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Abstract

In this paper, two types of soft sets in soft ideal topological spaces
are introduced and some of their properties are discussed. The con-
cept of soft condense ideals is characterized by these collections of sets.
Also, some properties of soft extremally disconnected spaces are inves-
tigated. Furthermore, decompositions of some types of soft continuous
mappings are given and some equivalent conditions concerning this
topic are established here.

1 Introduction and preliminary concepts

The concept of soft sets was first introduced by Molodtsov [9] in 1999 who
began to develop the basic of the theory as a new approach for modeling
uncertainties. Shabir and Naz [11] used soft set theory on topological spaces
and called it soft topological spaces. Also, they introduced the notions of soft
interior operator, soft closure operator etc. Kandil et.al [7] introduced the
concepts of soft ideals and soft local functions. Yumak and Kaymakei [13]
introduced the concepts of soft 7*-closed sets and soft regular closed sets in
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soft ideal topological spaces. B. Chen [4] introduced the notion of soft semi
open set in soft topological spaces.

The rest of this paper is organized as follows. This section contains
some necessary concepts and properties. In Section 2, some results on the
soft R — I-closed sets and soft A}—sets are introduced. In Section 3, some
properties of soft extremally disconnected spaces are given. In Section 4, we
give some decompositions of soft continuity in terms of soft o — I-continuity,
soft pre —I-continuity and soft A}— continuity.

Now, we recall some definitions and results which are useful in the sequel.

Definition 1.1. /9. Let X be an initial universe, E be a set of parameters,
P(X) denote the power set of X and A be a non-empty subset of E. A pair
(F,A) is called a soft set on X, where F is a mapping given by F : A —
P(X).

Definition 1.2. [10]. Let (F, A) and (G, B) be two soft sets on the common
universe X. Then

(I) (F, A) is said to be a null soft set, denoted by ¢ or ¢4, if for all e € A,
F(e) = ¢ (empty set).

(II) (F, A) is said to be an absolute soft set, denoted by X or X4, if for all
ec A, F(e) = X. Clearly, Xq = ¢pa and ¢% = X 4.

(III). The soft union of (F,A) and (G, B) is the soft set (H,C), where
C=AUB and for all e € C,

F(e), eec A\B
H(e) = G(e), ee€ B\A
Fe)UG(e), ec ANB

(IV) The soft intersection of (F, A) and (G, B) is the soft set (H,C), where
C=ANDB and for alle € C, H(e) = F(e) NG(e).

(V) (F,A) is said to be a soft subset of (G, B), denoted by (F, A)C(G, B),
if AC B and F(e) C G(e) for every e € A.

In order to efficiently discuss, we consider only soft sets on a universe X
with the same set of parameters . We denote the family of these soft sets
by SS(X)g. If (F, E) is a soft set on a universe X with the set of parameters
E, we write (F,E) € SS(X)g.
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Definition 1.3. [1]. The complement of a soft set (F,E), denoted by
(F,E)¢, is defined as (F, E)¢ = (F¢, E), where F¢: E — P(X) is a mapping
given by F°(e) = X\F(e), for every e € E.

Definition 1.4. [11].
(I) Let T be a collection of soft sets on a universe X with a fized set of
parameters E. Then T is called a soft topology on X if the following hold:

(i) X,p e 7;

(ii) If (F, H), (G, E) € #, then (F, H)A(G, E) € #;

(iii) If {(Fy, E)}ie; C 7, then U (Fi, E) € 7.

The triple (X, 7, E) is called a soft topological space on X.
(II) Let (X, 7, E) be a soft topological space on X. The members of T are
called soft open sets and their complements are called soft closed. We denote
the set of all soft open (resp. soft closed) sets by SO(X)g (resp. SC(X)g).
(II1) Let (X, T, E) be a soft topological space and (F, E) € SS(X)g. The soft
closure of (F,E), denoted by SCI(F, E), is the soft intersection of all soft
closed sets containing (F, E), i.e SCI(F,E) = \{(H,E) : (H,E) € SC(X)g
and (F,E)YC(H,E)}. Clearly, 3CI(F, E) is the smallest soft closed set which
contains (F, E).

Definition 1.5. [14]. The soft set (F,E) € SS(X)g is called a soft point
over X if there exist v € X and e € E such that F(e) = {z} and F(¢') = ¢
for each € € E\{e}. In this case the soft point (F, E) is denoted by x.. The
collection of all soft points over X is denoted by SP(X)g.

Definition 1.6. [14]. Let SS(X)g,and SS(Y)g, be two families of soft
sets. Suppose u : X — Y and p : By — FE3 are two mappings. The soft
function fu, : SS(X)g, — SS(Y)E, is defined as follows:

(1) If (F, E1) € SS(X)g,, then the image of (F, Ey) under fu,, written
as fup(F, E1) = (fup(F),p(A)), is a soft set in SS(Y)g, such that for all
be B,

UaEpfl(b)ﬂAu(F(a)% p_l(b) nA 7 ¢;
o, otherwise.

