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Abstract

In this work, the approximation properties of the matrix submethods in
Orlicz spaces are investigated . We obtain some results related to trigonomet-
ric approximation using matrix submethods of partial sums of Fourier series
of functions in Orlicz spaces.The degree of trigonometric approximations by
the matrix methods to the functions have been investigated in Orlicz spaces.
The error of estimations in this work is obtained in more general terms.

1 Introduction and main results

Let T denote the interval [—m, 7], C the complex plane, and L,(T), 1 < p < oo,
the Lebesgue space of measurable complex-valued functions on T. A convex and
continuous function M : [0,00) — [0, c0) which satisfies the conditions

M) = 0, M(x)>0 forz >0,
lim (M (z) /z) = 0; lim (M (x)/z)=o00

z—0 T—00
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is called a Young function. We will say that M satisfies the As—condition if
M (2u) < e¢M (u) for any u > ug > 0 with some constant ¢, independent of w.

We can consider a right continuous, monotone increasing function p : [0, c0) —
[0, 00) with

p(0)=0; lim p(t) =00 and p(t) > 0fort > 0,
t—o00

then the function defined by

is called N —function. For a given Young function M, let L M (T) denote the set of
all Lebesgue measurable functions f : T — C for which

/M(f(fﬁ)l)d:v< .
T

The N —function complementary to M is defined by

N (y) := max (zy — M (z)), fory > 0.
x>0

Let N be the complementary Young function of M. It is well-known [20, p.
691, [33, pp. 52-68] that the linear span of L;(T) equipped with the Orlicz norm

Iy = [ @@ do: g e Iy(D. [ N(lghdr<1,
T

or with the Luxemburg norm

£ , |f ()]
||f”L]u(T) = lnf k' > 0 : /M ( k; d]} S 1 ,
T

becomes a Banach space. This space is denoted by Lj,(T) and is called an Or-
licz space [20, p. 26]. The Orlicz spaces are known as the generalizations of the
Lebesgue spaces L,(T), 1 < p < oo. If M(x) = M(x,p) :=2aP,1 < p < oo,
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then Orlicz spaces Ly (T) coindices with the usual Lebesgue spaces L, (T), 1 <
p < oo. Note that the Orlicz spaces play an important role in many areas such as
applied mathematics, mechanics, regularity theory, fluid dynamics and statistical
physics (e.g., [2], [4], [26] and [34]). Therefore, investigation of approximation
of functions by means of Fourier trigonometric series in Orlicz spaces is also
important in these areas of research.

The Luxemburg norm is equivalent to the Orlicz norm. The inequalities

Iy < WAy < 20F 000y > € Laa(T)

hold [24, p. 80].
If we choose M (u) = uP/p, 1 < p < oo then the complementary function is
N(u) =u?/qwith 1/p+ 1/q = 1 and we have the relation

PP Nl pymy = Nully ) < Nl ey < @7 Ml

1/p
where [|ul|, () < [ |u(z)? da:) stands for the usual norm of the L, (T) space.

If N is complementary to M in Young’s sense and f € Ly (T), g € Ln(T)
then the so-called strong Holder inequalities [24, p. 80]

/ F@)g@) dz < 11, m 1915

/ F@)9@) o < 1115, em Il cr)

are satisfied.
If we choose M (u) = uP/p (1 < p < o) then the complementary function
is N(u) = u?/q with 1/p + 1/q = 1 and we have the relation

1/q

PPl my = lullzy oy < el ery < @/l

1/p
where [Jul|, () < [ u(x)P dm) denotes the usual norm of the L,,(T') —space.

A N —function M satisfies the Ay—condition if

y M (2z) -
1m su 0@
o, M (z)
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The Orlicz space Ljs(T) is reflexive if and only if the N —function M and its
complementary function N both satisfy the Ay—condition [33, p.113].

Let M~1 : [0,00) — [0,00) be the inverse function of the N —function M.
The lower and upper indices oy, B

log h(t) 5 log h(t)
ay = lim — = —
Mo e logt ’ M o logt
of the function
M—l
h:(0,00) = (0,00], h(t):= lim sup ) t>0

y—oo T M (ty)

first considered by Matuszewska and Orlicz [24], are called the Boyd indices of
the Orlicz spaces Ly (T).

It is known that the indices aps and Sy satisfy 0 < ap < By < 1,an +
By = 1, apg + By = 1 and the space Ly, (T) is reflexive if and only if 0 < apy <
Bar < 1. The detailed information about the Boyd indices can be found in [3],
[24], [25] and [33].

