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Abstract

In this paper, first we compute covering space of SP™(S™) and then

we compute homology of the covering spaces SP™(S™) and SP>(S™) of
SP™(S5™) and SP>(S™) respectively.

Also, if m and n are distinct non-negative integers, then using Homology
of covering space of infinite symmetric products of spheres, we deduce the
following results: o

i) Hy(SP>(5™)) 2 Hp(SP>(S")) ;

—_~ —_~—

i) H,(SP>(S™)) % Hy(SP>(5m)).

1 Introduction and preliminaries

The unit n-sphere of radius 1 is defined as : S™ = {z € R""! : ||z|| = 1}. The
n-sphere is a Riemannian manifold of positive curvature and is orientable. The
n-sphere admits, for every point zp € 5", a CW-structure with one O-cell g and
one n-cell S™ — xp. Hence S™ is an n-dimensional CW-complex(cell complex).
Now, we recall the following definitions and statements:-
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Definition 1.1. (Symmetric product) Let X be a topological space with base point
zg € X. Forn > 0, we define the n fold symmetric product of X , denoted by
SP"(X) by SP°(X) = 29, SP™(X) = X"/S,, for n > 1,where X" denotes the
n fold cartesian product of X with itself and S,, denotes the symmetric group on n
objects regarding as acting on X™ by permuting the coordinates.

Hence forn > 1, SP"(X) = {(x1,...,zn) : x; € X)}.

There is an embedding SP™(X) — SP"1(X) given by

jlxr, 22, ... xn) = (21,22, .., Tpn, o). Thus SP™(X) can naturally considered
as a subset of SP""1(X) and is given by a sequence

SPY{(X)c SP}(X)cC---Cc SPYX)C SP""(X)cC---

We define the infinite symmetric product of Xis the colimit SP*>(X) ~ Colim
SP"™(X) according to the above sequence.

Rana [6] showed that SP™ and SP* are covariant functor from the category
of pointed topological spaces and base point preserving continuous maps to the
category of pointed topological spaces and base point preserving continuous maps.

Definition 1.2. (CW-complex) A pair (X,e) consisting of a Hausdorff space X and
a cell decomposition € of X is called a CW-complex if the following axioms are
satisfied:

(i) (Characteristic map): For each n-cell e? € ¢ there is amap ¢, : (D", S"~1) —
(X, X1 restricting to a homeomorphism Po|prn_gn-1 + D" — Sl e and
taking S"~ ' into X" 1.

(ii) (Closure finite): For any cell e, € € the closure e intersects only a finite
number of other cells in e.

(iii) (Weak topology): A subset A C X is closed if and only if A N ey is closed in
X for each e, € e.

Definition 1.3. (Eilenberg-Maclane space) A pointed CW-complex is called an
Eilenberg MacLane space if it has only one nontrivial homotopy group. If G is a
group and n is a positive integer, the Eilenberg-MacLane space of type (G,n) is a
pointed CW-complex X whose homotopy groups vanish in all dimensions except n,
where G = mp(X) and G is to be abelian for n > 1,

we can write the notation K(G, n) for a CW-complex which represents an Eilenberg-
MacLane space of type (G, n).

The unit circle S* with G = 7 : K(Z,1) ~ S™.
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The infinite dimensional real projective space RP*™ with G = Zg : K(Z2,1) ~
RP®,
The infinite dimensional complex projective space CP*> with G = 7 : K(Z,2) ~
CPe.

Definition 1.4. (Homotopy) Let X be a space and x a base point of X . For a given

positive integer n, consider the set F, (X, xo) of all continuous maps « from the

unit n-cube I"™ into X for which a(01™) = .

Define an equivalence relation ~ xo on F, (X, x) as follows:

For aand B in F,, (X, o), « is equivalent module xq to B written as o ~ 03, if

there is a homotopy H : I" x I — X such that

H(t1,to, ... 1, 0) = alty, ta, ..., ty)

H(t1,ta, ... tn,1) = B(t1, b2, .., tn), (t1, b2, .., tn) € " and H(t1, ts, ...,

tn, S) = X0, (tl,tg, . ,tn) S (8[”), sel,

Under this equivalence relation on F, (X, xq), the equivalence class determined

by « is denoted by [« and is called the homotopy class of o module xo or simply

the homotopy class of a.

Define (a0 B)(t) = { a(2t1,ta, ... tn) <t
B2ty — 1,ta, ... tn) if 1<t

with this operation, the set of equivalence classes of F,, (X, x) is a group called

).

