

V4 € Q. Using the fact d;(h) € Z(Q) for h € Z(Q), the above equation reduces
to

(}_l) + [dan(E)v §]d2(ﬁ) + [dl (Z)v ﬁ]dnfl(ﬁ) (4-7)

L O)7dy (h) + [dn_2(0), 9)Fda(h) + - - - + [dy(£), V)Fdy—1(h)

_l’_
=Y
(e
=3
N
S
S
3
=I
N—
Il
(@)}

V4,7 € Q. By [21} Corollary, page 444], we conclude that either the set { [do(¢), 7],

[d1(€),],...,[dn—1(£), 0]} is linearly dependent or {d; (h),d2(h), ..., dy(h)} is
linearly dependent over the center C' of Q.
First, we consider the set {d1 (h), da(h),...,dn(h)} islinearly dependent over C,

— n —_ —_ —
then there exist scalars @1, %2, ...,%, € C, not all zero such that > 7;d;(h) =0
i=1

n
or Y vid;(h) € P. Since P is an arbitrary prime ideal of ) and (\{P | P is a
i=1
n
prime ideal of @} = {0}, so we have ) ~;d;(h) = O forall h € Z(T). That is,
i=1

n
> 4di(Z(T)) = {0}, which is the required result.
i=1

I\FOW, if the set {[do(?), 9], [d1(£), ], ..., [dn—1(£), ]} is linearly dependent over
C, then there exist scalars @g, @1, @2, . . ., Pn—1 € C, not all zero, such that

@oldo(€),9] + @1[d1(€),9] + - + Pn_1[dn_1(£),J] = 0.

Assume k to be the highest value of the index such that ¢, # 0. In this way, the
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concluding expression takes the form

k k
> @il =) i) =0V Ieq, (4.8)
=0 1=0

where 5 kA0 (9) = [di(£),d] fori = 0,1,...,k. Based on equation |i we ob-

serve that the set of derivations {52—0 o), 631—1 (57), e 5fl—k (Z)} satisfies a linear rela-
tion over Q with coefficients in C' of length k + 1. According to [9, Corollary 1.4],
there are ¢y = 1,41, . .., G, € Q such that

>

1=0

7 4.9)

& |
=

Furthermore,

s—1
Oaoe) = Oa and 0 5 (F) = bq, (F) — Z a0y " i (®) (4.10)

VieQ, 2<s<kIf6) @ = 0n = [d’o@ﬂ = [(,1] = [q1,1] forall £,7 € Q.
Since / is arbitrarily fixed, so we replace £ by #, to get [q1,] = 0 forall £ € Q.
This gives g1 € C. The second expression of equation (4.10) can also be written
as

s—1
d;(@,ﬂ = [@saﬂ - Z@[CZS i ﬂ vt Q (4.11)
=1

In particular, for £ = 1 and using di(1) = 0 forall k > 1, we have [gs,] = O for
allt € Q. Thus g, € C ¥V 2 < s < k. Hence, when s = k, the second term in

(@10) simplifies to

Il
ol

k1
oy o + z; (Yiég,:i(g) (t) (4.12)

Combining (#.9) and (@.12), we find that

_ <0 =
Qkéd’o([) (t)=0
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for all £, € Q. That is,

(jk[do(g)?ﬂ =0

forall £,/ € Q. As g, € C, it follows that

0 = [d0(6)7ﬂ
= [Z,ﬂ

forall £,/ € Q. Thatis, [¢,t] € P for all £, € Q. Since P is an arbitrary prime

ideal of @ and () {P | P is a prime ideal of Q} = {0}, it follows that [¢, ¢] = O for

all ¢,/ € Q. Thus, @ is commutative and hence 7 is commutative. This completes
the proof of the theorem. O

The necessity of the semiprimeness condition in Theorem [.1] is established
through the following example.

