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Abstract

Let R be a prime ring with its Utumi ring of quotient U, C' = Z(U), the
extended centroid of R, G a generalized derivation of R and A a nonzero ideal
of R. Suppose that there exists 0 # b €& R such that
b([e, 91! (G ([, 1), [, e, )™ = 0 or b((x 0 9)! G 0 y), (w0 y)](a
y)*)™ for all z,y € A\, wheret > 1, s > 0, m > 1 are fixed integers.
Then either R satisfies the standard identity s4(x1, 2, x3,x4) in four vari-
ables 21, a9, 23,24 and G(z) = qx + 2q + ax forsome ¢ € U and a € C
or G(z) = azforallz € Rwitha € C.
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1 Introduction

Throughout this paper, R will represent a prime ring with centre Z(R), extended
centroid C' and U its utumi quotient ring. We shall write for any pair of elements
x,y € R, the commutator [x,y] = zy — yx and skew commutator x o y =
xy + yx. The standard polynomial identity s, in four variables is defined as
sq(x1, 29,3, 4) = EU€54(*1)U$U(1)$0(2)5L‘0(3)$0(4), where (—1)7 is +1 or —1
according to ¢ being an even or odd permutation in the permutation group Sy. An
additive mapping d : R — R such that d(zy) = d(x)y + xzd(y) forall z,y € R
is a derivation. Starting from this definition Bresar [10] introduced the concept
of a generalized derivation. An additive mapping /' : R — R associated with a
derivation d : R — R such that F'(zy) = F(z)y + zd(y) forall z,y € R is called
a generalized derivation. One may observe that concept of generalized derivation
includes the concept of derivation, also of the left multiplier when d = 0. Let
a,b € R, an additive mapping F' : R — R defined by F'(x) = ax + zb for all
z € R is an example of a generalized derivation. Generalized derivations have
been primarily studied in operator algebras. Therefore, any investigation from al-
gebraic point of view might be interesting [6]]. In [[18]], it is proved that if R is a
prime ring and d is a derivation of R such that ad(R) = 0, then either a = 0 or
d = 0. Bresar [16] proved that if R is a (n — 1)!-torsion free semiprime ring with
ad(x)® = 0forallz € Randa € R, n > 1 a fixed integer, then ad(R) = 0.
When R is a prime ring, it is obvious that either a = 0 or d = 0. In [11]], Lee and
Lin extended Bresar’s result for Lie ideal case by deleting the restriction on R to
be (n — 1)!-torsion free. For one-sided ideal, Chang and Lin [15] considered the
case when d(x)z™ = 0 for all x € I, a nonzero ideal right ideal of R. They showed
that if R is a prime ring and d is a nonzero derivation of R and n is a fixed positive
integer, then d(I)I = 0 and if z"d(x) = 0 for all x € I, then R = My(F'), the
2 x 2 matrices over a field F' of two elements. Later, for noncommuting Lie ideal
L of R, Dhara and Sharma [14] proved that if (u®[d(u),u]u’)" € Z(R) for all
u € L, where s > 0,t > 0, n > 1 are fixed integers, then R satisfies s4.
Following this line of investigation, we prove the following theorem:

Theorem 1.1. Let R be a prime ring with characteristic different from 2, U its
Utumi quotient ring, C' its extended centroid, A a nonzero ideal of R and G a
nonzero generalized derivation with associated derivation d of R, s > 0, t > 1,
m > 1 fixed integers and 0 # b € R. Assume that b([x, y]'[G([x,y]), [z, y]][z, y]*)™
= 0 forall x,y € \. Then one of the following holds:

(i) R satisfies the standard identity sy(x1, x2, 3, x4) in four variables and G(x) =
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qr + xq + ax for some q € U and o € C;

(ii)) G(xz) = ax forallz € Rand a € C.