Let Lys (T) be a Orlicz space. For f € Ly (T) we set

h

(vpf) () ::;L/f(m—l—t)dt, O<h<mzeT.
“h

By reference [14, Lemma 1], the shift operator 1/, is a bounded linear operator on
L M (T)

[vn (f)HLM(’]I‘) <c Hf”LM(’]l‘) :
The function

(0, f)i= sup [If () = @nf)llzyymy» 0> 0

is called the modulus of continuity of f € Ly (T).

It can easily be shown that Q5 (-, f) is a continuous, nonnegative and nonde-
creasing function satisfying the conditions
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for f, g € Ly (T).
We will use the relation f = O (g) which means that f < ¢g for a constant
c independent of f and g.

Let f € Ly (T) . We define the following class of functions:

where w is a functions of modulus of continuity type on interval [0, 27| .That w is
a nondecreasing continuous function having the following properties : w (0) =
0, w((51 +(52) < w(dl) —|—w(52) for any 0 < 01 < g < 61 + 6g < 2.

Let
6;04-;(% (f)coskx + by (f) sin kx) (1.1)

be the Fourier series of the function f € L'(T), where ay(f) and b (f) the Fourier
coefficients of the function f. The n-th partial sum of series (1.1) is defined, as

Sule.f) =G+ > (an(f)coska +by (f)sinka),
k=1
ag n n _ag
= 5+ kz_le, f)= kZ_OBm,f) » Bo(w, f) =,
Bi(z,f) : = (ax(f)coskx + by (f)sinkx).
If A= (k)< <o DE an infinite matrix of real numbers such that

[oe)
anp > O0whenk,n=0,1,2,..., lim a,) =0 and Zamk =1

or Ag := (anvk)0§k§n<oo where

ank = 0when k > n.

We define the means of the series (1.1), as

TT(LA) (LL’, f) = Z an,kSk:(xy f)
k=0
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T4 (=, f) : Zankskfﬂf

We will use the relation f = O (g) which means that f < c¢g for a constant
c independent of f and g.

Note that the results obtained in [10], [13], [21] and [36 ] have been gen-
eralized and improved by Lenski and Szal [23]. The results in these studies are
obtained in variable exponent Lebesgue space ngr ), p(x) > 1. The general meth-
ods of summability of Fourier series of functions from variable exponent Lebesgue

space L27(r ), p(z) > 1 have been investigated in study [23]. For estimate of the

error of approximation of functions by the matrix means a modulus of continu-
ity constructed by the Steklov functions of the increments of considered functions
without of absolute values is used. In the present paper, we study the degree of
approximation by the matrix submethods TT(L)‘)(~, f) of the partial sums of their
Fourier series of functions in Orlicz spaces. The results obtained in Orlicz spaces
in this study are analogue to the results obtained in [23] for variable exponent
Lebesgue spaces L%(rx), p(z) > 1. In addition, in this study we used the proof
method in [23]. Similar problems about approximation properties of the different
sums, constructed according to the Fourier series of given functions in the different
spaces have been investigated by several authors (see, for example, [1], [5-19],
[21-23], [27-32], [35] and [36] ).

Our main results are the followings:

Theorem 1.1. Let Ly (T) be a reflexive Orlicz space and the following conditions
hold:

Qn k Qp k41 1
(k+1)° LA :O<>,B20 (1.2)
kzzo (k+1)°  (k+2)° n+1
and
d (k+1)ane=0(n+1). (1.3)
k=0

Then the estimate

[ =A,0,=0 (o (5757)) + o (75)
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holds.
Theorem 1.2. Let L; (T) be a reflexive Orlicz space and the following conditions
hold:

s Qn k An k+1
k—l—l : — : =0 (ann), >0 (1.4)
kzo k+1)°  (k+2)7°
and
(n+1)an,=0(1). (1.5)
Then the estimate
T Ao)( Q
‘ n f)LM O<kzzoan,k M<f7k+1)>

holds.
Theorem 1.3. Let f € Lip(w, M) and the conditions (1.2) and (1.3) hold. Then,
the estimate

1
T (. ’ —0
‘ " -/ L (T) (w <n+1))
holds.
Theorem 1.4. Let f € Lip(w, M). If the conditions (1.4) and (1.5) hold, then the
estimate
1
T(4o)( } ~0
‘ " -/ L (T @ n+1
holds.