. ‘Q';
o= O

the n-th homotopy group of X at xo denoted by (X, xg

Definition 1.5. (Homology) A sequence C,, = {C,,, 0, },n € Z of additive abelian
groups Cy, together with a sequence of group homomorphisms 0y, : Cp, — Cp_1
such that O, o Opy1 = 0 is called a chain complex and Oy, is called a boundary
homomorphism. More precisely

Cy-+ — Chyt M Ch % % Cy a—0> 0 is called a chain complex if
O © 8n+1 =0,Vn €Z.

The elements of Z, = ker(0,) are called n-cycles and the elements of B, =
Im(0Op41) are called n -boundaries of the chain complex C.

As 0 00p+1 =0, Im(0Ony1) C ker(0y), so By, is a normal subgroup of Z,,N'n .

Define H,, = g—: = % , is called n-th homology group.

Definition 1.6. (Cohomology) A sequence C* = {C",0"},n € Z of additive
abelian groups C™ together with a sequence of group homomorphisms 0™ : C"~1 —

C™ such that 0" o O™ = 0 is called a cochain complex and 0" is called a
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coboundary homomorphism. More precisely,

cr... ot 2 om ﬂ) C™tY — ... is called a cochain complex if
Otlogn =0,Yn € Z

The elements of Z" = ker(9"*') are called n-cocycles and the elements of B" =
Im(0™) are called n -coboundaries of the cochain complex c*.

As "L o 9" = 0 ,Im(0") C ker(0™1), so B" is a normal subgroup of
Z"Nn € Z.

Define H" = gz = % , is called n-th cohomology group.

Definition 1.7. (Covering space) A covering space of a space (X, x) is a triple
(X,%,p) consisting of a pointed space (X, x) and a continuous surjective map
p: (X,%) = (X,z) such that each point © € X has a path connected open
neighborhood U such that each path component of p~*(U) is mapped homeo-
morphically onto U by p, that is, each point x € X has a path connected open
neighborhood U such that p~'(U) is a disjoint union of open sets , each of which
is mapped homeomorphically onto U by p.

Definition 1.8. (Fiber bundle) Let Y, X and F be topological spaces, called total
space, base space and Fiber respectively. A fiber bundle is a structure (Y, X, q, F')
with continuous surjection q : Y — X satisfying the following conditions:

(i) For any x € X the pre-image q~'(x) is homeomorphic to F and is called the
fiber over x.

(ii) For any x € X there is an open neighbourhood U C X of x such that there is
a homeomorphism ¢ : ¢~ (U) — U x F with subspace topology and the following

diagram commutes:
¢
¢ '(U)— UxF

b1
U
where py is the natural projection onto the first coordinate. The set of all {U;, ¢;}

is called a local trivialization of the bundle.

Note that when the fiber is a vector space, the bundle is called a vector bundle.
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Definition 1.9. (Pullback bundle) Let q : Y — X be a fiber bundle with fiber
F oandlet f : X' — X be a continuous map. Define the pullback bundle by
1Y ={(,y) € X' xY|f(2)) = q(y)} € X' xY and the projection map
q : [*Y — X/, given by the projection onto the first coordinate and g : f*Y —Y,
given by the projection onto the second coordinate, such that the following diagram

commutes:
Yy g Y
q q
X' X

If (U, ¢) is a local trivialization of Y, then (f~1(U), ) is a local trivialization of
1Y, where (2’ y) = (', p2(d(y))). It then follows that f*Y is a fiber bundle
over X' with fiber F and the bundle is called the pullback bundle of Y by f.

f g
Definition 1.10. A sequence of abelian groups and homomorphisms 4 — B —C
is called exact at B if ker(g) = Im(f).

2 Some useful results

Lemma 2.1. ([5]) Let h : C — D be a morphism of chain complexes such that
p; : C; = Dy is an isomorphism for i < n.

o
- — i+1 C’L CZ—]. ceee 0
pi bi—1
0;
[ D’L+1 -D’L DZ*l eee 0

Then, H;(C) = H;(D) fori <n — 1.

Theorem 2.1. (Dold-Thom) ([5]) Let X be a connected cell complex. Then, there
o
is a homotopy equivalence SP>*(X) ~ [[ K(Hp(X,Z),n).
n=1
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Theorem 2.2. Let 3., be a compact Riemann surface of genus m. Then there is a
homotopy equivalence such that SP*>(3,,) = CP> x (S1)?™,

Z for n=20,2
Proof. We know that H,(3,,;Z) = ¢ 7Z*>™ for n=1

0 otherwise
Now, as >.,, is a connected cell complex , the Dold-Thom theorem (Theorem 2.1)

implies:

SP>® (%) ~ [ K(Hy(3m,Z),n) = K(H{(Xm,Z,1) x K(Hy(Xm,72),2)
n=1

= K(Z*™,1) x K(Z,2) = (S')*™ x CP®°.

