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Abstract

In this paper, the real-valued bounded sequence space [, is extended by
using A-density and the \-statistical bounded sequence space [5!> is obtained.
Besides the main properties of the space 5£*, it is shown that [5> is a
Banach space with a norm produced with the help of A-density. Finally, it is

shown that the space I, is a non-porous subset of [5:>.

1 Introduction

Studying the convergence of sequence in different meanings has become a very
popular topic in recent years. For example, statistical convergence has become a
topic of interest by many researchers after it was defined by Fast [19] and Steinhaus
[36] in 1951. After the studies of Fast and Steinhaus, many problems were solved
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in other fields of mathematics by considering the concept of statistical convergence.
Examples of these studies can be given as [1, 2, 3, 4, 5, 8, 12, 13, 14, 16, 17, 20,
21, 23, 24, 25, 28, 33, 34] in summability theory, [9, 10, 15, 26] in metric spaces,
[11, 30] in measure theory and some other concepts [18, 22, 29, 31, 35, 37], etc.

In particular, the statistical expansion of the bounded sequence space [, was
obtained by the authors in [6] by considering the natural density which forms the
basis of statistical convergence.

Besides many properties of the statistical extension of the space of bounded
sequence space the authors have shown that it is a linear Banach space.

In this study a similar problem will be investigated using Cesaro submethods
which is defined by Armitage-Maddox [7] and studied by Osikiewicz [32].

Let us consider a strictly increasing sequence of natural numbers A = (A, )nen
such that li_>m An = oo is satisfied. The set of all these sequences will be denoted
by A. e

Let any sequence A = (\,) in A. Then, A-density of a set X' C N can be
defined as
iy

n

if the limit exists. In (1.1), K} := {k < A, : k € K} and the symbol |.| denotes
the cardinality of the inside set.

We say that £ = (x,,) has a property (P) A-almost all n (A — a.a.n) if it is
satisfied except for a subset of natural numbers with A-density zero.

Let, = (z,,) be a real valued sequence and [ € R. If for every € > 0,

IA(K) := lim

n—oo

(1.1)

ox(A(e)) =0, (1.2)

holds, where
Ale) ={n: |z, — 1] > €},

then & = (x,,) is called A-statistical convergent to [ (see in [32]). It is denoted by
sty — limx, = 1.
The set of \-statistical convergent sequences is denoted by c:

) = 1{& = (z,) : 3l € R such that sty —limz, = [}.

The case A\, = n in (1.1) and (1.2) coincide with the natural density and statistical
convergence, respectively.
Let £ = (zy,) be a sequence. If for every ¢ > 0, there exist ng(¢) € N such
that
W({neN |z, —azp,| >€})=0 (1.3)
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holds, then the sequence & = (z,,) is called A-statistical Cauchy sequence. The set
of all A-statistical Cauchy sequences is denoted by C E\t

So, it is clear from (1.1), (1.2) and (1.3) that ¢ C c?t andC C Cs)‘t holds for any
AeA.

It is well known that the set of convergent and Cauchy sequences are subsets
of bounded sequence space [, where

loo = {j = (z,) : sup |z, | < oo} )

Unfortunately, this general statement is not true for A-statistical convergence
and A-statistical Cauchy sequences for any A € A.

Let A € A be an arbitrary sequence and consider the following sequences
Z = (zy,) and § = (y,) as follows:

[ An, n € P(= prime numbers) B /\i,
xn_{l, né¢p and - yn = 1, n¢P

The sequences & = (x,,) and § = (y,,) defined above are \-statistical conver-
gent and A-statistical Cauchy but & ¢ [, and § € [. As a result, we can say that
the sets ¢, and C2 neither exactly contained by the set /., nor I, exactly contained
by ¢, or C.

Therefore, the main purpose of this paper is to construct a set of sequences
(similar to I.) that contains sequence space ¢}, and CJ; as a subset and to examine
algebraic properties of this new set of sequences.

2 )\-Statistical Bounded Sequence Space
We are going to use the symbol s for the set of all real valued sequences. Namely,

s ={% = (xn)nen : Vn € N, z,, € R}.