Fup(F)(b) = {
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(2) If (G, E3) € SS(Y)E,, then the inverse image of (G, E2) under fyp,
written as fup (G, By) = (f@l(G),p_l(B)), is a soft set in SS(X)g, such
that for all a € A,

fup_l(G)(a) = { u_l(G(p(a)))’ p(a) € B;

o, otherwise.

Definition 1.7. [14]. Let (X, 7, E) be a soft topological space and (G, E) €
SS(X)g. The soft interior of (G,E) , denoted by sInt(G, E) is the soft
union of all soft open sets contained in (G, E) i.e. 5Int(G,E) = J{(H,E) :
(H,E) e 7,(H,E)C(G,E)} . Clearly $Int(G, E) is the largest soft open set
contained in (G, E).

Definition 1.8. [7].
(I)A non-null collection I of soft sets on a universe X with the same set of
parameters E is called a soft ideal on X if the following two conditions hold:
(1) If (F,E), (G,E) € I, then (F, E)J(G,E) € I,
(2) If (F,E) € I and (G, E)C(F,E), then (G, E) € I,
(II) Let (X, 7, E) be a soft topological space and I be a soft ideal on X. Then
(X,7,E,1) is called a soft ideal topological space. If (F,E) € SS(X)g,
then the soft operator x : SS(X)g — SS(X)g, defined by (F,E)*(I,7),
where (F,E)* = J{z. € SP(X)g : (G,E)A(F,E) ¢ I for dall (G,E) €
7,2.6(G, E)}, is the soft local function of (F, E) with respect to I and 7.

Theorem 1.1. [7]. Let (X,7,E,I) be a soft ideal topological space and
(F,E) € SS(X)g. The soft closure operator sCl* : SS(X)g — SS(X)g,
defined by SCI(F, E) = (F, E)J(F, E)*, satisfies Kuratwski’s axioms.

Definition 1.9. [7]. Let (X,7,E,I) be a soft ideal topological space and
SCI* : SS(X)g — SS(X)E be the soft closure operator. Then there exists a
unique soft topology on X with the same set of parameters E, finer than T,

called the x-soft topology, denoted by 7*(I) or 7*, given by 7*(I) = {(F,E) €
SS(X)g : 5CI*(F, E)° = (F, E)°}.

Definition 1.10. [12/. Let (X,7,E) be a soft topological space. A soft
set (F, E) is called soft reqular open (resp. soft reqular closed) set on X if
(F,E) = 3IntsCI(F,E)) (resp. (F,E) = sCIl(5Int(F,E)). The family of
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all soft regular open (resp. soft reqular closed) sets is denoted by SRO(X)g
(resp. SRC(X)g).

Definition 1.11. [8]. Let (X,7,E) be a soft topological space. A soft set
(F,E) is called soft locally closed if (F,E) = (U, E)N(V, E) where (U, E) is
soft open and (V, E) is soft closed. We denote the family of all soft locally
closed sets by SLC(X)g.

Definition 1.12. [/]. Let (X,7,E) be a soft topological space. A soft set
(F, E) is said to be a soft semi open set if there exists a soft open set (U, E)
such that (U, E)C(F, E)CSCI(U, E). We denote the family of all soft semi
open sets by SSO(X)p.

Theorem 1.2. [4]. A soft subset (F, E) in a soft topological space (X, 7, E)
is soft semi open (resp. soft semi closed) set if and only if (F, E)CSCl(SInt(F,
E)) (resp. 3Int(SCI(F,E))C(F,E)).

Definition 1.13. Let (X, 7, E, I) be a soft ideal topological space and (F, E) €
SS(X)g. Then (F,E) is said to be:

(I) Soft o — I-open [5] if (F, E)C3Int(3C1*(5Int(F,E))). The comple-
ment of a soft a — I-open set is said to be soft a — I-closed and the family
of all soft a — I-open (resp. soft o — I-closed) sets in (X,7,E,I) is denoted
by SalO(X)g (resp SalC(X)g).

(I1)Soft pre-I-open [5] if (F, E)C3Int(3CI*(F, E)) . The complement of
a soft pre-I-open set is called soft pre-I-closed and the family of all soft pre-I-
open (resp. soft pre-I-closed) sets in (X, 7, E,I) is denoted by SPIO(X)g
(resp. SPIC(X)g).

(ITI) Soft semi-I-open [5] if (F, E)C3CU (3Int(F,E)) . The comple-
ment of a soft semi-I-open set is called soft semi-I-closed and the family of
all soft semi-I-open (resp. semi—f—closed} sets in (X, 7, E, I) is denoted by
SSIO(X)E (resp. SSIC(X)g).

(V) Soft x-dense in itself [13] if (F, E)C(F,E)*.

(VI) Soft 7*-closed [13] if (F, E)*C(F, E).

