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GENERAL CLASS OF GENERATING FUNCTION FOR MODIFIED LAGUERRE
POLYNOMIALS

S.S. Bhati and Kamlesh

Department of Mathematics and Statistics, J.N.V. University, Jodhpur 342 005, India
(Received April 17, 2007)
Abstract. In the present paper we obtain a new class of generating function by Group-theoretic method
for the modified Laguerre polynomial L™ () and Bessel polynomials Y™ (u), ¥, (w).
1. Introduction

The modified Laguerre polynomial JAS (x), introduced by Srivastava and Manocha [5], is defined as

I'l+a)
FN1+n)Il'(1+4+a—n)

L) () =

n

1Fil-n; 14+ o —n; ] (1.1)

and also Bessel polynomial Ys(n)(u) is defined by same author as

=501 ()

k=0

With the introduction of linear operators, we have derived a new general class of generating function of
the above polynomials, which in turn yields a number of particular generating functions of said polynomials.

2. Main Result

Our main result is given by the following

Theorem. If there exists the generating function for the modified Laguerre polynomial Lgain)(a:) and
Bessel polynomials Ys(n)(u), erln)(w) of the form

G, u,w, ) Zan ()Y ()Y )" (2.1)

then the following general class of generating function holds

( L )”1( L )m1exp(—sz+jﬂ)6’[x(lﬂz)’“q—w

147z 1— jw jw’]z
. ap(n+1)nagrgntretatr o " S~ .
= > L L P (@) Y (u) 0 (w) 24P (2.2)

1ol 7l
n,p,q,7=0 prg T

where a,, # 0 is arbitrary constant.
The importance of above theorem lies in the fact that all particular class of generating function can be
easily be deduced by attributing suitable values to a,.

Keywords and phrases : Modified Laguerre polynomial, Bessel polynomial, Generating function.
AMS Subject Classification : 33C45, 33C99.



76 S.S. Bhati and Kamlesh

Proof. Let us assume the generating function

Gla,u,w, ) =Y an L™ (@) Y™ (u) Vi (w) 5 (2.3)
n=0

Replacing j by jztv and multiplying both sides by y"h® f™, we get

YRS G (@, w, 2tv) = yPR Y an LT (@) VI () Vi (w) (zjte)"
n=0

or,

Yy "R "G (z,u,w, jtv) = ZanL(O‘ " (2)y" 2" Y (w)ho™ Y, (w) fremn (2.4)

For modified Laguerre polynomial L%ain)(x) and Bessel polynomials Ys(n) (u), Yn(@") (w), we consider the

following three linear partial differential operators R; ([4]) and Ra, R3 ([1]).

Ry = xyz% — yzz(% —(z — a)yz (2.5)
Ry = v% (2.6)
Ry = wt™ 1f +wf -+ wt” 1f2 57 Tt LB —w) (2.7)

such that
Ri(LE (@)y"=") = (n+) L™V (py e (2.8)
Ro(YM (w)R*v™) = nY ™ (u)h*0™ (2.9)
Ry(Y,{1) (w)t" ™) = BY\ D (wyen = (2.10)

and also

PP (z,y, 2) = (1 + jyz) exp(—jayz) F [;v(l +iy2) +yjyz,z] . (cf, [4) (2.11)
eI P(u,v, h) = F(u,ev,h) (cf., [1]) (2.11)
IRt ) = (L jur et F |t pem | @9

(ct., [1]).

Now we operating both the sides of (2.4) with efttJef2ieR3) | we obtain

ef1iehai o Bai (ynps fMQ(z, u, w, jztv)) = efttd ef2iglis Z an L™ (2)y" 2" Y (u)h30"™ V() (w) f77 57
n=0
(2.14)
The left hand side of (2.14) becomes

(522) # (=) )= ut )y esplgoe + it 1)

xG [3:(1 + jyz),u ,jztv] (2.15)

w
"1 — jwt1f
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and the right hand side of (2.14) becomes

i an(n + 1)pnqﬁrjn+p+q+r

n+p n+p, nysyn—r pm+r  (@—n—p) (n) (n— 7")

n+p m-+r
n,p,q,r=0

Now equating (2.15) and (2.16) and on putting y = v = h =t = f = 1, the theorem is readily estab-
lished.

