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Abstract

In this paper, we used the Fourier transform method to solve the Airy
equation. The solution of this equation depends on Dirac delta distribution
which is very important for the properties of Fourier transforms.

1 Introduction

There are many methods used for solving linear differential equations. One of these
methods is integral transformations. Well-known integral transforms are Laplace
and Fourier transforms. The Fourier transform is an integral transform used in
many fields of mathematics and engineering [1–5]. In this study, we use the Fourier
transform to solve an Airy equation

y′′ − ty = 0, (1.1)

which is a special kind of linear differential equation

y(m) − ty = 0. (1.2)
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2 Preliminaries

Definition 2.1. [6] The Fourier transform of function f(t) is defined as

F [f(t)] =

∫ ∞

−∞
f(t)e−iwtdt = F (w). (2.1)

Definition 2.2. [6] The inverse Fourier transform of F (w) is given by:

F−1[F (w)] =
1

2π

∫ ∞

−∞
F (w)eiwtdw = f(t). (2.2)

Theorem 2.1. [7] Let c1, c2 ∈ R, then F [c1f1(t) + c2f2(t)] = c1F [f1(t)] +

c2F [f2(t)]. That means the Fourier transform is a linear.

Definition 2.3. [7] The Dirac delta distribution can be defined as limit for ε → 0

of following function

δε(t) =


1
ϵ , 0 < t < ϵ

0 , t < 0

0 , t > ϵ

.

The Dirac delta distribution has the following properties [7, 8].∫ ∞

−∞
δ(t)dt = 1, (2.3)

tδ(t) = 0, (2.4)∫ ∞

−∞
f(t)δ(t− t0)dt = f(t0), (2.5)∫ ∞

−∞
f(t)δ(n)(t− t0)dt = (−1)nf (n)(t0), (2.6)

(w − w0)
nδ(n)(w − w0) = n!(−1)nδ(w − w0), (2.7)∫ ∞

−∞

δ(w − w0)f(w)

(w − w0)n
dw =

1

n!

dnf(w)

dwn
|w=w0 . (2.8)
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Where δ(w − w0) is defined as following

δ(w − w0) =

{
0, if w ̸= w0

∞, w = w0

.

Theorem 2.2. [10] (i) The Fourier transform of the Dirac delta distribution is 1.
(ii) if F [y(t)] = Y (w), Then, F [y(n)(t)] = (iw)n Y (w).

3 FTM for Airy equation

3.1 Solution of Airy equation

Let we apply Fourier transform to Equation (1.1), we obtain

F [y′′ − ty] = F [0].

Suppose that F [y] = Y

(iw)2Y − i
dY

dw
= 0

dY

Y
= iw2dw

Y = e

iw3

3 .

If we have taken inverse Fourier, then we have obtained that

y = F−1[Y ] = F−1

eiw
3

3

 =
1

2π

∫ ∞

−∞
e

iw3

3 eiwtdw =
1

2π

∫ ∞

−∞
e
i

w3

3
+wt


dw

=
1

2π

∫ ∞

−∞

(
cos

(
w3

3
+ wt

)
+ i sin

(
w3

3
+ wt

))
dw

=
1

2π

∫ ∞

−∞
cos

(
w3

3
+ wt

)
dw + i

1

2π

∫ ∞

−∞
sin

(
w3

3
+ wt

)
dw.
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But sin
(
w3

3
+ wt

)
is an odd function in according to w. So,

∫ ∞

−∞
sin

(
w3

3
+ wt

)
dw = 0.

Therefore, the solution of Airy equation have been obtained as

y =
1

π

∫ ∞

0
cos

(
w3

3
+ wt

)
dw.

This solution is called Airy function of first kind and is shown as Ai(t). The Airy
equation is second order. Therefore it has two linear independent solution. Second
solution has been shown with Bi(t) and defined as

Bi(t) =
1

π

∫ ∞

0

e

−w3

3
+wt


+ sin

(
w3

3
+ wt

)dw.

Also, the general solution of the Airy equation can be found easily with power
series by

f(t) = c1f1(t) + c2f2(t),

where

f1(t) = 1 +

∞∑
k=1

t3k

(2.3)(5.6) . . . (3k − 1)(3k)
,

and

f2(t) = t+

∞∑
k=1

t3k+1

(3.4)(6.7) . . . (3k)(3k + 1)
.

There are some equalities with Airy functions between f1(t) and f2(t).