(VII) A soft point x. is called a soft pre-I-closure point of (F,FE) [5]
if (F,E)A\(H,E) # ¢ for every (H,E) € SPIO(X)g such that z.E€(H, E).
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The set of all soft pre-I-closure points of (F,E) is called the soft pre-I-
closure of (F, E) and is denoted by spICI(F, E). Consequently, spICI(F, E) =

Definition 1.14. [13]. A soft subset (F, E) of a soft ideal topological space
(X,7,E, 1) is said to be soft reqular-I-closed if (F,E) = (3Int(F, E))*. The
family of all soft reqular-I-closed sets is denoted by S’RjC'(X)E.

Definition 1.15. [2]. A soft topological space (X,7,E) is said to be soft
extremally disconmected if the soft closure of every soft open subset of X is
soft open.

Lemma 1.1. [3/. Let (X, %,E,f) be a soft ideal topological space and
(F,E) € SS(X)g. If (F, E) is soft x-dense in itself, then (F, E)* = 3CI(F, E)*
— 5CI(F, E) = 3CI*(F, E).

Lemma 1.2. [3]. If (X,7,E,I) be a soft ideal topological space, then the
following are equivalent.

(i) X = X*;

(ii) 7T = ¢;

(iii) If (H,E) € I, then $Int(H,E) = ¢;

(v) (G,E)C(G, E)*, for every (G, E) € 7.

Lemma 1.3. [2]. For any soft topological space (X, 7, E), the following are
equivalent.

(i) (X, 7, E) is soft extremally disconnected.

(i) Every soft reqular open subset of X is soft closed.

(iii) Every soft reqular closed subset of X is soft open.

Definition 1.16. [14]. Let (X, 71, E1) and (Y, o, E2) be two soft topological
spaces. A soft function fp, : SS(X)g, — SS(Y)E, is called soft continuous
if (G, Ey) € V(G Ey) € 7.

Definition 1.17. [5]. Let (X,71,E1,I) be a soft ideal topological space
and (Y, T2, E2) be soft topological space. A soft function fu, : SS(X)g, —
SS(Y)g, is called a soft pre-I-continuous (resp. soft a — I-continuous)
function if fi,}(G, E») € SPIO(X)p,Y(G, Ey) € 7 (resp. f (G, E») €
SalO(X)g, for every (G, E2) € Ta.
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2 Soft R — I-closed and soft A}-sets

Definition 2.1. Let (X, 7, E, f) be a soft ideal topological space and (F, E) €
SS(X)g. Then (F,E) is said to be soft semi*—I-open if (F, B)C3C1(5Int*(F
,E)) . We denote the family of all soft semi* — I-open sets by SS*IO(X)g.

Example 2.1. Let (X, 7, E, f) be the soft ideal topological space, where X =
{h17 h2}7 E = {617 62}7 T= {Xa (57 {(617 {hl})7 (e2, {hQ})}v {(617 X)? (e2, {hQ})}v
{(er, (), (2, )Y} and T = {3, {(ex. {ha})}). Take (H, E) = {(ex, {h1})}.
Then sCU(sInt*(H, E)) = X and so we have that

(H, E)C3C1(3Int*(H, E)). Hence (H,E) is a soft semi* — I-open set.

Definition 2.2. Let (X, 7, E, I) be a soft ideal topological space and (F, E) €
SS(X)g. Then (F,E) is said to be a soft fi-set if (F, E)C(5Int(F,E))*.

Example 2.2. Let (X,%,E,f) be the soft ideal topological space as in Ex-
ample 2.1. Take (F,E) = {(e1,{h1}), (2, X)}. Then (3Int(F,E))* = X
and so, (F,E) is a soft f;-set.

Definition 2.3. A soft ideal I of a soft ideal topological space (X, 7, E,I)
is said to be soft co-dense if INT = ¢.

Theorem 2.1. If (X, 7, E,I) is a soft ideal topological space and (F,E) €
SS(X)g, then the following are equivalent:

(i) X = X*.

(it) (F,E)C(F,E)* , for every (F,E) € 7.

(iii) (F, E)C(F, E)*, for every (F,E) € S§50(X)g.

(i) (V,E) = (V,E)* , for every soft reqular closed set (V, E).

Proof. (i)==(ii). Follows from Lemma 1.2.

(ii)==(iii). Suppose (F,E) € SSO(X)g. Then there exists a soft open
set (H, E) such that (H, E)C(F, E)CSCI(H, E) . Since (H, E) is a soft open
set, (H,E)C(H,E)*. By Theorem 1.2, (F,E)CSCI(H,E)CSCI(H,E)* =
(H,E)*C(F, E)*. Hence (F, E)C(F, E)*.

(iii)=(v). If (V,F) is a soft regular closed set, then (V,FE) is soft
semi open and soft closed. Therefore (V, E)C(V, E)* and (V, E)*C(V, E).
Therefore, (V,E) = (V, E)*.

(iv)==(i). Obvious. O
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Theorem 2.2. Let (X, 7, E, f) be a soft ideal topological space and (F, E) €
SS(X)g. If (F, E) is soft x-dense in itself, then sInt(F, E)¢ = sInt*(F, E)°.