3. Particular Cases

(i) If we put s = 0, we obtain

(1+72)7(1 — jw) ™ exp(—jzz + jB)G [m(l +jz), . _ij,jz]

0 .
an(n +1)pB" " P (o
= > - o LY P () Yar D (w) 2t (3.1)
n,p,q,7=0 prr

(ii) If we put z = 0, s = 0, in given theorem and proceeding as the proof of the main theorem, we get

e rn4r
. —m . w . an n—r n
(1 g epA)G | | = 3 Py s (32
n,r=0 ’

which is a known result and as parallel to Kar [2].
(iii) If we put s =0, m = 0, in given theorem and taking R; as a linear operator, we get

o0

o0
DN ) a n—l—l Vikas
(1+j2) " exp(—jz2)Gla(l + j2),j2] = S Y T el n(n + 1) L L) (g
n= Op 0

_ Z Z an—p(n — p +1),5" ﬁf‘_")(:p)z”

n=0 p=0

=33 et oy oy (3.3

n=0 p=0

which is given by Majumdar [3].
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USE OF THE INTEGRAL INVOLVING LAGUERRE POLYNOMIAL,
HYPERGEOMETRIC SERIES AND FOX’S H-FUNCTION TO INTEGRAL
FUNCTIONS OF SEVERAL COMPLEX VARIABLES

S.K. Nigam*

Department of Mathematics and Astronomy, Lucknow University, Lucknow-226007, India
(Received May 09, 2007)

Abstract. An integral involving Laguerre polynomial, Hypergeometric series and Fox’s H-function with
the help of integral function of n-complex variables, has been studied.

1. Introduction

Let
0o k k
ki+k+1)---(k1+--+kpq1+ 12t 2n
F(z)=F(z1, zm) = Y akh...,kn( ). n )2 2 (1.1)
k! ky!
ki, ,kn=0
be an integral function of n-complex variables z1, - - - , z,. Denote
Mg.py ... . (r,F) = max F(rfPlzy, -+ ,rfrz
G (1 F) = max_ | (72, o]
where G is the closed polycircular domain in the space z = (21, -+ ,2,) and p1,-- -, py being the positive

numbers, then according to Goldberg [2]:
The integral function F(z1,--- , z,) will be called (G; p1,- -« , pn)-order and (G; p1,- - - , pn)-type respectively,
if

. 1
lim sup {logr log log Mg p, ... p, (T, F)} =p

r—00

and

lim sup {r_p log Mc.p, e ,pn (T F)} =0

r—00

Mishra [3] has given the following integral involving Laguerre polynomial, Hypergeoemtric series and Fox’s
H-function

/ 2L (2) Fy () Fy () H (2)dx — % S o) (t) Hy(m, ) (1.2)
0 T rt=0

Here

<Z5(7”) _ (aP)TCT (t) (VU)tdt

= Ba)er! Gy )t

ap; ca” V5 da® . (ap, )
Fi(z) = pFy s Fy(z) = uFy JH(z) = Hyy | 22
/BQ oy (b(I7 fq)
Keywords and phrases : Laguerre polynomial, Hypergeometric series, Fox’s H-function.