Example 4.1. Let us consider T = T1 X Ta, where T1 = {[g ﬂ | o, 8,7 €
Y

Q} and T2 = Q[X] and let L = Ly x Ly, where L; = {{0 ﬂ | B € Q}

0
and Ly = Q[X] are ideals of T1 and Ta, respectively. The involution ® on Ty
is defined by ®(N) = g 8 for all N € Ty and the involution ¥ on Ty is
o

defined by V(f) = f for all f € Ts. Let us define involution x on T by setting
(N, ) = (®(M),¥(f)) for all (N, f) € T. It can be readily verified that T
is not a semiprime ring equipped with an involution * of the first kind. Define

0 2L +5
dp : Ti — Ti by dy = id7, and dn<[a ﬂ) = 1)1 Tl
0 ~ 0 0

a,B,v € Qand gy, : To — T2 by go = idr, and g, (f) = %,forallf € Ts and
™) denotes the n'" derivative of f. It is easy to see that (dp)nen and (gn)nen
are higher derivations of T1 and Ta. Next, define D,, : T — T by D,(N, f) =
(dn(N), gn(f)), where Dy = idy for all (N, f) € T. We can easily check that
(Dyn)nen is a higher derivation of T. For any element (N, f) € L, the condition
of Theorem .1} i.e., [Dn(N, f),(N, f)*] € Z(T) is satisfied. However, T is a
noncommutative ring and y ., \;D;(Z(T)) # {0}.

, for all
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Theorem [4.1] has several fascinating corollaries, some of which are interesting by
themselves.

Corollary 4.1. Assume that T is a *-prime ring with involution * of the first kind,
and let L be a x-ideal of T. Next, let (d;);cn be a higher derivation of rank r
on T such that [d,(9),9*] € Z(T)VY 9 € L, n < r. Then one of the following
must hold: either T is a commutative ring, or there exists a linear combination of
(d;)ien that maps the center of T to zero.

Proof. Itis a well-established fact that every *-prime ring is also a semiprime ring.
Therefore, the conclusion directly follows from Theorem [.1] O

Corollary 4.2. Let T be a prime ring with involution * of the first kind and L be
a x-ideal of T. Next, let (d;);cn be a higher derivation of rank T on T such that
[dn(9),9%] € Z(T) forall ¥ € L, n < r. Then, either T is a commutative ring or

the center of T is mapped to zero by some linear combination of (d;);eN.

Corollary 4.3. Let T be a semiprime ring with involution x of the first kind. Next,
let d be a derivation on T such that [d(0),9*] € Z(T) for all ¥ € L, where L be
a x-ideal of T. Then, either T is a commutative ring or d(Z(T)) = {0}.

Proof. Putn =1 and dy = d in previous theorem, we get either 7 is commutative
or {d(h)}, where h € Z(T) C Z(Q) = C is linearly dependent over C' which
implies d(h) = 0. Since h € Z(T') was arbitrary, we get d(Z(T)) = {0}. O

Corollary 4.4. Let T be a x-prime ring with involution * of the first kind. Next, let
d be a derivation on T such that [d(¥),9*] € Z(T) for all 9 € L, where L be a
x-ideal of T. Then, either T is a commutative ring or d(Z(T)) = {0}.

Corollary 4.5. Let T be a prime ring with involution * of the first kind. Next, let
d be a derivation on T such that [d(9),9*] € Z(T) for all ¥ € L, where L be a
x-ideal of T. Then, either T is a commutative ring or d(Z(T)) = {0}.

5 Conclusion

In conclusion, the present work has successfully demonstrated the invariance prop-
erty of minimal prime ideals under higher derivations. Building upon this crucial
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result, we have extended our investigation to establish the x-version of Posner’s
second theorem for higher derivations in semiprime rings equipped with an invo-
lution . This achievement not only advances our comprehension of the intricate
relationship between minimal prime ideals and higher derivations but also provides
valuable perspectives to the domain of ring theory.
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