Hence, SP™(%,,) & CP> x (Sh)?m, O

As SP>(%,,) is the colimit of SP™(¥,,), SP*(3,,) has a cell complex
structure for which the SP™(%,,,) are subcomplexex such that the natural inclusion
i: SP™(¥,,) = SP>(%,,) is an isomorphism upto the n-skeletons: (SP"(,,))n
= (SP™(Zm)n.

Theorem 2.3. Let 3.,, be a compact Riemann surface of genus m with an nth sym-
metric product space SP™(X,,) and infinite symmetric product space SP>(%,,).
Then for afiledF, H,(SP™(X,,),F) = Hp(SP>*(%,,),F)fork =0,1,2,...,n—
1.

Proof. The proof follows directly by Lemma 2.1. O

Theorem 2.4. If X is a cell complex with the n-skeleton X, and X is a cov-

ering space with the covering map p, then X is a cell complex with n-skeleton
p_l(Xn) = Xn.

Proof. The proof can be found in Hatcher [1]. O

Corollary 2.1. Letp : X — X be a covering map and f : Y — X be a continuous
map. Then, Pullback f, of the covering map p along f is a covering map.

D
ffX)——X
» P
f
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Proof. Let f(y) = x in X for any y € Y. Since p is a covering map, there exists

an open neighbourhood U, C X such that p~'(U,) = |J Vi, where each V; is
i€l

open in X for ¢ € I and maps homeomorphically onto U, by p. Now, since f is

continuous , f~1(U,) is an open set. Let U, = f~1(U,) be the open neighbour-

hood of y.

Claim: U, is evenly covered by f.

That is (f;) 7' (Uy) = (f)7(7HU) = S0 () = FTHU W) =
1€

U f~1(V;). So we need to check that each f~1(V;) is mapped homeomorphi-

icl

cally onto Uy, by f,. By Corollary 2.2 we have f is a homeomorphism and hence

we have the result. O

Corollary 2.2. Let p : X — X be a covering map and f : Y — X be a homeo-
morphism. If the pullback of p along f is Y, and the covering map Ip: Y -,
then the function f:Y - Xisa homeomorphism.

N

Y X

» P
f

Y X

Il

Theorem 2.5. The long sequence of homomorphisms

o Hy (i) Hn(j) o
- — Hn+l<XﬂA> I Hn(A) — HTI(X) - HWV(X' A) - ",1(,4) 0

is exact and is called the long exact homology sequence associated to the pair

(X, A).

Proof. Proof can be found in Hatcher [1]. O

Lemma 2.2. (The Five-Lemma) In a commutative diagram of abelian groups,
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A d B’ / (ol s D’ d E’

if the two rows are exact and o, 3, 9, p are isomorphism, then ~y is also an isomor-

phism.
Proof. Proof can be found in Hatcher [1]. O

Theorem 2.6. (Whitehead Theorem)([5)) Let f : X — Y be a continuous map
between connected cell complexes. Then f is a homotopy equivalence if and only
if fr i (X) = mx(Y) is an isomorphism for all k > 1, where 7 (X ) and m,(Y)
are k-th homotopy groups of X and'Y respectively for k > 1.

Theorem 2.7. ([5]) Given a fiber bundle (Y, X, q, F') and choosing a base point
Yo € Y, then, there is a long exact sequence of homotopy groups

m2(F,y0) — m2(Y,y0) — (X, ¢(y0)) — mi(Fy0) — m(Y,90) — m(X,q(yo))

3 Homology of SP"(S") and SP>(S")

Definition 3.1. (Betti numbers) Let X be a topological space and H, (X)) be the
nth homology group of X. Then, for a non-negative integer p, the pth Betti number
bp(X) of X is the dimension of H,(X), i.e, Hy(X,F) = F® for a field F.

Example 3.1. For the n-dimensional sphere S™, we have,

F for p=0,n

0 otherwise

Therefore, bg(S™) = b,(S™) = 1 and all other Betti numbers are .