Proof. If (F, E)C(F, E)*, then sCI(F,E) = 3CI*(F, E), by Lemma 1.1. So
(3CI(F, E))° = (3C1*(F, E))°. Therefore, 3Int(F, E)° = §Int*(F,E)*. O

Corollary 2.1. Let (X, 7, E,I) be a soft ideal topological space. If I is soft
co-dense, then

(i) (F,E)* = 3CI(F,E)* = SCI(F,E) = 5cl*(F,E) for every (F,E) €
S50(X)g;

(ii) §Int(F,E) = §Int*(F, E) for every (F,E) € SSC(X)g.

Proof. Follows from Theorems 2.1(iii) and 2.2, and Lemma 1.1. O]

Lemma 2.1. Let (X, 7, E, f) be a soft ideal topological space and (F,E) €
SS(X)g. Then (F, E) is soft locally closed if and only if (F, E) = (U, E)NsCI
(F,E) for some (U,E) € 7.

Proof. If (F,E) is soft locally closed, then (F,E) = (U, E)N(V, E), where
(U, E) is soft open and (V, E) is soft closed. Hence (F, E)C(U, E)NsCI(F, E).
Since (F, E) = (U, E)YN(V, E), sCI(F, E) = 5CI[(U, E)N(V, E)|C3CI(U, E)N3
CUV,E) = 3CU(U,E)A(V,E). So we have 3CI(F, E)C3CU(U, E)YA(V, E).
This shows that sCI(F, E)C(V, E) and (U, E)NsCI(F, E)C(U, E)YN(V, E) =

(F, E). Hence (U, E)NSCI(F, E)C(F, E). Therefore, (F, E) = (U, E)N3CI(F,
E). 0

Definition 2.4. Let (X, 7, E,I) be a soft ideal topological space and (F, E) €
SS(X)g. (F,E) is called soft R — I-closed if (F,E) = 3CI(5Int*(F,E)).
The soft complement of a soft R — I-closed set is called soft R— I-open. We
denote the family of all soft R — I-closed (resp. soft R — f-open) sets by
SRIC(X)g (resp. SRIO(X)E).

Example 2.3. Let (X, 7, E,I) be the soft ideal topological space, where X =
{h1,ha}, E = {e1,ea}, T = {X, b, {(e1, {h2})}, {(e1, X), (e2, {h2}) }, {(e2, {1

})}7 {(617 {h‘Q})v (~627 {hl})}} and I = {(57 {(617 {~h2})}} Suppose that (F7 E) =
{(e1,{h1}), (e2, X)}. Then (F,E) is soft R — I-closed.
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Definition 2.5. Let (X, 7, E, f) be a soft ideal topological space and (F, E) €
SS(X)g. (F,E)is called soft Az-set if (F, E) = (U, E)\(V, E) where (U, E)
is a soft open set and (V,E) is soft R — I-closed. The family of all soft
A%-sets is denoted by S’A}(X)E

Example 2.4. Let (X, 7, FE, f) be the soft ideal topological space as in Exam-
ple 2.3. Take (U, E) = {(e1, X), (e2, {ha})} € 7 and (V, E) = {(e1, {h1}), (e2,
X)} € SRIC(X)g. Hence (F,E) = {(e1,{h1}), (e2,{h2})} = (U, E)A(V, E)
18 soft A}-set.

Remark 2.1. Every soft open set is a soft A’Ii—set and every soft R—I-closed
set is a soft A}—set. The converse of these statements is not true, in general,

as shown by the following example.

Example 2.5. Let (X, 7, E, f) be the soft ideal topological space as in Exam-
ple 2.3. The soft set (F, E) = {(e1,{h1}), (e2, {h2})} is soft A%-set but not
soft open and (G, E) = {(e1,{h2})} is a soft A}-set but not soft R—1I-closed.

Theorem 2.3. Let (X, 7, E, I) be a soft ideal topological space and (F, E) €
SS(X)g. The following statements are equivalent:

(i) (F, E) is a soft open set;

(ii) (F, E) is a soft o — I-open and a soft Az-set;

(i) (F, E) is a soft pre-I-open and a soft A%-set.

Proof. (i)==(ii). Obvious.

(ii) == (iii). Follows from the fact that every soft o — I-open set is soft
pre-I-open.