2 Auxiliary results

In the proof of the main result we need the following Lemmas:
Lemma 2.1. [23] Let 8 > 0 and 0 < t < 7. Then the inequality

0o . (20-1)t B
Skt <2t 7
Pt 2sin 5 t2

holds.
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Lemma 2.2.[23] If the conditions (1.2 ) and (1.3 ) hold, then the estimate

ZankZl cos vt

k=0 v=0

dt=0(Q),

—T

1, whenv =0,

T
Ten T when v > 0.

holds, where 1, = {

Lemma 2.3. Let Ly, (T) be a reflexive Orlicz space . Then, for an arbitrary
measurable function f (x,y) defined on T x T, the following inequality holds:

) <9 / 1 ol dy
Lp(T) T

Proof. 1t is clear that according to [20, page-80] the Holder inequalities

/T f (@) g (2) da / £ @) g @) d < 1 fllp,,em 1915

/T f (@) g (2) da / £ @) g @)ds < 15y, 19000

hold for every f € Lj; (T)and g € Ly (T). On the other hand the inequalities

T 3 P 1 i @.1)

hold. By the definition of the norm and the Fubini theorem we have

/ 1 o)l o 2.2)

Using (2.1) and (2.2), we arrive at the following Minkowski inequality for the

Orlicz space Ly (T) :
) ] Las(T) @

The proof of Lemma 2.3 is completed.
Lemma 24. Let f € Ly (T). Then, the estimate

Ly (T
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[£s ], = 0@LIF Ol

) HLM(T)

holds, for every T € R, where f = )\f”JrT f(t)dt with A > 1.

Proof. Let |||, r) < 1and 7 E ]R There exists an integer m such that mmh <
7 < (m+ 2) wh. Now, we use the definition of the norm, apply Jensen’s inequality,
and take the supremum into the integral we obtain

iy
=su
L (T) P /—7r

™ %—&-x—i—r
= sup/ )\/ f)at

%-f—:l)-i—’?’

w—(m+1)mh %+:p+7
= Sup/ sup )\/ f(t)dt

m—(m+1)wh %+x+7‘
/\+x+7'
=0 (1) sup / t)dt||g (z)|dx p dt
———T §+1‘+T

577 ax TZ+T
:OOM/l_sw{Ll++U@WMﬂ@M%ﬁ
)| da:}

by

[y @+7)|lg (@) do

lg ()| dz

g (z)| dz

2\

—)‘—l—z—s—’r
:O(l))\/ sup / )| dt|g (z
—x T +2:+T

%—’T T+r+T
—owa[” sw{/ ()] dt |g (x |m}ﬁ

—5x—T —T+z+T

=0<1>A/21j_:sup{/:\f(x)g(xﬂdx}dt

2X

=0l -

where all the supremum above are taken over all functions g € Ly (T) with
p(g,N) <1.
The proof of Lemma 2.4 is completed.

dt
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Lemma 2.5. Let f € Ly (T) and T,, be a trigonometric polynomial of the degree
at most n,, such that ||f — T,|| = O (1) Q (f, ﬁ)M . If the conditions (1.2) and
(1.3 ) hold, then the estimate

oo (1)

Z an,kSk: ('7 f - Tn)
k=0

Ly (T)
holds.
Proof. We denote
) h
)= 5 [ fattan
—h

According to [23, Lemma 5] the following equations hold:

w(f) =a (), ()= ooa(f), (=1,23.) @3

and

lh
bi (f) = mbl (fh)7 (l =1,2,3, ) (2.4)

Using (2.3) and (2.4) we have [23]
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k
Sk (z, f) = —i—Z(al (f)coslx 4 by (f)sinlx)

sinlh sin

(,lh ay (fp) coslz + ,lhlhbl(f)sinl:c>

h ™
1 h 1
- %/fh(t)dt+zSinlhw/fh(t)cosltdtcoslx

k ho1 g
+; snlh = /fh (t) sin ltdt sin lx
" k

1 h 1 |
= 27r/fh dt+zsmlhﬂ/fh(t)cosl(tx)dt

Zh
h k

1 1 lh
N %/fh(t)dtJrEsinlh

—h

/ fn (t+ x) cosltdt

_ i/th—:U(—I-Z

lh
2.5
il cos lt) dt. 2.5)

If we show

1
Ton(t) = o /Tn (x+t)dx.

then according to (2.5) we have

’T k

1 1 lh
Sk (x, f —Ty) :W/(f—Tn)h(a:—Ft) <2+Zsinlhcoslt) dt

—Tr

= 1/W(f (t+z)—Top(t+z)) 1+zk: " cosit
s h mh 2 lzlsinlh

—T




12 Sadulla Z. Jafarov

Using (2.6) we obtain [23]