2 Preliminaries

In all that follows, R always denotes a prime ring, U its Utumi quotient ring. The
definition and axiomatic formulation of Utumi quotient ring U can be found in [4]]
and [5]], respectively. We have the following properties which we need:

1. RCU;
2. U is prime ring with identity;

3. The centre of U denoted by C' and is called the extended centroid of R, C'is
a field.

Moreover, we will use frequently some important theory of generalized polynomial
identities and differential identities. We recall some of the facts.

Fact 1. [f B is a basis of U over C, then any element of T = U x cC{x1, ..., 2z},
the free product over C of U and the free C-algebra C{x1, ..., x,}, can be written
in the form of g = ), cymy. In this decomposition the coefficients o are in C and
the elements m; are B-monomials, that is m; = qox1q1, - . ., Tkqr, Withq; € B and
x; € {x1,...,xp}. In [5] it is shown that a generalized polynomial g = ZZ o;my;
is the zero element of T if and only if all a; are zero. Let a1, a9, ...,ar € U be
linearly independent over C and ayg1(x1, 2, ..., xn) + a2g2(x1, T2, ..., Tp) +
o4 aggr(x1, 22, ... x) = 0 € T, for some g1,92,...,9x € T. If for any i,
gi(z1, 29, ... xy) = 2?21 zihj(z1,x2,...,2y) and hj(z1,22,...,2,) € T,
then gi(x1,22,...,2n),92(T1, T2, ..., Tpn), ..., gk(T1,T2,...,Ty) are zero ele-
ment of T. The same conclusion holds if gi(x1,22,...,Tn)a1 + g2(z1,
X2y ..., Tp)a2 + -+ gr(x1, 22, .. xn)ar, = 0 € T and g1(x1,x2,...,T,) =
Z?:1 hj(z1,z2,. .., xy)x; for some hj(xy, xa, ... ,x,) € T.

We refer the reader to [4] for more details of generalized polynomials identities.

Fact 2. [7, Theorem 2] If I is a two-sided ideal of R, then I and U satisfy the

same differential identities.
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Fact3. [6, Theorem 3] Let R be a semiprime ring. Then every generalized deriva-
tion F' on a dense right ideal of R is uniquely extended to U and assumes the form
F(z) = azx + d(x) for some a € U and a derivation d on U. Moreover, a and d

are uniquely determined by the generalized derivation F'.

Fact 4. [5, Theorem 2] If I is a two-sided ideal of R, I and U satisfy the same
generalized polynomial identities with coefficients in U.

Fact 5. [12, Theorem 2] Let R be a prime ring and d be a nonzero derivation
on R and I be a nonzero ideal of R. By Kharchenko’s Theorem if I satisfies the
differential polynomial identity P(x1,2a, ..., %y, d(z1),d(22),...,d(x,)) = 0,
then either d is an inner derivation or I satisfies the generalized polynomial identity

P(xlax%"-a-rnayl?y%"')yn) =0.

Fact 6. [17, Lemma 2.2] Let K be a field, R be a dense ring of K -linear transfor-
mations (over a vector space V') with dimgV > 3, b,q € Rand q ¢ K. Assume
bv = 0 for any v € V such that {v, qu} is linearly K -independent, then b = 0.

3 Main results

We begin with the following lemmas:

Lemma 3.1. Let R be a prime ring, Utumi quotient ring U, extended centroid C
andp,q € U. Ifthere exists 0 # b € R such that b([z,y]'[p[z, y]+|z, y]q, [z, y]][z, y]5)™
=0forall z,y € R, where s > 0,t > 1,m > 1 are fixed integers, then either R
satisfies a nontrivial generalized polynomial identity (GPI) or p,q € C.