AMS Subject Classification : 33C60, 33D60.
*Mailing address: 14, R.K. Puram, Nehru Nagar III, Rakesh Marg, Ghaziabad.
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(1_p_hr_kta)‘)a(apaep)a(a_p+1—hr—kt,)\)

Hi(m,r,t) = H;fi;;’jf 2
(a—p+m+1—hr—kt,),(bg fy)
(1—p—hr—kt,\),(a—p+1—hr—kt,)), (ap, )
_ Hu,v+2 2
p+2,9+1

(bgs fq), (@ — p+m 41— hr — kt, )

where

v p u q
aj—z b; < 0; BEZ ej—AZ ej+z fi— Z £ >0;

j=1 j=1 j=1 j=v+1 j=1 j=u+1

A

1
arg z | < §B7r,

Re [p + &] >0
i
(j=1,---,u),a, denotes aq,--- ,ap; h and k are positive integers; U < V' (or, U+ V +1 and | d |< 1); no
one of the J, is zero or a negative integer and for sake of brevity A is taken to be positive number.
The objective of the present paper is to obtain a new type of relationship between the integral func-
tion F'(z1,--- ,2n) and the associate function f(zy,---,zy,) by the help of the integral (1.2), on taking the
(G;p1,-- -, pn)-order of the integral function F(z1,--- ,zy) to be one.

2. Main Theorem

Let
ad (k1 +ko+1)--(ky+-+ k1 +1) 4 .
F('Zla"' 7zn) = Z Aky, kn kl'kn' zll'”z]nc (21)
k1, kn=0
be an integral function of n-complex variables z1, - - , z,, satisfying
Tllﬁlglo sup {r~'log Mcip, . p (1, F)} < 0 (2.2)
and let
_ - akl,"',’%t _(k1+1) —(kn+1)
e z) = b . 9.
f(Z]J 72 ) . Zk:_ (k1++kn+1)! kly 7knzl ZTL ( 3)
1y n_o
where
R g (wrthitthn) L f: (aphe  (yw)ed'
Lt m! =0 (ﬂQ)ll' (Oy)et!
l-—w—Fk —--—ky—hl—Fkt,\),(ap,ep), (@ —w—ki —--+ —ky,+1—hl—kt,\)
XHu—i—l,v—l—l
p+2,q+1)
(o—w—ki—-—kp+m+1—hl —Fkt,\),(by, fq)
be the function associated with F'(zq,--- , z,) and is regular for | z; [> o(j =1,--- ,n); then
f(zlv"' ;Zn)
= [ o (b + - Zneatao1) e (21t + 2at) ! (2.4)

X Hg(z1ty + -+ + zntpn) - F(t1, - ,ty)dty - - - dty
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where

Hs(zltl + -+ Zntn)

_ e*S(thlJF"'Jrznt”)L%{S(Z’ltl +---+ Zntn)}

[ ap;c{S(z1t1 + -+ zptn) I Yo d{S(z1t1 4 - -+ zptn) }F
xplkg vkv

| B¢ ov

[ (ap, ep)
xHpy |2{S(z1t1 + -+ + zntn)}} (z1t1 + - + znty) 2

I (bg> fo)

provided the changes of order of integration and summation is justified and the series involved converges
uniformly and absolutely.

Proof of Main Theorem. Let F(z1,---,z,) be an integral function and satisfies (2.2). Then for
Re zj=x;>0>0(j=1,---,n), we have

Ity oo e, (S)

® % ap;c{S(z1t1 + -+ + znty)}!
= / . -/eS(Z1t1+"'+znt")L%{S(2’1t1 + 4 zatn) b pFQ
0 0 Bo

Yoy d{S(z1ty + -+ + Zntn)}k (apv ep)
xuFy Hyd |2{S(z1t1 + -+ + zptn) }
6V (b(I7 fq)

X(21t1 + 4 Zn—1tn—1) "L (21t + 2ate) "Mzt 4+ A+ 2ntn) U T2 (t, e t)dEy - dty,

- (ki +ko+1)- (k4 +knp1+1)
= Z Ak, e Tl k!
[ — 1 n (2.5)

oo oo ap;c{S(zit1 + -+ zuty) I
X/‘_./e—S(zm+--~+Zntn)L%{S(z1t1 + -+ 2ntn) P Fo
o0 ba

YU d{S(z1t1 + - + 2nty) }F (ap,ep)
<y Fyr Hyo | 2{S(zats + -+ + zntn) P
1% (bg, fq)