Definition 2.1. (\-Statistical Boundedness) Let & = (x,,) € s and X\ € A. If there
exists M > 0 such that

Sa({n [2a] > MY) = 0

holds, then T is called )-statistical bounded sequence.
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For any A € A, \-statistical bounded sequence space is denoted by /5. That
is,

IEx = {% = (vp)neny € 5 : IM >0 such that 6x({n : |z,| > M}) =0}

Equivalent to Definition 2.1, a sequence Z is A-statistical bounded if there exists
M > 0 such that
oa({n:fen| < M}) =1,

holds.

Remark 2.1. If & = (x,,) is a bounded sequence, then T is a \-statistical bounded

sequence for any X € A. That is; loo C 152X holds for any \ € A.

Proof. If £ = (x,) is a bounded sequence, then there exists A/ > 0 such that
|zn| < M holds for all n € N. This means that

{n:|x,| > M} =0.

So, we have
n({n: |z >M})=0.
Hence, 7 € 5. O

Let’s consider an example below to see that the inclusion given in Remark 2.1
is strict for any A € A.

Example 2.1. Let A\ € A be an arbitrary sequence and consider a sequence & =

{k, n= A2
Iy =
(=)™, n# M.

For sufficiently large M, the following inclusion

(zn,) as

{n:|za| >M}C{N2: keN}cC{k*:keN}

is satisfied. Since 0)({k? : k € N}) = 0, then 6)({n : |x,| > M}) = 0 holds. So,

the sequence T = (xy,) is A-statistical bounded but it is not bounded sequence.
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Following Lemma will show that the space 3£ is not cover the real valued
sequence space s.

Lemma 2.1. Forany A € A, s\I5& # (.

Proof. Let & = (x,,) be a sequence where

L { \/)‘k27 n:)\kQ, (21)

Ty =
(=1)"An, 1 # A2

For sufficiently large M > 0, we have
{n:lxn] > M} =N\A,
where A is a finite subset of N. Therefore,
w({n : |zn| > M}) =1.
Hence, T is not a A-statistical bounded sequence. O
Theorem 2.1. For any \ € A, the cardinality of the set s\I5% is ¢ (=continuum).

Proof. As a result of Lemma 2.1, the set s\[5 contains at least one sequence.
Now, let’s see how many elements there are. For a fixed real number r € (0, 1), let
us construct a sequence by, (r) := (rx,,) with the help of (z,,) given in (2.1).

It is clear that b,(r) ¢ [ for all r € (0,1) and for any A\ € A. Define a
function f as follows,

f:(0,1) — S\lgé’\
such that
f(r) = bu(r). (2.2)

The function f defined in (2.2) is an injection between (0, 1) and s\I5). So, the
cardinality of s\[51 is bigger than the cardinality of the interval (0, 1). Therefore,

the cardinality of s\I5%» is a continuum. O
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Theorem 2.2. For any A € A, A-statistical convergent (or A-statistical Cauchy)
sequence is also \-statistical bounded sequence. That is, ¢y, C 15 and Cy C I3H

holds for any A € A. Converses of these inclusions are not true, in general.

Proof. Assume that & = (z,,) is A-statistical convergent to z¢. So, from (1.2)
ox(A(e)) =0

holds for every ¢ > 0 where A(e) = {n € N: |z, — xo| > €}.

Hence, for any sufficiently large M > 0, we have the following inclusion
{neN:|z, —zo| > M} C{neN:|z, — x| > e}
This inclusion implies that
IW({neN: |z, —xzo| > M})=0.
Also, triangle inequality implies that
{k<Xnilze] > MY C{k< Ayt |og — 20] > M — |20}

and

[k < At [an > MY| _ [k <t Jon — 0] > M}
An - An

hold where M* = M —|xg|. The limit of the right-hand side of the above inequality

is zero. So, A-statistical convergent sequence & = (x,) is A-statistical bounded

sequence. The second inclusion C2, C I3 can be obtained easily.

For the converse of theorem, let & = (x,,) as follows:

kQ, ’I’l:AkQ,
1, n=X\o+l1,

£, = e , k€N
2, n:Ak2+2,

0, otherwise.

It is clear that the sequence & = (z,,) € [ but it is not A-statistical convergent or

A-statistical Cauchy sequence. O
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Corollary 2.1. Every convergent and Cauchy sequence is \-statistical bounded

sequence for any A € A.