Proof. Let R does not satisfy any nontrivial GPL. Let ' = U x ¢C{z, y}, the free
product over C' of U and C{x,y}, the free C-algebra in noncommuting indeter-
minates z and y. Then b([z, y|*[p[z, y] + [z, y]q, [z, y]][z, y]*)™ is zero element in
T = U % cC{z,y}. Thus b([z, y)' [plz, y] + [=, 9]¢ [z, y]][z,y]*)™ = 0 € T, that

is,

b([z,y]* (pla, y)* + [2, y)(q — p) [z, y] — [2,y]*Q) [z, y]")" =0€T.  (3.1)
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We suppose that p ¢ C, then p and 1 are linearly independent over C'. Thus,

o[z, y]' (le, y)* [, y)(a=p) 2, y] = [, y)° @) [, y)*)" ([, ) plar, y)T*) =0 € T
(3.2)
Again since p and 1 are linearly independent over C, we get

b([z, 9] (pla, y)*+ [z, yl(a—p) [z, y] [z, y)*@) [, y]*) " 2 ([, ] plz, y]* ) =0 € T.
Arguing in the similar manner as above, we have
b([z, y)'plz, y]* )" =0 € T. (3.3)

Which implies that p = 0, a contradiction. Therefore, we conclude that p € C
and R satisfies
b([z,y]" [l y], qllw, y)*)" =0 € T. (3.4)

Which yields that ¢ € C'. O

Lemma 3.2. Let R = My (F') be a ring of 2x2 matrices over the field F' of charac-
teristic not 2. Suppose there exists 0 # b € R such that b([z, y]'[p[z, y]*+[z, y](¢—
p)z,y] — [z, y]%q][z, y]*)™ = 0 for all x,yy € R, where s > 0,t > 1,m > 1 are
fixed integers. Then, ¢ — p € Z(R).

Proof. By assumption, we have

b([z,y]' Ipl, y]* + [=,y)(q — ), y] — [z, y])*q)[x, y]*)™ = 0 forall z,y € R.
(3.5)
Let z = e,y = e12 € R, s0 [x,y] = e —e11. Alsolet g —p =

air  a12 .
. Our hypothesis becomes
a1  G22

0 —2@12
—2a91 0

0 42 "
b “az )y,
F2az 0

b((e22 — e11)" ( ) (e22 —e11)®)™ = 0.

That is,
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Since characteristic of R # 2, we have

j: m
o I (3.6)
Faz 0
If m is odd, then we have
m+1)/2 (m—1)/2
b 1 02 1)/2 ia&Q ! agl ! =0.
T

If m is even then, we get

m+1)/2 (m—1)/2
N e L T
0 (m+1)/2a(m71)/2

Aoy 12

In both the cases, we get byjai2as; = 0 for all k,] = 1,2. As b # 0, we
have some nonzero by;. In this case ajsas; = 0. For any automorphism 6 of R,
0(b), 6(p) and 6(q) enjoy the same property as b, p, ¢ have, namely, forall z,y € R

8(0) (12, 5 100) [z, o]? + [, 9)(6(a) — 0(p)) ] — [z, 9126(a)] 2 9]*)™ = 0.
3.7)
Hence 6(b)0(a)1260(a)21 = 0, where 6(a);; is the (¢, j)-entry of 6(p — ¢). Let
ajza = a1 = 0and 01 (z) = (1 — e21)x(1 + e21) be an inner automorphism of R.
Then 01(p — q)12 = 0, i.e., a11 = ago. Thatis, p — ¢ is a scalar matrix and hence
p—q € Z(R). Therefore, we assume that aj2 7# 0 and 62(z) = (1+e21)x(1—e21)
is an inner automorphism of . Then

O2(p — ¢)120(p — @)21 = a12(a21 — az2 + a1 —ar2) =0

01(p — q)120(p — @)21 = ai2(az1 + age — a1 — aiz) = 0.

Above two equations give that 2a2, = 0. Since, characteristic of R # 2, we get
a12 = 0, a contradiction. Similarly if ao; # 0, we get the contradiction ae; =
0. O

Lemma 3.3. Let R = M3(F') be a ring of 3 X 3 matrices over the field F of
characteristic not 2. Suppose there exists 0 # b € R such that b(|x, y)[p[z, y]* +
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[z, yl(a = p)lz,y] — [z,9]dl[z,y]*)™ = 0 forall x,y € R, where s > 0, t >
1, m > 1 are fixed integers. Then, ¢ — p € Z(R).