(iii)==(i). Suppose (F,E) is a soft pre-I-open and soft A%-set. Then
(F,E)C3Int(5CI*(F,E)) and (F,E) = (U, E)N(V, E), where (U, E) is soft
open and (V, E) is soft R—I-closed. Now, (F, E)C5Int(3C1*[(U, E)A(V, E)))
CsInt[sCl*(U, E)NSCU*(V, E)| C8Int[sCI*(U, E)N sCU*(sCl(5Int*(V, E)))]C
SInt[3C1 (U, E)ACI(3Int* (V, E))] = 5Int[3C1* (U, E)A(V, E)] = 5Int5C1*
(U, E)A3Int(V, E). Since (F, E)C (U, E), (F, E)&(U, E)A(F, E)E (U, B)A
[3Int(301* (U, E)A&Int(V, E))] = (U, E)A&Int(V, E) = 3Int[(U, E)YA(V, E)] =
SInt(F, E). Therefore (F, E) is a soft open set. O

Theorem 2.4. Let (X,%,E,f) be a soft ideal topological space. Then the
soft ideal T is soft co-dense if and only if SA}(X)Eﬁf = ¢.
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Proof. Suppose SA;(X)EﬁIZ — . Since %CS’A}(X)E, A1 = ¢ and so
I is soft co-dense. Conversely, assume that (F,E) € SA%(X) gNI. Then
(F, E) € I which implies that §Int*(F, E) = ¢, by Lemma 1.2. Also (F, F) =
(U, E)A(V, E), where (U, E) is soft open and (V,E) is soft R — I-closed.
So(F, E) = (U, E)NsCl(sInt*(V, E))CsCI|(U, E)N(sInt*(V, E)) =sCl(sInt*
(U, EYA(V, E)]) = 3CI(5Int*(F,E)) = 3CIl(¢) = ¢. Therefore, we have
SAYX) NI = . O

Theorem 2.5. Let (X, 7, E, I) be a soft ideal topological space and (F, E) €
SS(X)E. Then the following statements are true.
(i) If (F, E) is soft 7*-open, then 3CI(F, E) is soft R — I-closed.
(i) If (F, E) is a nonempty soft R — I-closed set, then 3Int*(F, E) # ¢.
(iii) If (X, 7, E) is soft discrete, then every soft subset is a soft R — I-

closed set and hence is a soft A;‘:—set.

Proof. (i) Clearly, sCl(sInt*(SCI(F, E)))CSCI(F,E). Now (F,E)CSCI(F,E)
implies that $int*(F, E)C§Int*(SCI(F, E)) which, by hypothesis, implies
that (F, E)C5Int*(5CI(F, E)). Therefore SCI(F, E)C3CIl(8Int*(3CI(F, E))).
Hence 5CI(F, E) = 3CI(5Int*(5CI(F, F))) and so 3CI(F, E) is soft R — I-
closed.

(ii) The proof is obvious.

(iii) Since, in a discrete soft space, every soft subset is both soft open
and soft closed then sCI(sInt*(F,E)) = sCI(F,E) = (F,E) . Hence (F,E)
is soft R — I-closed and hence a soft A}—set. O

The following example shows that the converses of Theorem 2.5 are not
true in general.

Example 2.6. Let (X,%,E,Iz) be the soft ideal topological space as in Fx-
ample 2.3.

(i) If (F, E) = {(ea, {h2})}, then 3CI(3Int*(3CI(F, E))) = 3C1(5Int* (X))
= X = 5CI(F,E). So 3CI(F,E) is soft R — I-closed. But (F,E) is not soft
T*-open.

(ii) If (G,E) = {(e1,{h1})}, then 3Int*(G,E) = (G,E) # ¢. Also,
5CI(3Int* (G, E)) = 3CI(G,E) = X # (G,E) . Hence (G,E) is not soft
R — I-closed.
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(iii) Consider the soft ideal topological space (X,7,FE, f), where X =
{h1,h2,ha, ha}, E = {e}, 7 = {X, 6, {e, {h})}. {(e, {h2})}, {(e, {1, h2})},
{(67 {h17h27h4})}7 {(67 {h~17h27h3})}} and I = {¢7 {<ea {hl})}v {(67 {hQ})}7
{(e,{h1,ho})}}. Hence SAX(X)p = SS(X)E, but (X, 7, E) is not soft dis-

crete.

Theorem 2.6. Let (X, 7, E,I) be a soft ideal topological space and (F, E) €
SS(X)g. Then the following statements are true.

(i) (F, E) is soft R— I-closed if and only if it is both soft semi* — I-open
and soft pre-I-closed.

(it) If (F,E) is a soft f;-set and soft pre-I-closed, then (F,E) is soft
R — I-closed.

(i) If (F, E) is a soft f;-set, then (F,E)* is a soft R — I-closed set.

(i) If I is soft co-dense and (F, E) is a soft Aj-set, then (F,E) is a soft
fi-set.

Proof. (i) If (F, E) is soft R — I-closed, then (F, E) = 5CI(3int*(F, E)). So
(F, E) is both soft semi* — I-open and soft pre-I-closed. The proof of other
direction is clear.

(ii) Since (F, E) is soft f-set, (F, E)C(sInt*(F, E))*. So (F, E)C5CI(5
Int*(F,E)). Since (F,E) is soft pre-I-closed, 5CI(3Int*(F,E))C(F,FE).
Hence (F, E) = sCI(SInt*(F, E)).