HP(STL7F) =

Definition 3.2. (Poincaré polynomial) For a fixed coefficient field T the Poincaré
polynomial Px (t) of a topological space X is the generating power series of its
Betti numbers, i.e, Px(t) = > bit; where b; is the dimension of H;(X,F) as a

i
vector space of F, i.e, the ith Betti number of X.
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Example 3.2. For the n-dimensional sphere S", The Betti numbers are by(S™) =
b (S™) = 1 and all other Betti numbers are 0 (by Example 3.1). Therefore,

Theorem 3.1. ([5]) Let X and Y be two topological spaces. Then, the Poincaré
polynomial of the tensor product X XY can be written as Px xy (t) = Px (t) Py ().

Theorem 3.2. ([10]) Let X be a finite cell complex. If for any field F and all k > 0
the dimension of Hy(X,F) is independent of F, then Hy(X,F) is a free abelian

group of the same rank as the Betti number.

By Theorem 2.1 and Theorem 3.1, we have the Poincaré polynomial for S P> (S™)
as Pgpoo(gn)(t) = Pepeox(s1)2n (1) = Pepee (8) Pigiyn (t) = (1+6)*"(125)
:§§<2”>ti+2j

j=0i=o \ 1 '
Note that the pth Betti number b, of a space is the coefficient of ¢¥ of its own

Poincaré polynomial.
Hence, b,(SP>(S™))

p/2
> ( 27.1 ) for p=0,even
izo\ 2i

(p—1)/2 m
Now the homology of a space X, H,(X,F) = % for a field FF.
Hence, by Theorem 3.2 we have, H,(SP>(S"),Z)

p/2( 2n
zzo( 21 )
YA for p=0,even

e ( 2 >
z = \ 2+l for p = odd
Now by the above result and by Theorem 2.3 we have,

p/2( 2n
1';0 ( 21 )
Y/ for p=0,even

H,(SP"(S"),7)= < .

) for p = odd

(p—1)/2
2t+1

1=0

Z ) for p = odd

forp=20,1,2,...,n— 1.
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4 Covering space of SP"(S")

First we will define the Abel-Jacobi map.

Let X,,, be a compact Riemann surface of genus m. Let 1, yo, . . ., Y2,,, are smooth
closed loops representing a basis [v1], [12], . . ., [Yam] for H1(Z;Z) = Z>™. Let
HO(%,,; 250) be the vector space of holomorphic 1-forms on ¥,,. Let g, ag, . . ., app
be a basis for H%(X,,; 1) = C™,

Let L be a 2m dimensional lattice defined by L = {Z nyw;|n; € Z} < C™, gen-

erated by the basis of w1, ws, . . ., wa, € LsuchthatwZ = fal,fag,...,fam )

Vi
The Jacobian of the ¥,,,, denoted by J(X,,) is the compact quotient space, J(2,,) =
Cm/L ~R*/L.
Note that C™ /L is a 2m dimensional torus which is homeomorphic to (S')?™ as
a topological space as L is a discrete subgroup of C™ of maximal rank.
Now, fix a point zy € ¥,,. The Abel-Jacobi map is a map AJ : ¥, — J(X,,).
For every point z € >, choose a curve -y from g to = and define the map AJ as
x x T
=([a1, [as...,[an)+L.

zo @0 o
As J(3,,) is an abelian group, the Abel-Jacobi map A.J can be extended to a sym-
metric product, AJ,, : SP™(¥,,) — J(X,,) defined by AJ,(p) = AJi(y1) +
AJQ(yQ) + ...+ AJn(yn), where p = (yl, Y2, .. 7yn) S SPn(Em)

Now, we will construct a homomorphism J(S™) — J(S™) which is also a cov-
ering map.The Jacobian is the compact quotient space J(S™) = R?"/L. Let
{u1,ug,...,usp} € R?" be a basis for L and C = [uy,us, ..., us,] be the col-
umn matrix for the basis. Let A be a 2n x 2n matrix with integer entries such that
det(A) # 0. Then B := CAC ! is a surjective linear map R?" — R?" that sends
L to L. This is determined to be a surjective homomorphism p : J(S™) — J(S™)
by p([z]) = [Bz] for z € R?".

Then p determines a covering map J(S™) — J(S™), where |det(A)| represents
the number of sheets. Now we shall consider the pullback diagram of p along the
Abel-Jacobi map:

§Pn(gn) —— J(S")
Iy p

sp(sm) AL 1esm



Symmetric products of spheres and homology of their covering spaces 19

By Corollary 2.1, the pullback f, of the covering map p is also a covering map with

—_~—

|det(A)| number of sheets. Hence, SP™(S™) is a covering space of SP™(S™).