Proof. By assumption, we have

b([z,y) Ipla, y)* + [x, y)(q — ), y] — [2,y]*q)[x, y]*)™ = Ofor all z,y € R.
(3.8)

Letp —q = (aw),p = (Pr1)>q = (@) for arg, prr, g € F, k,1 =1,2,3. Also let
T =e9,y = ez € R. Thus

m
P11 —qi1 — a1l pi2—qi2+ai 0
l s _
b (622 - 611) P21 — @21 + @21 P22 — Qo2 — 22  —(Q23 (622 - 611) = 0.
D31 D32 0
3.9

As p11 — q11 = a11, P12 — q12 = a12, P21 — ¢21 = a21, P22 — (22 = 22, above
equation becomes

m

0 2a12 0
b (622 — ell)l 2a21 0 —{q23 (622 — 611)5 = 0. (310)
D31 P32 0

Let aj2a21 # 0. We show that this leads a contradiction. The proof is divided into

a number of steps:
Step-1 Let s # 0. In this case equation (3.10) becomes

m
0 2&12 0
b 2a21 0 0 = 0.
0 0 0
Since characteristic of R # 2, we have
m
0 aip O
bl a1 0 0 =0. (3.11)

0 0 O
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If m is even, then

agﬂagim 0 0
b 0 agﬂagm 0| =0
0 0 0
If m is odd, we get
0 agﬂﬂag_l/z 0
b aly Pagt? 0 0 |=0.
0 0 0
In either case, we have by; = O forall k = 1,2,3 and [ = 1,2. Now consider

the two following inner automorphism of R, fi(x) = (1 + e31)z(1l — e3;) and

fa(z) = (1=ez1)x(1+es1). If fr(p—q)12f1(p—q)21 = fa(p—q)12f2(p—q)21 = 0,
then alg(agl — (122) = (0 and alg(agl + (122) = 0, i.e., aj2a21 = 0, a contradiction.

Hence one of them is zero. Assume f1(p — q)12.f1(p — ¢)21 # 0. This gives that
fi(b)ij = Oforalli = 1,2,3 and j = 1,2. By calculation, we have fi(b)i1 =
b1 — bjg = —b;z3 =0for¢ 75 3 and fl(b)gl = b31 + b11 — b3z — big = —b33 = 0.

This gives that b = 0, a contradiction.
Step-2 Let s = 0. In this case equation (3.10) becomes

0 —2a2 0 \
b 2(121 0 —Qq23 =0.
0 0 0
Right multiplying by e11 + egs, if m is even, then
Qmagﬂagﬂ 0 0
b 0 omq 22 g | =0

0 0 0

(3.12)
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and if m is odd, we get

0 —omg T2l
b| 2maly2agt? 0 0] =0
0 0 0

As above, we get a contradiction. Therefore, we have ajsa21 = 0. Let ag; = 0
and a2 # 0. For any automorphism 6;(x) = (1 — ea1)z(1 + e21) and O3(z) =
(1+ e12)z(1l — e12) of R, we have

61(q¢ — p)1201(q — p)21 = 02(q — p)1202(¢ — p)21 = 0.

Then,
aiz2(az + arp — a1z —aiz) =0, aj2(agr — a1 + a2 — ai2) = 0.

We have a2 = 0 which is a contradiction. Therefore, a;2 = 0 = ag; = 0. Arguing
in the similar manner, we can show that ay; = 0 for k # [ that is p — ¢ is a diagonal
matrix. Let 0(z) = (1 — eg)z(1 + exr), k # [ be an inner automorphism of R.
Then, 9(p — q)kl = a) — Qg + k] — Qi = Q) — Gk = 0. That is ay = Q.-
Hence ¢ — p is a scalar matrix. ]

Lemma 3.4. Let R be a prime ring with characteristic different from 2, U its Utumi
quotient ring, C extended centroid of R, X\ an ideal of R and p,q € U. If there
exists 0 # b € R such that b([z, y]'[p[z, y] + [x,Ylq, [z, y]][z, y]*)™ = 0 for all
x,y € Xwhere s > 0, t > 1, m > 1 are fixed integers, then either R satisfies sy
andp+2q € Corp,qeC.