Theorem 2.3. Let A\, iu € A be sequences such that A, < pu, satisfied for all
ne N If

lim sup@ < oo then lf)é“ C lg?.

n—o0 n

Proof. 1f we consider Theorem 1.9 in [5], then we have
UL (12]) € U (1))

under the assumption of lim supf\t—” < oo. This inclusion implies that lf,é“ C
n—oo

15 0

Corollary 2.2. Let A\, i € A arbitrary sequences.Then, there exist v, 3 € A such
that

st st st st
I C lg?, 15" and lf)?, Ind C IS
are satisfied.

Proof. Let us consider v,, and 3, as

Y := max{ A, tn }

and
B, = min{ A, pin }

for all n € N. It is clear that v, and [3, are strictly increasing sequences and
lim v, = lim 3, = oo hold.
n—oo n—oo

Hence, Theorem 2.3 implies that

st t st st
1007 - lgok, loov - loou

and

t t
50 CUl, 13 CIRE.

are true statements. OJ
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Corollary 2.3. ) I =1
AEA

Theorem 2.4. Let A\, ;n € A be two sequences and dx({n : A\p # pn}) = 0 (or
du({n : An # pin}) = 0). Then,

5 =15
Proof. Let & € I512. So, from Definition 2.1 there exists M > 0, such that
Wh{n:lzp] >M})=0
holds. Also, we have following inclusion

{n<pnilen| =2 My = {n<pn=2Acon| 2 MPU{n < pn # Ayt 20| > M}
c {ngﬂn:)\n‘xn‘zM}U{nﬂn#)\n}

If we multiply both sides by #% considering the number of elements of sets,

then we have

{n < pn : |zn| = M3 < {n < pn = An ¢ |zn| = M} + Hnﬂn#)\nﬂ
Hn N fin(= An) Hn

From the assumption of theorem the limit of right hand side is zero when n —
00, so on the left side as well.
Hence, & € I3 obtained. That is, 15 15 nverse inclusion 5% ¢ 15t

can be proved in the same way. O

Corollary 2.4. Let A\, i € A be sequences and E = {)\, : n € N} and F = {u, :
n € N} subsets of N. Then,

(i) 1502 C I3 if and only if F\E is finite.

(i) IS = 15 if and only if EAF is finite.

Lemma 2.2. Let \ € A be an arbitrary sequence and & = (x,,) € IS\, Then,
there exists K C N with 0(K) = 1 such that (xp)nex C loo.
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Proof. If = (x,,) C ls, then the proof is clear for K = N. Now, assume that
T € ¥ \lw. Then, & = (z,,) is A-statistical bounded sequence. So, there exists
M > 0 such that

Sr({n: 2] > MY}) = 0. 23)

Let us choose any M which (2.3) is hold. For this M, if we consider the set
K ={neN:n¢{n: |z, > M}}, than it is clear that §,(K) = 1 and
|z, | < M satisfies for all n € K. This implies that (z,,)ncx € loo- O

Theorem 2.5 (Decomposition theorem for [5X\1). If & = (1) € 5\ \loo, then

there exist § = (ypn) € loo and Z = (2y,) ¢ loo such that
Tp = Yn + Zn
holds for all n € N. However, this decomposition is not unique.
Proof. Since T = (z,,) € I3\l, then there exists M > 0 such that
w({n : |zn| > M}) =0.
holds. From Lemma 2.2, there exists K = N\{n : |z,,| > M} such that
h({ng : npe K}) =1

satisfied. Hence, desired sequences § = (y,,) and Z = (z,) can be defined as

Tn, N €K,
y =
" 0, né¢K,

follows

and

Tn, n¢ K,
2y =
0, nekK.

It is clear that § = (yp) € loo and Z ¢ l. So, z, = yp + 2z, holds for all
n € N. O
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3 \-Statistical sup-norm and Associated Norm Space [5*

In this section A-statistical sup-norm will be defined with the help of the set of
A-statistical upper bound of the sequence (See [5] for more information).

In addition the algebraic properties of the set IS, we are going to prove that
181 is a \-statistical Banach space according to the A-statistical sup-norm for every
AeEA.

Let a sequence & = (z,,), its absolute value sequence denoted by || such that
2] == ([znl)nen = (Jzal, [z2l, s [2nl, o).

Definition 3.1. (i) (\-Statistical Upper Bound [5]) A number m € R is called
A-statistical upper bound of & = (x,,) if

h{n : zp>m})=0

holds.