Ai(t) = c1f1(t)− c2f2(t),

Bi(t) =
√
3[c1f1(t) + c2f2(t)],

Ai(0) = c1, Bi(0) =
√
3c1,

A
′
i(0) = −c2, B

′
i(0) =

√
3c2.
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More information about the Airy functions and Airy equation can been found in [9–
12]. Now, let us obtain the solution of the Airy equation in terms of the Dirac delta
distribution by using Fourier transform. To do this, we used the series expansion
of the Fourier transform of the solution.

3.2 An alternative representation of solution of Airy equation

Theorem 3.1. A solution of differential equation y(m) − ty = 0 is

y = c

[
δ(t)− δ(m+1)

m+ 1
+

δ(2m+2)

2!(m+ 1)2
− δ(3m+3)

3!(m+ 1)3
+ · · ·

]
.

Proof. Using the Fourier transform of Equation (1.2), we get

F [y(m) − ty] = F [0].

Suppose that F [y] = Y ,

(iw)mY − i
dY

dw
= 0

dY

Y
= iwmdw

Y = ce

−(iw)m+1

m+ 1 = c

[
1− (iw)m+1

m+ 1
+

(iw)2m+2

2!(m+ 1)2
− (iw)3m+3

3!(m+ 1)3
+ · · ·

]
.

(3.1)
If we take inverse Fourier transform of (3.1), we obtain a solution of Equation (1.2)

y = c

[
δ(t)− δ(m+1)

m+ 1
+

δ(2m+2)

2!(m+ 1)2
− δ(3m+3)

3!(m+ 1)3
. . .

]

Now, we will solve the Airy equation using the proposed method

F [y′′ − ty] = F [0].

Suppose that F [y] = Y ,

(iw)2Y − i
dY

dw
= 0
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dY

Y
= iw2dw

Y = ce

iw3

3 = c

[
1 +

iw3

3
− w6

2!9
− iw9

3!27
+

w12

4!81
+ · · ·

]
y = F−1[Y ] = cF−1

[
1 +

iw3

3
− w6

2!9
− iw9

3!27
+

w12

4!81
+ · · ·

]

= c

[
δ(t) +

i

3

δ(3)

i3
− 1

2!9

δ(6)

i6
− i

3!27

δ(9)

i9
+ · · ·

]

= c

[
δ(t) +

3!

3

δ(t)

t3
+

6!

2!32
δ(t)

t6
+

9!

3!33
δ(t)

t9
+

12!

4!34
δ(t)

t12
+ . . .

]

= cδ(t)

∞∑
n=0

(3n)!

n!3n
t−3n.

Besides, we will check the solution of equation (1.1)

y = cδ(t)

∞∑
n=0

(3n)!

n!3n
t−3n,

y′ = cδ
′
(t)

∞∑
n=0

(3n)!

n!3n
t−3n + cδ(t)

∞∑
n=0

(−3n)(3n)!

n!3n
t−3n−1,

y′′ = cδ
′′
(t)

∞∑
n=0

(3n)!

n!3n
t−3n + 2cδ

′
(t)

∞∑
n=0

(−3n)(3n)!

n!3n
t−3n−1

+cδ(t)
∞∑
n=0

(−3n)(−3n− 1)(3n)!

n!3n
t−3n−2.

After substituting the above equations into Equation (1.1), and using property (2.7),
we obtain

y′′ − ty = 2cδ(t)
∞∑
n=0

(3n)!

n!3n
t−3n−2 − 2cδ(t)

∞∑
n=0

(−3n)(3n)!

n!3n
t−3n−2

+cδ(t)

∞∑
n=0

(−3n)(−3n− 1)(3n)!

n!3n
t−3n−2 − cδ(t)

∞∑
n=0

(3n)!

n!3n
t−3n+1
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= cδ(t)

∞∑
n=0

(3n)!

n!3n
t−3n−2(9n2 + 9n+ 2)− cδ(t)

∞∑
n=0

(3n)!

n!3n
t−3n+1

= cδ(t)

(
2

t2
+

3!

3t5
(20) +

6!

2!32t8
(56) + · · ·

)
−cδ(t)

(
t+

3!

3t2
+

6!

2!32t5
+

9!

3!33t8
+ · · ·

)
= −ctδ(t) = 0.

4 Conclusion

In this paper, we have applied Fourier transform method to solve Airy equation.
However, the results show that the proposed method is an accurate method to solve
this equation. Also, we noted the solution can be written in terms of Dirac delta
distribution.
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