Proof. By hypothesis, we have
P(x,y) = b([z, y]' [plz, y] + [, ylg; [z, y]][z, y]*)™ = O for all z,y € X. (3.13)

By Fact-4, I, R, U satisfy the same generalized polynomials identity with coeffi-
cients in U and we have

P(z,y) = b([x, y)'[p[z, y] + [z, Y]g, [, y]][z,y]®)" = 0forall z,y € R. (3.14)
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If R does not satisfy any nontrivial generalized polynomials identity, then by
Lemma 3.1 we are done. Let R satisfies a nontrivial generalized polynomial iden-
tity. In the light of Fact-4, U satisfies P(z,y). In case C is infinite, we have
P(z,y) = 0forall z,y € U, C, where C is the algebraic closure of C. Since
both U and U ), C are prime and centrally closed [8], we may replace R by U or
U ®, C according to C'is finite or infinite. Thus we may assume that R is centrally
closed over C' which is either finite or algebraically closed and P(x,y) = 0 for all
z,y € R. By Martindale’s Theorem [22], R is a primitive ring having nonzero
soc(R) with C' as associative division ring. Hence by Jacobson” Theorem [13]], R
is isomorphic to dense ring of linear transformations of vector space V over C. If
V is finite dimensional over C, then R = M,,(C). If n = 2, then we are done by
Lemma 3.2. If n = 3, then by Lemma 3.3, we get p — ¢ € Z(R). Therefore, our
hypothesis becomes

b([z, y]' ([, y)%q — qlz, y]*) [z, y]*)™ = O for all z,y € R. (3.15)

For some v € V, if {v, qu} is linearly independent over C, then there exists w € V'
such that {v, qu, w} is linearly independent over C'. By Jacobson’s Theorem there
exist x1,x2 € R such that

Tov = w, Toqu =w, r1v =0, r1qv =0, r1w = v.

Multiplying equation by v from right, we get bv = 0, hence b = 0 by Fact-6
which is a contradiction to b # 0. Hence {v, qv} is linearly dependent over C, i.e.,
q € C.If n > 3 and for some v € V, {v, pv} is linearly independent over C, then
there exist w, r € V such that {v, pv, w, r} is linearly independent over C. In light
of Jacobson’s Theorem there exist 1, zo € R such that

ToU = w, Topv = —w, o1 = 0, x2qv =0

z1v =0, z1pv =71, T1w = v, T1qV = 0.

Multiplying equation (3.14) by v from right, to have bv = 0 and hence b = 0 by
Fact-6 which is a contradiction to b # 0. Hence {v, pv} is linearly dependent over
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C,i.e., p € C' and by hypothesis, we have
b, y]" g, [, yl][2,y]°)" = O for all z,y € R. (3.16)

Again let for some v € V, {v, qu} be linearly independent over C'. Then {v, qv, w}
is linearly independent over C for some w € V. Again by Jacobson’s Theorem
there exist x1, 2 € R such that

U = qu, T2qU = W, T2W = —V

10 =w, r1qv =0, T1w = qV — V.

Multiplying equation by v from right, to have bv = 0 and hence b = 0 by
Fact-6 which is a contradiction to b # 0. Hence {v, qv} is linearly dependent over
C,1i.e., q € C. Finally assume that V is infinite dimensional over C. Then as in
Lemma 2 in [19]], R satisfies

b(u! (pu? + u(p — q)u) — uq)u’)™ = 0. (3.17)

For some v € V let {v, qu} be linearly independent over C. Then {v, qv, w} for
some w € V is linearly independent over C'. By Jacobson’s Theorem there exists
z € R such that

TV = v, uQU = —PU + W, TW = W — V.

Multiplying equation (3.17) by v from right, to have bv = 0 and hence b = 0 by
Fact-6 which is a contradiction to b # 0. Hence {v, qv} is linearly dependent over
C thatis ¢ € C. Therefore equation (3.17) becomes

b(u![p, u])u 1™ = 0. (3.18)

Again let for some v € V, {v, pv} be linearly independent over C. By Jacobson’s
Theorem there exists © € R such that

TV =V, TPV = PU — V.