The set of all \-statistical upper bound of the sequence & = (xy,) is denoted by
U (%) such that

UM(&E) :=={m e R:6\({n : z, >m}) =0}

(ii) (A-Statistical Supremum) A number | € R is called \-statistical supremum
of T = () if L is the infimum of the set U),(|Z|). That is;

sty — sup x,, := inf UX(|Z]).
n

Let us denote the number inf{m : m € U(|Z|)} by ||Z]|$*. Tt is clear that the
function

1156 = 188 — [0, 00)

is well defined.

Lemma 3.1. IfZ = (0,0,...) € I5X, then ||Z||52 = 0 holds. The converse is not

true.
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Proof. Let @ = (0,0,...) € I$2. Ttis clear that the set of \-statistical upper bound
of the absolute value of 7 is U2 (|Z|) = [0, 00). So, ||Z||52 = 0 s trivial.

For the converse, let a sequence & = (x,,) as follows

)‘k27 n = AkQ,
Iy =
0, n 7é Ak2.

The sequence & = (z,,) belongs to 15 and U2 (|Z|) = [0, oo). Hence, \-statistical

sup-norm of & = (zy,) is zero, but Z is not zero sequence. O
Lemma 3.2. U} (|az|) = |a|.U(|Z|) holds for any o € R and any X € A.

Proof. Consider arbitrary element m € U (|z|). Then, we have 0)({n : |z, >

m}) = 0. Now, assume that
m{n:|ax,| > |ajm}) >0
holds. That is |a|.m ¢ U (|a&|). But the following equality of the sets
{n:lallzn| > lafm} = {n : fzn] > m}

implies that d({n : |z,| > m}) > 0. Hence, this is a contradiction to our
assumption.

The converse equality can be obtained in a similar way. So it is omitted here.

O]

Corollary 3.1. Let \ € A be an arbitrary sequence. For any o € R, we have
lloez|l3e = lal[lz]|3s -

Lemma 3.3. Let A\ € A be an arbitrary sequence. If Iy € U)(|Z|) and I €
UL(13]), then y + 1o € U (|Z + 71).

Proof. Take into consider I; € U2 (%) and Iy € UJ(§) any arbitrary elements.
Then,
Ww({n:|znl >04L}) =0
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and
({n:|yn| > 12}) =0
are satisfied.
Now, assume that I; + Iy ¢ U2 (|Z + ¢|). Since the following inclusion
k< lzg+yel >h+h} C {k< Ao+ yel >0+ 12}
C {k < Antlzel 2 LUK < Ayl = 12}

holds, then we have

[k < An:faon el 2 it b} 16 < Anc ol 2 W} [TF < An ¢ fye] 2 D}

An - An An
From the assumption, the limit of the left hand side in the above inequality is
not zero when n tends to infinity. This implies that the right hand side also has
not zero limit. So, at least [; ¢ U2 (|Z|) or lo ¢ U2(|§|) must hold. This is a

contradiction to the hypothesis of the theorem. So, our assumption is wrong. [

Corollary 3.2. Let \ € A be an arbitrary sequence. For any sequences T, € 52,
12 + 9115 < 121136 + [lgl15

holds.

Theorem 3.1. For any A € A following statements hold:
(i) The space 5% is a linear space over R.

(ii) |].||52 is a pseudo norm on the space IS

Proof. The proof of this theorem can be obtained easily by considering Lemma

3.1, Lemma 3.2 and Lemma 3.3. So, it is ommited here. O

Theorem 3.2. For any \ € A, the set of \-statistical bounded sequences I3 is not

separable vector space.

Proof. 1t is known from the general theory that, all subset of a separable vector
space are separable. Since [« is not separable and I, C 52 holds for any A\ € A,

then /52 is not separable space. O
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3 3 A 2 M
Let us define a relation “<” on the space [52* by using pseudo norm ||.||$& for

any 7, € IS .
“TAG = ||z - 9|5 =0, 3.1

. Ay, . . .
The relation “ <~ ” is an equivalence relation on the space [52*. So, related quotient
space is
lStA/ A {[~ A=
I ) =[]\ T € 15}
where [Z]) is the equivalence class of the sequence :

- e~ A
[Z] ={g el :z~7}

The relation “” given in (3.1) is also an equivalence relation on the bounded
sequence space l,. The set of all equivalence classes of [, will be denoted by

A
(loo/ ~)-
Throughout the paper, the quotient space (I35 / A) and (loo/ A) will be de-
fined by /52 and ., for only simplicity;

Zg? =A{[z]x: (&n) = (21,22, ..., T, ...) € li?},

loo == {[Z]x : (Tn) = (T1, T2, ..., Tny -..) € loo }

Naturally we have the following theorem:
Theorem 3.3. (I35, ||.||2*) is a normed space.