X(z1t1 + 4 Zn_1tn_1) 7L (21t + 2ate) T (21t -+ zptn)V 2 tlfla s ,752” dty---dt,

[o.9]

k k 1) (k e kg 1) _ B
- ¥ akl,--~,kn( 1+ k2 + )kl'(..l.z. +kpo1 + )z1 (a1) ()

ki kn=0
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o0 oo ap;e{S(CL+ -+ ¢a)}"
X/---/eS(Cl+"'+§”)L%{S(C1 + -+ )} pFo
B
0 0 Q
Yo d{S(G + -+ ) }E (ap,ep)
xyFy Hpg |2{S(G+ -+ &)
5V (bqafq)

X(Cr oo Goen) T (G ) TG e ) TG GG - d

Regarding the change of order of integration and summation in (2.5), if we replace ag, ... k, by|ag, . k.,
and

(zit1 + -+ Zn_1tn_1) "' - (21t1 + 29te) T Hg(z1t1 + - - - + zntyn) by

| (z1t1 + -+ zn_1tn1) "t (211 + 2ote) T Hg(21t1 + - - - + 2ntn) | and

Re zj =x; >0 >0 (j =1,2,--- ,n), then for Re(s) > 0, the resulting series coverges uniformly, as all
the terms involved are positive. Hence the change of order of integration and summation is justified and
f(z1,-++, 2n) is a regular function of z1,--- , z, for | z; [> 0,(j =1,--- ,n) and Re(s) >0

Let us first prove the above theorem for the case when the integral function is of two variables.
So when (1 + (o = u1,(o =ujug (0 <wug <1, 0 <wuy < oo), we have

Ik1,k2(8)

o0 o0 ap;c{S(G + &)}
Z ak;l,k:z — k1+1 k2+1 //es(<1+<2)L?n{S(Cl + CQ)}PFQ
0 0

1 21
Syl k‘l ko! o
Yo d{S(¢1 + ) }F (ap, ep) o
xuFy H;f,};) 2{S(¢1 + C2)}>\ (G1+ C2)w72C11 22)dC1dC2
oy (bq, fq)
oo 1 ap; c(sup)h sd(sup)k
— Z akl,k2 ; k1+1 2(k2+1)//e—5u1)La (SUI)PFQ P ( 1) UFV ’YU ( 1)
1ol m
k1,ka= kl ! 00 Ba ov
(ap, ep)
X Hylg | 2(su1)* u]f1+k2+w_1ul2€2(l — ug)* duy dus
(bg, fq)

Evaluating ug - integral with the help of the Eulerian-integral of the first kind [1] and making a simple
transformation, we can replace the double integral by

o) . h
e LY (sup)pE
(k1 + k‘z (k1 + kg + 1)! rFo 3
0 Q
YU; d(sul)k (apa ep)
xuFy Hyd | 2(su1)? ulfﬁkﬁw*ldul

dv (bg; fo)
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Putting su; = = so that sdu; = dz, the above result becomes

0o P}
ki ks! §—(wtki+ks) / e
(k1 + ko + 1 e P Q
0 Baq
(2.6)
s da® (ap, ep)
xyFy HyJ | z2? gwthitka=lgy
dy (bq= fq)
Now evaluating the z-integral with the help of the integral ([3]),
o0 1 fo%e)
/xp1GIL%($)F1($)F2(&?)H($)daE =— Z oY (t)Hi(m,1,t) (2.7)
0 m l,t:0
That is
0 ap;cxh v da (ap, ep)
/xp_le_fo‘n(x)pFQ vFy HyJ 2z dx
0 Be o (bgs fo)
_ 1 i (@p)ic  (y)ed'
ml 2= o)l (Gt
(1—p—hl —kt,\), (ap, ep), (@ — p+1 — hl — kt, )
XHu+1 v+1
p+2,q+1)
(a—p—l—m—l—l _hl_ktv)‘)a(bqafq)
where
p q v P U q
AEZCL] Zbﬂ<0’BEZej_Z ej+ij—Z fi >0;
j=1 j=1 j=1 j=v+1 j=1 j=u+1