Multiplying equation (3.18)by v from right, to have bv = 0 and hence b = 0 by
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Fact-6 which is a contradiction to b # 0. Hence {v, pv} is linearly dependent over
C,ie,peC. O

Now, we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1 By assumption, we have

o[z, )" (G [z, ), [z, Y[z, 4]")™ = O forall z,y € A, (3.19)
By Fact-4 I, R, U satisfy the same generalized polynomial identity, we have

o[z, yI'[G ([, y)), [z, 9]l [z, y]*)™ = O for all 2,y € U. (3.20)

In the light of Fact-3, G(x) can be written as G(z) = px + d(z) for some p € U
and a derivation d of U. Now equation (3.20)) becomes

([, ]! [pl y) + d((w, ), [z, y]) e, y)")™ = Oforall s,y € U, (321)

Assume first that d is an inner derivation of U that is there exists ¢ € U such that
d(x) = [q, x]. Therefore, we have

b([z, y)'[plz, v] + [a, [z, v]], [z, v]][z, y]*)™ = O for all 2,y € U. (3.22)

That is,

b([z, 9] [(p + @)z, y] — gz, y), [z, 9]) [z, y]*)™ = 0 forall 2,y € U.  (3.23)

This can be written as

b([z, y]"((p + @)=, y)* = [z, ylplz, y] — qlz, y)*) [z, y]*)™ = 0 for all 2,y € U.
(3.24)
By Lemma 3.4 either R satisfies s4 and p +2qg € C or p + ¢, —q € C, that is,
p,q € C. In the first case R satisfies s4, then we assume that p + ¢ = —q + « for
some « € C. Thus we have G(z) =pzr +[¢,2] = (p+ ¢)x —2qg = (—g¢+ o)z —
xq = —qx — xq + ax for all x € R. If d is not an inner derivation of U, then by
Kharchenko’s Theorem [12]], U satisfies the generalized polynomial identity

b([z, v [plz, y] + [z, y] + [z, w], [z, y]] [z, y]*)™ = O for all z, y, w, z € U. (3.25)
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In particular choosing z = w = 0, we obtain
o[z, y'Iple, y), [, ][z, )" = O for all 2,y € U. (3.26)
By [9, Lemma 5], we get p € C'. For z = 0, equation (@I) becomes
b([z, ) [z, w], [z, y]][z, y]5)™ = 0 for all z, y, w € U. (3.27)
By [21], we get
([z, y]" [z, w], [z, y]] [z, y]*)™ = O for all z,y,w € U. (3.28)

It is a polynomial identity for U, so U is a PI. ring. Since U is P.I. ring, it is
well known that there exists a field K such that U C M,;(K), the ring of ¢ x ¢
matrices over K. Moreover, U and M, (K) satisfy the same polynomial identity
[20, Lemma 2]. If £ = 1, then U is commutative and hence R is commutative, a
contradiction. Suppose ¢ > 2 and choose w = eg and x = €19 — €91,y = —eo1.
Since characteristic of R # 2, we obtain the following contradiction:

2m(€12 + 621)m = 0.
This completes the proof.

Similarly, we can prove the following theorem:

Theorem 3.1. Let R be a prime ring with characterstic different from 2, U its
Utumi quotient ring, C' its extended centroid, \ a nonzero ideal of R and G a
nonzero generalized derivation with associated derivation d of R, s > 0,t >
1,m > 1 fixed integers and 0 # b € R. Assume that b((z o y)'[G(x o y), (z o
y)|(xzoy)®)™ = 0forall z,y € \. Then one of the following holds:

(i) R satisfies the standard identity sy(x1, x2, x3, x4) in four variables and G(x) =
qr + xq + ax for some q € U and o € C;

(ii) G(x) = ax forall x € Rwith o € C.

Acknowledgment: The authors would like to thank the anonymous referee for his
careful reading and valuable suggestions to improve this work.
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