Lemma 34. Let & = (z,) and § = (y,) € I3 and A = {n : z,, # yn}. Then,
Ir(A) =0ifand only if y € [Z]x for any X € A.

Proof. Assume that §)(A) = 0. Then, for an arbitrary £ > 0,
A({n:lon —ynl =2 €}) =0
holds. This implies that ¢ € U2 (|# — §|). Therefore,
[|zn = ynll3 =0

satisfied. This implies that & 2 §. So, § € [i],.
The converse implication can be obtained from the definition of A-statistical-

sup norm. Hence, the proof is ended. O
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Lemma 3.5. Let [T]) € lo for any X € A. Then, there exists a sequence T € 15

such that [T)x C [Z]y holds.

Proof. Let [Z]) € I be an arbitrary equivalence class of a sequence. Consider

associate sequence & = (zy,) as:

]{7, n = )\k2,
In =
fn, n 7é )\k2,

forany A € A. Itisclear that A := {n : x, # Tp} = {n = A\j2 : k € N} and the
2 Z. So, from Lemma 3.4, we

asymptotic density of the set A is zero. Hence, T
have T € [Z],.

Now, let 7 = (7,,) € [Z]x be an arbitrary sequence such that the set B = {n :
Ty, # U, } has zero A-density. If we consider C' := {n : z, # 7, } then C = ANB
holds. This implies that §,(C) = 0. Thatis, ¥ 2 7 is satisfied and [Z]x C [Z]a

holds. u

Lemma 3.6. Let & = (x,,) € I be an arbitrary sequence and X € A. Then,

5 € [ if and only if |2 — yal 32 = 0.

Proof. Take an arbitrary sequence § € [Z]y. Then, A-density of the set A = {n :

Zn # Yn} 1S zero because T 2 . This gives us for every € > 0,
A({n:|zn —yn| > €}) =0.

From the definition of A-statistical upper bound, we have ¢ € U} (|2, — ynl)
and ||z — |5 < e. Since € is an arbitrary positive real number, then the following

fact

12 =gl =0

is satisfied. The reverse of the statement of the theorem can be proved easily by

following similar steps. O

Corollary 3.3. Forall &,y € I3\, [Z]x # [9]x if and only if ||Z — g||3> # 0.
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Remark 3.1. Let & € 152 be an arbitrary element. If ¥y € [Z],, then there exists
a set K C N such that 05(K) = 1 and (§n)nerx = (Tn)nek-

Proof. From Lemma 2.2, there exist K1, Ko C N such that (Z,,)ner, € oo and
(Un)nek, € loo hold. Since g € [Z], then the set {n : x,, # v, } has density zero.
So, K3 :={n: x, = yn} C N has density 1. If we consider K := K; N Ky N K3,
then it is clear that 0, (K) = 1 and this gives that (Z),cx = (§)nek holds. O

Remark 3.2. For z € I3, let & and § € [Z]). If there exist T and § € lo, such
that T 2 7 and Yy 2 g hold, then © 2 7.

Proof. Since z,7 € [Z], then & 2 % and 0] Rz, So, 2 y satisfied. Therefore,
d

y gives that T 2 7. O

For given Z € [* define the set
E(i) ={T €l : & 27}

It is well known that the set s of all real-valued sequences is a group under the
usual sequence summation operation. The space [, is a subgroup of s.

To show /31 is actually a subgroup of s for any A\ € A, we should ensure /5
is closed under summation operation and for any & € 5! the sequence —7 also
belongs to [512. The first statement is an immediate consequence of Lemma 3.5
and the second one is a consequence of Lemma 3.6. Hence /51 is subgroup of s.

Theorem 3.4. The quotient spaces ig? and ls, are isomorphic for any A € A.

Proof. Take a function f between Zggx and [, as follows:
f: lNé? — oo,

such that f([Z]x) = [Z]\ where T € E().

To show f is well-defined let us consider any two sequences & and b in Zgﬁﬁ.
Then, there exist Z and 7 € I3 such that a = [Z], and b = [7], satisfied.