arg z

1
< §B7T,R€(p+)\bj/fj) >0(j=1,---,u)

h and k are positive integers; U < V (or, U+ V + 1 and | d |< 1); no one of the d, is zero or a negative
integer. Hence (2.6) will take the form

k1lko! g (wtkithks) — L i (aP)lCl ( U)tdt
(k1 + k2 +1)! (ﬂQ)l, I (dy)t!
(1 —w+ky + ko —hl—kt,)\),(ap,ep),(a—w+k1 +ko+1—hl—kt,\)
Hu+21,v+11 P
p+2,q+

(@ —w+ k1 + ko +m+1—hl—kt,\), (b, f)

after replacing p by w + k1 + kg in (1.2).
Hence
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Ty 1y (S)
- i _ Gkiky  —(kit1) (kD) g (wrtkatha) L i (ep)ic” (yw)ed’
o (ke + 1 2 ml 4= (BQ)i, 1! (ov):t!
(I1—w—Fki —ky—hl—Fkt,\), (ap,ep), (@« —w —ki —ka+1—hl—kt,\)
u+1,v+1
><I_Ier2,q+1

(@ —w—Fki +ky+m+1—hl—kt,\), (by, f,)

where Re s > 0.

This shows that the theorem is true for two variables. We next prove the above theorem for the integral
function of three and four variables. Now for three variables, let

G+ Q@+ G=ul,+ G =uu,( =uuwus; (0 <up <00,0<uy <1,0<uz<1).
‘We now obtain
Ik1,k2,ks (S)

3-

K1 ,k2,k3=0
[ ap;e{S(G+ G+ )} o3 d{S(G1 + G+ (3) 3P
xplkg vlbv
| Bq v
U, | by (apaep) 1 2 ~k1 ~ko K
xHp)g [2{S(C1+ G2+ (3)} (G4 C) (G + G+ )7 (5% (5% d¢1dCad s
L (bqa fq)
- Z %(lﬁ + ko + 1)Z;(k1+1)z;(k2+1)z;(k3+1)
kikakg=0 L2
oo 11 ap;c(sul)h YU d(sul)k
///e_sululf1+k2+k3+w1L%{S(SU1)pFQ UFV
000 Bo ov
(ap, €p)
X Hpq 2(suy)F u§1+k2(1 — uz)k?’ulgz(l — u3)* duy duadus
(bg, fq)

Evaluating us - integral and ug - integral with the help of the Eulerian integral of the first kind [1], and
making a simple transformation, we have



Use of the integral involving laguerre polynomial, hypergeometric series and ... 85

Ik17k2,k3 (S)

_ i akl,kg,kg Z_(k1+1)2_(k2+1)2_(k3+1)
by g a0 (k14 ko + ks + 1)1 2 3
0 ap; czh s dz® (ap,ep)
X/ e—wxw+k1+k2+k3—1L%(x)PFQ vFy H;)Lg) ZQZA S_(w+k1+k2+k3)da?
0 5/a) ov (bg, fq)
_ = Aky ,k2,k3 —(k1+1) _—(k2+1) —(ks+1) f(w+k1+k2+k3)i - (Oép)lCl (VU)tdt
= Z 141 %2 3 S I Z I I
P (k1 + ko + ks + 1)! o (BQ)i, 1! (dv)t!
(1—w—Fky —ky—ks—hl—kt,\),(ap,ep), (@« —w —ky —ka — ks +1—hl — kt,\)
XHqul v+1
p+2,q+1

(@ —w—Fky —ky — ks +m+1—hl —kt, \), (b, f,)

where Re s > 0.