—_ /N

5 Homology of the covering spaces S P>(S") and SP"(S5™)

—_—~—

In this section, we will find the homology groups of the covering spaces S P> (S™)
and SP™(S™). Also we will show that a covering space of SP>°(.S™) has the same
homology as SP>(S").

Consider the following diagram of topological spaces and continuous maps which
is commutative:

/ /
X' / Y’ J A

¢$ ¢y ¢Z

X Y VA

Then we have two respective pullback spaces X' xy+ Z' and X xy Z to the dia-
grams X' — Y’ <+ Z'and X — Y « Z such that

X' xy Z' = {(2',7) € X' x Z'|f'(«') = ¢'(¢/)} and X xy Z = {(,2) €
X x Z|f(x) = g()}.

Hence, we can define a function ¢ : X’ xys Z/ — X Xy Z such that ¢(2’, 2') =

(¢2(2'), 92(2"))-

So, we can define the pullback space for the diagram

CP> x J(5") —2 gsmy — L2 j(sm

as a covering space CP>® x J(S™) of CP*> x J(S™).
Similarly, we can define the pullback space for the diagram

AJso P

SP>(S") J(S™) " J(S™)

as a covering space S];C:‘?(/S") of SP>(S™).

As, the pullback of a trivial fiber bundle is a trivial fiber bundle with the same fiber,
(CPOO/>I7(S") :— J(S™) is a trivial bundle.

Moreover, since we have the pullback as the covering space,CP> x J(S") =
CP> x J(S™).

—_—
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P

Lemma 5.1. 1) : SP>*(S") — CP> x J(S") is a homotopy equivalence.

Proof. As we have pullback /dia\gams of a trivial fiber bundle and fiber bundle, we
can say that CP> — CP> x J(S™) — J(S™) is a trivial bundle and CP*° —
SP>(S") — J(S™) is a fiber bundle.

Now, we have a long exact sequence of homotopy groups (by Theorem 2.7), which

make the following commutative diagram:

s T 1 (J(SM) —— T (CP®) = 1 (CP% x J(57))  Tn(J(S™)) — T 1 (CP®) ——— -
Id Je fom Id fe
s M1 (J(S™) — m(ATH () = i, (SP(Sm)) — Tal(J(S™) — mu 1 (AT () ——— -

where * is the identity element of J(S™).

Since we have all the homotopy groups are abelian, by the Five-Lemma (Lemma
2.2) the map . is an isomorphism. Hence by Whitehead Theorem (Theorem 2.6)
1) is a homotopy equivalence. 0

Corollary 5.1. H,(SP>(S"),Z) = H,(SP>(S"),Z).

—_—

Proof. by Lemma 5.1, we have the homotopy equivalence, S P> (S™)

~

CP% x J(S") = CP™ x J(S") & SP>(S™). Hence, H,(SP=(S"),Z) =
H,(SP>(S"),Z). O
p/2( 2
£ )
—— A for p=0,even

Hence, we have H,(SP>(S™),Z) =

(p—1)/2 ( 2n )
7z = \N2FL ) e p=odd
Now, let us consider the relationship between the covering spaces.
Let p : X — X be a covering map and let X be a cell complex with n-skeleton
Xy Then X is a cell complex with X, = p~1(X,,) representing the n-skeleton of
X.

—_—~— —_—~—

Proposition 5.1. H,(SP"(S"),Z) = H,(SP>(S"),Z)forp =0,1,2,...,n— 1.

Proof. Consider the pullback diagram:
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SP"(S™),, 1, SP>(S"),

As we have a homeomorphism of n-skeletons SP"(S™),, = SP>(S™),, for upto
the nth skeletons, so, we have SP"(S™), = SP>(Sm), (By Corollary 2.2) for
upto the nth skeletons. Now Lemma 2.1 gives the proof. O

—_—

Thus, as a result we have, H,(SP"(S"),Z)

2n
7,20( 21 >
Z for p=0,even
(pl)/2< 2n >
7z = \N2FL) e p=odd
forp=20,1,2,...,n— 1.

e~ ~——

Proposition 5.2. H,(SP>(S")) 2 H,(SP>(S™) for distinct non-negative inte-
gers n.and m.

Proof. As we know H,(SP>(S™)) 2 H,(SP>(S™) for distinct non-negative
integers n and m, the proof follows by Corollary 5.1 O

P

Proposition 5.3. H,(SP>(S")) = Hy,(SP>(S™) for distinct non-negative inte-
gers n and m.

Proof. The proof follows by Proposition 5.2. O
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