If a = b, then [Z], = [g]) holds because 2 is an equivalence relation on s.
Hence, there exist T € E(Z) and y € E(y) such that if © 2 y and y 2 i then
_ 2

xr ~.
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This means that [Z], = [y], implies that f([Z]x) = f([g]A), as a result of this
fact we have f(a) = f(b).

Hence, f is well-defined. It is clear that f is a homomorphism of groups.

Our claim here is that, f is an isomorphism. To show that f is injective, let any
(] and [7] € I, If £([#]5) = £([]5). then [z]5 = [7];. Therefore, T X 7 and
this gives that i 2 Fand7 A y from the definition of f and transitivity of 2. This
implies that £ 2 g and hence [Z]) = [g]x. Therefore, f is an injective function.

Surjectivity of f follows from Remark 2.1 which implies that the set E(Z) is
always nonempty for every element of [$*. Hence, there is always a sequence & of
I$2x such that Z equivalent to some sequence Z of [, with respect to relation R,

For any given sequence T € [, it can be constructed the mentioned sequence

~ { T, n#pz>
Ty 1=

as follows:

i, n =mp;.

where ¢ € N and p; denotes the ¢ — th prime number.

. - A . . . . .
Then, it is clear that & ~ Z. Finally it is convenient to say that f is an isomor-

phism of groups.

So, ZNZQ and [, are isomorphic. O

Definition 3.2 (Convergence in ||.||$V). A real valued sequence & = (T)nen €

I8 is convergent to g in the norm ||.||S2 if
[lzn — zol[38 =0,
holds.

Definition 3.3 (Cauchy sequence in ||.||52\). A real valued sequence & = () nen

is called Cauchy sequence in the norm ||.||52 norm if
|20 — w5 =0,

holds.
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Theorem 3.5. Let & = (z,) € 5 be a real valued sequence and vy € R.
Then, & = (xp)nen is A-statistical convergent to xg if and only if T = (zy,)nen is

convergent to g in ||.||52.

Proof. Firstly, assume that the sequence & = (x,,) is convergent to z in terms of
A-statistically. That means, for every € > 0, the set A(e) = {n : |z, — xo| > ¢}
has zero A-density;

Ir(A(e)) =0. 3.2)

Equation (3.2) implies that the arbitrary number ¢ is a A-statistical upper bound of

the sequence (|, — xo|)nen- As a result of this fact, we have
Ua(|zn — zo]) = ¢, 00)

and it implies that

inf U (|12, — z0|) = €.
Since € > 0 is arbitrary, then we have
[lzn — o] |3 = 0.

Now let’s assume that ||, —zo| |5 = 01is provided. So, inf U} (|2, —0|) = 0

holds. It means that Vr > 0,
on({n : |zp —ax0| >7r}) =0

holds. Let € > 0 be an arbitrary number. Then, there exists 3ry € R such that
ro < € and

{n: & — 20l = &} C {n: [n — 20| = ro}

holds. From the monotonicity property of A-density we have

w{n:|zn —xo| >€}) =0.
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Theorem 3.6. A sequence T = (x,,) € 151 is \-statistical Cauchy sequence if and

only if & = () is Cauchy sequence in ||.||52.

Proof. Assume that T = (z,,) is A-statistical Cauchy sequence. Then, for any

positive ¢, there exists N = N(g) € N such that the set
{n |z, —zm| > e}
has zero A-density for all n,m > N.
{n : |zn —xm| >¢€}) =0.

As aresult, arbitrary ¢ is A-statistical upper bound of the sequence (|zy,—Zm|)n meN.
So, we have U} (|, — 2m|) = [¢,00) and inf U (|7, — 2|) < €. Since ¢ is an
arbitrary positive real number, then ||z, — 2, |52 = 0 holds.

Now assume that ||z, — 2,|[5* = 0. Assumption implies that inf U2 (|, —

Zm|) = 0 holds. This implies that for every € > 0
Ww{n : |zn —am| >€}) =0
must hold. Hence, Z = (z,,) is A-statistical Cauchy sequence. O

Corollary 3.4. A number sequence T = (x,,) is convergent to xg in ||.||32 if and

only if it is a Cauchy sequence in ||.||Stx.