This shows that the theorem is true in the case of three variables as well. Futher in the case of four
variables, if we put

G+C+G+C =u, 0+ 0+ =uu, {1+ = ujuguszus(0 < up < 00,0 <up <1,0<u3<1,0<uy<1)

and proceed as in the case of three variables, we get

Ik17k2,k37k4 (S)

[e o]

_ Z Ak ko k3,k4 z;(kl +1)z;(k2+1)z;(k3+1)z4*(k4+1)
|
bt o ka0 (7{:1 + ko + ks + kg + 1)‘
(ap) e U)edt
ml Z | |
’ITL 1,i=0 ﬂQ lvl tt
(1—w—k1—k2—k3—k4—hl—kt,A),(ap,ep),(a—w—kl—kg—kg—k4+1—hl—kt,A
XHqul v+1
p+2,g+1)

(@—w—Fki —ky— k3 — ks +m~+1—hl—kt,\), (b, f)

where Re s > 0, which shows that the theorem is also true for the case of four variables. Hence by symme-
try we can deduce the result in the case of an integral function n-complex variables, as stated in the theorem.

Particular Case :

If in the Main theorem , we put h =k =X =1and all e, =1, f, =1, and if we make use of the relations
([4]
ai, -+ ,ap (al,].),-..,(ap,l)
u,v _ uw
Hpy |z = GM z
b1, by (b1,1),-- -, (b, 1)

then the main theorem reduces to an important result for Meijer’s G-function.
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Abstract. In this paper a unified presentation of certain subclass of univalent functions with positive
coefficients is introduced. For this purpose a fascinating technique has been adopted to generate new sub-
class of univalent functions by the use of Salageon operator. Coefficient estimates, distortion and covering
theorems, theorems involving modified Hadamard product and various other interesting properties are
obtained. In fact, our results provide generalization of those given by Uralegaddi, Ganigi and Sarangi.

1. Introduction

o0
Let S denote the class of functions of the form f(z) =z + ) a,2", that are analytic and univalent in the
=2

unit disk £ = {2z : |z| < 1}. A function f € S is said to be starlike of order o, 0 < o < 1, denoted by
f e S*(a), if Re* L) S o for 2 € E, and is said to be convex of order «, 0 < a < 1 denoted by f € C(«), if

f(2)
Re {1 + Z}C,IES) } > a for z € E, S*(0) = S* and C(0) = C are respectively the classes of starlike and convex
functions in S.
For 1 < B8 < % and z € E, let M(B) = {f € S : Rezf'(2)/f(z) < B} and

L(B)={f € S:Re{l+2f"(2)/f(2)} < B}. Further let V be the subclass of S consisting of the functions
of the form f(Z) = z+ > |an|z™. Let V(8) = M(B) NV, U(B) = L(B) NV and V*(a) = S*(a) NV,
n=2
Ve(a) = C(a) NV. V*(0) = V* and V.(0) = V, are respectively the classes of starlike and convex functions
in V.
Uralegaddi, Ganigi and Sarangi [5] determined coefficient inequalities distortion and covering theorems

for classes V() and U(f).
Let S} denote the class of functions of the form

f)=z24+ Y a2?, (keN={1,23,-}), (1.1)

j=k+1

which are analytic in the open unit disk E = {z : |z| < 1}. Also, let the operator D"(n € Ny = NU{0}) be
defined for a function f € Si, by
D°f(z) = f(2)
D'f(z) = zf'(2)
and D"f(z) = D(D"'f(2)) (n € No).

The operator D™ as the Salagean derivative operator of order n € Np [3].
0 .
For a function f(z) given by (1.1), it follows from the above definitions that D" f(2) = z+ . j"a;2/,

j=kt1
(ne No)

Keywords and phrases : Analytic, starlike and convex functions, Salagean operators.
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In the present paper a subclass S;'(8) of univalent functions in the unit disk is introduced. Thus, for
f(2) belonging to Sy, is said to belong to the class S}'(3) if it satisfies

Re{%{g)} <p (1.2)

for some 3 (1 < 8 < 3) and n € Np.
Note that S?(3) = M(B) and Si(B) = L(B). Further, let Vj be the subclass of Sy consisting of the
functions of the form

[o¢]
fx)y=z+ Z a2, a; >0 (1.3)
j=k+1

Let V*(B) = Vi, N SE(B).