(iii) Since (F, E) is a soft fj-set, (F, E)C(5Int*(F, E))*. Then (F, E)*C
(8Int*(F, E))*C (§Int*(F, E))*C3CI(5Int*(F, E)) C3CIl(5Int*(F, E)*), since
a soft fj-set is soft *-dense in itself. Also, CI(5Int*(F, E)*)C sCI(F,E)* =
(F, E)*. Hence (F,E)* = 3C1(5Int*(F,E)*) and so (F, E)* is a soft R — I-
closed set.

(iv) Since (F, E) is a soft A%-set, (F,E) = (U, E)N(V, E) where (U, E)
is soft open and (V, F) is soft R — I-closed. Now, (F,E) = (U, EYN(V, E) =
(U, E)N 3C1(sInt*(V, E))C sCI[(U, E)NsInt*(V, E)| = sCl(3Int*[(U, E)N(V,
E)]) = sClU(SInt*(F,E)) = (5Int*(F,E))*, by Corollary 2.1. Therefore,
(F,E) is a soft fj-set. O

The following example shows that the converse of Theorem 2.6 (ii) need not
be true in general.
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Example 2.7. Let (X, 7, E, f) be a soft ideal topological space as in Example
2.3 and (F, E) = {(e1, X), (e2, {ha})}. Then (F,E) is soft R — I-closed, but
(F,E) € (8Int*(F,E))* = {(e1,{h1}), (e2,{h2})} and hence (F, E) is not a
soft fi-set.

Theorem 2.7. Let (X,%,E,f) be a soft ideal topological space. Then the
soft ideal I is soft co-dense if and only if SRIC(X,7,E) = ngC(X, T F).

Proof. Suppose that S'RIZC(X,%,E) = ngC(X, 7*,F). Since X is soft
R — I-closed, X € SR;C(X,7* F). Therefore (5Int*(X))* = X which
implies that X* = X. Thus I is soft co-dense. The converse follows from
Corollary 2.1.

Corollary 2.2. Let (X,7,E,I) be a soft ideal topological space. If I is
soft co-dense, then we can obtain SRIC(X,7,E) = S’RjC(X,%*,E) =
SRC(X,7*,E) = SRIC(X,7*,E)

Proof. Follows from Theorem 2.7 and Corollary 2.1. O

Theorem 2.8. Let (X, 7, E, 1:) be a soft ideal topological space. Then SRIC
(X)g = {3CI(U,E) : (U,E) € SS*IO(X)g}.

Proof. If (F,E) € SRIC(X)g, (F,E) = 5CI(3Int*(F,E)). If (U E) =
§Int*(F, E), then (U, E)C 5CI(U, E)C3CI1(5Int*(F, E))C3C1(5Int* (U, E))

and so (U,E) € S8*IO(X)g. Since 3CI(U,E) = 3CI(3Int*(F,E)) =
(F,E), it follows that SRIC(X)gC{3CI(U,E) : (U,E) € SS*IO(X)E}.
Again, (F,E) € SS*IO(X)g implies that (F, E) C 3C1(5Int*(F,E)). Now
5CI(F, E)C 3CI(5Int*(F, E))C3CI(5Int* (3CI(F, E)))C5CI(F, E). So 5CI(F,
E) = 5CI(5Int*(5CI(F, E))). Hence 3CI(F, E) is soft R — I—closed. There-
fore {3C1(U, E) : (U, E) € SS*IO(X)g}CSRIC(X)E. O

3 Soft extremally disconnected spaces

In this section we give some properties of soft extremally disconnected
spaces.

Theorem 3.1. Let (X, 7, F, f) be a soft ideal topological space with a soft

co-dense ideal. Then the following are equivalent.
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(i) (X, 7, E) is soft extremally disconnected;
(i) (X, 7%, E) is soft extremally disconnected.

Proof. (i) ==(ii). Suppose (X,7,E) is soft extremally disconnected and
(U, E) is a soft regular open set in (X,7*, E). Then (U, E) = §Int*(5CI*
(U,E)). Since I is soft co-dense, then 3C1*(U, E) = (U, E)* = 5CI(U, E),
by Corollary 2.1. So (U, E) = §Int*(sCl*(U,E)) = 5Int*(sCl(U,E)) =
5Int(5CI(U, E)) and thus, (U, E) is soft regular open in (X, 7, E). By hy-
pothesis, sInt(SCI(U, E)) = sCI(U, E) and therefore, (U, E) = sCI(U, E) =
SCU*(U, E) and so (U, E) is soft 7*-closed. Hence by Lemma 1.4, (X,7*, E)
is soft extremally disconnected.

(ii))==(i). Let (G, E) € 7. Then (G, E) € 7*. Since (X,7*, E) is soft ex-
tremally disconnected, §Int*(sCl*(G, E)) = sCl*(G, E) which implies that
sInt*(5Cl(G, E)) = SCI(G, E). Therefore sInt(sCI(G,FE)) = 5CI(G,E)
and so, SCI(G, E) is soft open. This shows that (X, 7, F) is soft extremally
disconnected. O

The following example shows that the condition soft co-dense on the soft
ideal cannot be removed.