Theorem 3.7. Let [Z]) € l};é* be an arbitrary equivalence class forany A € A. If ¢
is A-statistical convergent to xo € R, then all sequences § in [Z]) are \-statistical

convergent to x.
Proof. Since & € [ 51y is \-statistical convergent to zg, then from Theorem 3.5
|2n — o[22 =0 (3.3)

holds. Let € [Z] be an arbitrary sequence. From the definition of A-equivalence,
also we have

& — g3 = 0. (3.4)
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Then, by considering triangle inequality of ||.||$£*, we have
15— ol 130 < 117 — ZI[Z + (12 — @oll3

From (3.3) and (3.4), we get the sequence § = (y,,) is A-statistical convergent to
zg € R. L]

Corollary 3.5. If & € 5" is not \-statistical convergent, then there is no subse-
quence 7 € [Ty to be \-statistical convergent.

In the following theorem, we are going to prove that the quotient space Zg? is
a Banach space for all A € A.
For simplicity, we are going to use £ = (x,,) instead of equivalence class [Z],.

Theorem 3.8. (131, ||.||) is @ Banach space.

Proof. We already gave in Theorem 3.1 (i) that Zg? is a linear vector space over
real numbers for any A € A. So, we should verify here Zgﬁg is complete with the
norm |[.||$4.

Let (z) € [*%* be an arbitrary Cauchy sequence in ||.|[**. Note that each
element of (z™),¢n is a sequence which belongs to IS So, the sequence (x™) can

be express as follows
(") = (a1, 25, -y 25 o0),

where (2}) = (z1,2%,...) € I$H for all n € N. Since (™) is Cauchy sequence

with the norm ||.||5, then there exists N = N(g) € N such that
o — 2™ = 0
holds for all n, m > N. Thus,
inf U2 (|27 — 2]) = 0.
It means that for all € > 0,

Sa({n:[af — | > €}) = 0
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holds. That is, for each k, corresponding sequences

(x,i), (l‘i), vy (TF)y e

are A-statistical Cauchy sequence in R. Since A-statistical Cauchy sequence is

A-statistical convergent, then there exists x; € R for all £ € N such that

sty — lim z) =z 3.5)

n—o0
holds.
Let & = (x1, x2, ...) be a sequence that consists of all A-statistical limits of the
sequences (z7), respectively.
Now, we should prove that the sequence (z™) converges to & = (x1,x2,...)
and 7 belongs to 13
From (3.5), forall kK € N and Ve > 0

Ww({n:|zy —xp| >€})=0 (3.6)
holds. (3.6) implies that
Ua(|a" — 2l) = [, 00)
and
inf U (]a" — Z|) = 0.
Hence, we have ||z" — Z||52* = 0. Therefore, the sequence (z") converges to the
Zin ||.||$-norm.
Also, the following triangle inequality
1Zll5e < 112 — ™15 + [l 1158
gives that ¥ € fg? So, the proof of theorem ended. 0
It is possible to consider ng} as a metric space for the following function
A5 AKX — [0, 00)

defined by
A3 (,9) = [1Z - FII5e

Since ||.|[** is a norm on [5%*, then it is clear that d5%* is a metric on [5%>.
o0 o0 o0 [ee]
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Definition 3.4. [27] A set E in a Banach space X (or in a general metric space
X) is called porous if there is 0 < r < 1 such that for every x € E and every
€ > 0 there is a point y € X where

0 < dist(z,y) <e

and
B(y,rdist(z,y)) N E = (.

are satisfied.

In this case, r is porosity number of E in X. If such an r does not exist, then
FE is called non-porous in X.

The notion of porosity of a set E/ of a metric space X ata pointx € X concerns

the size of “pores of E” near to x. Now, we want to investigate whether [, has
pores in 52 or not.

Theorem 3.9. [ is a non-porous subset of IS* for any sequence \ € A.

Proof. Suppose the set [, is a porous subset of /52 with 7y € (0,1). As a result of
our assumption, VZ € I, and € > 0, there exists § € [$ such that d5 (Z,7) < €
and

B(§,70.d52 (Z,9)) Nls = 0 3.7

holds. From Lemma 2.2, there is a sequence § € [, such that § = ¥ holds
A —a.a.n.
Now, let’s take a sequence T = (T,,) as
ro.dS (%, 7
T = T, + 0 002( 9)

for all n € N. Then,

TO-dgé/\ (j:vg)

A (7, 7) = i U (7 — Bl) = "2

< ro.dSX(E, 7).

This implies that T € B(f, ro.d%*(&,7)). This is a contradiction to (3.7).

Hence, bounded sequence space [, is a non-porous subset of 521, O
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