Zan,ksk (:E»f*Tn)
1 <. I
= Zank/ (fnt+a)=Thn(t+2x)) <2+;Sinlhcoslt>dt

n 00 k

1 1 Ih
= = / (fat+a)=Thn(t+x)) kzoan,k <2 + ZZ; <7 cos lt) de.7)

—T

Let 0< h < 1 and [t| < 7.Then using (2.7), Lemma 2.3 and Lemma 2.4 we
reach

Zanksk (o f=Tn)

L (T)

IN

/ufh (4 ) = T (4l

1
- o()- / 17 = Tl

Ifth=g< % is taken into account in inequality (2.8) we have

k
Zank< Z mlhcoslt> dt

2.8)

o k

1 lh
Zan,k (2 + Z s lh €08 lt) dt| .
k=0 =1

Z an,kSk ('7 f - Tn)

k=0

- 0(1)217T/7r >

L (T)

k
e
(1 + ToinT ;coslt> dt

1 = Tallz ()29




Approximation of functions by the matrix means in Orlics spaces 13

In the other hand according to Lemma 2.2 the relation

[e'S) T k
kz_oan,k (1 + 1snZ Zcos lt) dt

8 =1

=0(1) (2.10)

1
2
—T
holds.

Consequently, if the || f — Th|[,,,(m) = O (1) Qu ( 1, n%rl) condition given in
the Lemma 2.5 and the relations (2.9) and (2.10) are used, we find that

Z an,k’Sk: ('a f - Tn)

k=0

- 0<1>\f—TnnLM(T):oumM(f ! )

"n+1

Thus, Lemma 2.5 is proved.

3 Proofs of the main results

Proof of Theorem 1.1. Let T,, be the polynomial that satisfies the condition

1
1 = Tl =0 (2 (£57) ) a1

Its known that the following equality holds:

Si(x, f) =Tk (x), fork <n

Sk (2, f = Tn) :{ Si (2. ) — Ty (). fork >n ° (3.2)
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Using (3.1), (3.2 ) and Lemma 2.5 we find that

HTW, f)-

L (T)

Zanka_ Z an kT

k=n+1

+Zanka+ Z an T —

k=n+1

LM(T)

Zanka_ Z an kT

k=n+1

Zanka+ Z an kT — f

k=n-+1

IN

Ly (T)

Ly (T)

Zan,k {Sk (- f) = T} + Z an gk {5k (- f) = Tn}
k=0

k=n+1

L (T)

+ Zan,k (f - Tk) + Z Qn k (f - Tn)
k=0

k=n+1

L (T)

+ Z an k {f - Tn}

k=0

IN

Z an,ksk ('7 f - Tn)
k=0

L (T) Ly (T)

[e.o]

Z an,k: {f - Tn}

k=n+1

_l’_

L (T)

T,)

Z%k < kil)M

LM(T)

+kzn:+1a"'“0< ( +1> )
o(alrt), ) B,

Hence, theorem is proved.
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Proof of Theorem 1.2. We can note that the assumptions on entries of Ay yield

Qn k Gp k41

k+1)°  (k+2)°

k:O

1
(k+1)°
0

3
I

Qn, . Qp k41
k+1)° (k+2)°

Gn.n

T

1
=0 (ann) + ann =0 (anyn) =0 (n - 1>

and

n

D n
Zk:+1 (k+1)an,k§(n+1)2an,k:n+1.
k=0 k=0 k=0

Considering the monotonicity of €2 (f,d),, with respect to § > 0 and using Theo-
rem. 1.1, we conclude that

1 1 a 1
n, > s nk = §1 s
Za b M< k+1> M<fn+1>kzzoa”“ M<fn+1>

which completes the proof.

Proof of Theorem 1.3. Let w be a function of mudulus of continuity type. For
the function w the inequality

w(nd) <nw(d), n € Ny. (3.3)

holds. Then from we can write the inequality

wA) <A+1Dw(d), A>0. (3.4)
Using (3.4), for 0 < §; < do gives us
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w(d) = w <§152) < (gjﬂ) w (51)

(52 51 52 (52 52
< <5l+51>w((51)_<51+51> 51w(61)

Taking into account of (3.5) we obtain inequality,

w(d2) _ ,w (1)
6y 01 -

Therefore, using relation (1.2) for 5 > 0, we conclude that

1
e () B
anpw | —— | = —
— k+1 k:ok+1 ot

1 " QA |
<2(n+Dw(—— ’
n k=0

] (k+1)°
<2(n+ )w( : >°° ST i< 0
" n+tl) S+ (k+2)| = !
n,k n,k+1

The proof of Theorem 1.3 is completed.
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