Example 3.1. (i) Let (X, 7, E, f) be a soft ideal topological space, where
X = {h1,h2,hs, ha}, B = {e}, 7 = {X, 0, {(e. {u D)}, {(e, {h1, s}, {(e, {1,
Bab)}h A(e, {1, b, ha})} and T = {6, {(e, {1 })}}. Therefore 7 = {X, 6, {(e,
{h3})}7 {(€> {hb h3})}> {(67 {hlv h4})}’ {(6, {h4})}7 {(ev {hl})}v {(6, {h3> h4})}7
{(e,{h1,hs,ha})},{(e,{h2, h3,ha})}}. Clearly, we have (X,7,E) is soft ex-
tremally disconnected. If (F, E) = {(e, {h1, ha})}, then SCI*(F, E) = {(e, {h1,
ho,ha})} which is not 7*-soft open. Therefore, (X,7*,E) is not soft ex-
tremally disconnected.

(i) Consider the soft ideal topological space, where X = {hy, ho,hg, hq},
E={e}, 7 ={X,0,{(e, {l})}, {(e, {h1, hs})}, {(e; {h3})}} and I = {7, {(e,
{hl})}7 {(67 {hb h3})}7 {(67 {h3})}} Then 7* = {Xa b, {(ev {h3})}7 {(67 {h17

h3})}’ {(6’ {h27 h4})}7 {(67 {hl})}7 {(6, {h27 h3’ h4})}7 {(67 {h17 h27 h4})}}
Clearly, (X,7*, E) is soft extremally disconnected. But (X, 7, E) is not soft

extremally disconnected, since SCl({(e,{h1})}) = {(e,{h1,ha, ha})} is not
soft open.
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Remark 3.1. The family of all soft R — I-open sets of (X, 7, E,I) is a soft
base for a soft topology , weaker than 7, denoted by 7;. The family of all
soft reqular open sets of (X,7,E) is a soft base for a soft topology weaker
than 7T, called soft semiregularization of T and is denoted by 7s . The family
of all soft R — I-closed sets of (X,%,E,f) s a soft base for a soft topology
denoted by Tspic- We have 7,C7;CT .

Theorem 3.2. Let (X,7,E,I) be a soft ideal topological space with a soft
co-dense ideal. Then the following are equivalent.

(i) (X, 7, E) is soft extremally disconnected.

(ii) SRIC(X)p = SRIO(X) g and so SRIC(X ) is a base for 7;.

(ii) Fspic = 7.

(iv) SRIC(X)gCT;.

Proof. (i) =(ii). If (F,E) € SRIC(X)g, then, by Theorem 3.1, (F, E) =
SCIU(8Int*(F,E)) = scl*(53Int*(F, E)) = §Int*(5C1*(sInt*(F, E)) = §Int*
(SCIU(SInt*(F, E))) = sInt*(F, E) and so (F, E) is 7*-soft open. Since (F, E)
is 7-soft closed, then (F,FE) is 7*-soft closed. Also, sInt(SCI(F,E)) =
$Int*(sCU*(F,E)) = sInt*(F,E) = (F,E), since (F,E) is both 7*-soft
closed and 7*-soft open. Hence (F, E) € SRIO(X)g. Conversely, if (F, E) €
SRIO(X)g, then (F, E) = 5Int(5CI*(F, E)). Now, we have that §CI(5Int*
(F, E)) = 3C1(3Int*(3C1* (F, E))) = 5C1* (3 Int*(5C1*(F, E))) = sInt*(3Cl*
(F,E)) = 5Int(3C1*(F,E)) = (F,E). Hence (F,E) € SRIC(X)g. Thus
SRIO(X)p = SRIC(X)p. Hence SRIC(X)g is a base for 77.

(il)==(iii) and (iii) ==(iv) are obvious.

(iv)==(i). Suppose (F,E) is a soft regular closed. Then (F,E) is soft
closed and hence (F, E) = 5CI(5Int*(F, E)), by Corollary 2.1, which implies
that (F, E) € SRIC(X)g. Since 7; C 7, by (iv), (F, E) € 7. Hence (X, 7, E)
is soft extremally disconnected, by Lemma 1.4. O

Theorem 3.3. Let (X,7,E,I) be a soft ideal topological space. Then the
following hold.

(i) If (X, 7, E) is soft extremally disconnected, then 3sICI(F, E) = 5CI(F,
E) for every (F,E) € 7;.

(ii) If SRIC(X)g C 7, then (X, 7, E) is soft extremally disconnected.
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Proof. (i) Suppose that (X, 7, E) is soft extremally disconnected and (F, E) €
77. Then (F,E) € 77 C T C 7*. Since (F, E) is soft open, 5CI(F, E) is soft
open and hence 7*-soft open. Therefore §sICI(F, E) = (F, E)U5Int*(5C1
(F,E) = 5CI(F, E) .

(ii) Suppose (F,E) € 7. Since §CI(3Int*(F,E)) € SRIC(X)g, by hy-
pothesis §Int(SCI(5Int*(F, E))) = sCl(sInt*(F,E)). Since (F,E) € T, we
have §Int(SCI(F,FE)) = SCI(F,E) , which implies that SCI(F,E) is soft
open. Hence (X, 7, E) is soft extremally disconnected. O

The converse of Theorem 3.3 need not be true as shown by the following
example.

Example 3.2. (i) Consider the soft ideal topological space of Example 2.6
(iii). Then we have 7* = SS(X)g and 3sICI(F,E) = 3CI(F, E) for every
(F,E)e SS(X)g. If (F,E) ={(e,{h1})}, then SCI(F,E) = {(e,{h1, hs, hy
B} which is not soft open. Therefore, (X, 7, E) is not soft extremally dis-
connected.

(ii) Consider the soft ideal topological space (X,T,FE, f) where X =
{hashoshg,hal, B = (e}, 7 = (X, (e, {has oD} (e {ha})}} and T =
{6, {(e,{h3})}}. We can see that (X, 7, E) is soft extremally disconnected. If
(F,E) = {(e,{h1, ha, ha})}, then we obtain SCI1(SInt*(F,E)) = sCI(F,E) =
{(e,{h1,ha, ha})} and so (F,E) is soft R — I-closed but not soft open.

Theorem 3.4. Let (X, 7, F, j:) be a soft ideal topological space with a soft
co-dense ideal I. Then the following hold.

(i) If 3sIcl(F, E) = 3CI(F,E) for every (F,E) e 7;. Then (X,7,E) is
soft extremally disconnected.

(ii) If (X, 7, E) is soft extremally disconnected, then SRIC(X

)
Proof. (i) Let (F, E) be a soft regular open set. Then (F, E) = §Int(5CI(F, E)).
Since I is soft co-dense, by Corollary 2.1, 5CI(F,E) = 3sICI(F,E) =
(F, B)UsInt*(SCI(F, E)) = sInt*(F, E)UsInt*(sCI(F, E)) = §Int*(SCI(F, E))
= 3Int(SCI(F,E)) = (F, E). Therefore, (X, 7, F) is soft extremally discon-
nected by Lemma 1.3.

(ii) Suppose that (F, E) € SRIC(X)g. Then (F,E) = 5CI(3Int*(F, E)).
Since (F, E) is soft closed, by Corollary 2.1, (F, E) = 3CI(8Int(F, F)) and
so (F, E) is soft regular closed. Therefore, (F, E) € 7, by Lemma 1.3. O

ECT
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4 Soft AF-continuous functions

In this section, we give two decompositions of soft continuity in terms of
soft a — I-continuity, soft pre —I-continuity and soft A}— continuity.

Definition 4.1. Let (Xi1,71,E1,1) be a soft ideal topological space and
(X2, T2, E2) be a soft topological space. The soft function fyu, : SS(X1)g, —
SS5(X2) g, 1s called soft A%-continuous if fup N(V,E) € SA;(Xl)Ele, E) e

79.

Example 4.1. Let (X1, 7, E1, 1) be a soft ideal topological space and (Xo, 7,
Es) be a soft topologicNal space where X1 = {h},hg}, Xo = {z1,22}, B =
By = {er, ea}, 1 = { X1, 0, {(e1, {ha})}, {(e1, X1), (e2, {ha})}, {(e2, {1 })},
{(e1; {h2}), (e2, {M})}}, T2 = { X2, ¢, {(e1, {z1}), (e2, {z2})}, {(en, {z1}), (e2,
Xg)}}~andf = {0, {(e1,{h2})}. We get that SAY(X1) = {X1, ¢, {(e1, {h2})},
{(61’ X1)7 (62’ {hZ})}7 {(6?’ {hl})}’ {(617 {hQ})v (627 {hl})}7 {(617 {hl})’ (627
{ha)}, {(er, {h1}), (e2, X1)}}. Let u(hy) = {a1}, u(he) = {z2} and p(e1) =
e1,p(e2) = ea. Then the function f)p is soft A%-continuous.

Theorem 4.1. The following properties are equivalent for a soft function
fup (X1, 71, B1, I) — (X2, 7o, Ba) :

(1) fpu is soft continuous.

(i) fup ts both soft o — I-continuous and soft A}—contz’nuous.

(7i) fup is both soft pre —I-continuous and soft A;— continuous.
Proof. Follows from Theorem 2.5. O

Conclusion 4.1. Two types of soft sets in soft ideal topological spaces,
called soft R — I— closed and soft A;—sets, are introduced and some of its
properties are discussed. The concept of soft condense ideals is characterized
by these collections of sets. It is shown, in Theorem 2.6, that a soft ideal I
is soft co-dense if and only if S’A}(X)E NI =¢. Also, in Theorem 2.7, I is
soft co-dense if and only if SRIC(X,7,E) = SR;C(X, 7", E). Theorem 4.1
give two decompositions of soft continuity in terms of soft a — I -continuity,
soft pre —I -continuity and soft A}—contz’nuz’ty and some equivalent conditions

concerning this topic are established here.
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