Note that, in [1] Dixit and Pathak have studied the univalent function with positive coefficients with
the help of fractional derivative. In this direction, the work of Kanas and Srivastava [2], Patel and Sahoo
[4] can also be seen.

The present paper aims at providing a systematic investigation of the various interesting properties and
characteristics of the general class V;*(3), which is introduced here. Our result involving the class V;*(3)
provide improvements and generalization of those given by Uralegaddi, Ganigi and Sarangi [5].

2. Coefficient Inequalities and other Basic Properties of the Class V*(3)

Theorem 2.1. Let the function f be defined by (1.3). Then f € V};*(6) if and only if

[e.o]

> Gt - Bi"a; > B-1 (2.1)

j=k+1

The result is sharp.

Proof. We assume that the inequality (2.1) holds true and let |z| = 1. It suffices to show that

D"Jrlf(z) . 1
D f(z)
<1 zelE
Drtlf(z) ’
Ty (201
We have

z+ > jntlajzd
—j:k;l -1 s n—+1 N

o S jrage > M —=i"ay

j=k+1 < J=k+1
o0 — o0
z+ 3 ity 2086—-1)— > [j»*t — (28 —1)j"]a,
Y ) i g
z+ Y, j"a;zd
j=k+1
The last expression is bounded above by 1, if

o0 o0

Yot —Ma <281~ Y (T - (28-1)j")g
j=k—+1 j=k+1

which is equivalent to
o0
> GM = BiMa; < (B-1)
j=k+1

which is true by hypothsis. Hence, we have f(z) € V;*(5).
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To prove the converse, we assume that f(z) is defined by (1.3) and in the class V;*(3), so that condition
(1.2) readily yields

o0

z+ g Ha, 2
D" f(2) j=zk:+1 ’
Re D"— = Re ) < ﬂ, A FE (22)
f(2) z+ Y, jra;zd
j=k+1

Choose values of z on the real axes so that D"!f(z)/D"f(z) is real. Upon clearing the denominator
in (2.2) and letting z — 1 through real axes, we have required assertion (2.1).
Finally, we note the assertion (2.1) of Theorem 2.1 is sharp, the external function being

-1 )
f(z) :Z—I—jnﬁ—_ﬂjnzj

Remark 2.1.1. When k£ =1 and n = 0, Theorem 2.1 reduces to the corresponding result due to Uralegaddi,
Ganigi and Sarangi ([5], 226, Theorem 2.3). It follows immediately that V°(3) = V(3).

Remark 2.1.2. When k =1 and n = 1, Theorem 2.1 reduces to the corresponding result due to Uralegaddi,
Ganigi and Sarangi ([5], 227, Corollary 2.4). It immediately gives V;'(8) = U(B) (1 < 8 < 3). We record in
passing the following interesting and useful consequence of Theorem 2.1.

Corollary 1. Let the function f(z) defined by (1.3) belong to the class V*(3). Then

-1
%S ST g

The following properties are an easy consequence of Theorem 2.1.

(j>k+1) (2.3)

Theorem 2.2. Let 1 < 81 < 82 < 3. Then V;*(81) C V*(B2)-

Proof. Let f € V;*(51). Then

or,

Now,

IN

since f € V;*(B1). Hence f € V*(B2).
Theorem 2.3. Let n; < ny. Then V" (8) D V,*(5).
Proof. Since f € V,"*(f), therefore

A Y i

j=k+1



90 K.K. Dixit and Vikas Chandra

Now - -
Z Jn1+1 5]"1 < Z jretl — By jme <1
j=k+1 j=k+1 p-1

Hence f € V" (5).
Similarly, we can prove the following

Theorem 2.4. Let ki < ky. Then V;? (8) C V. (8).

Theorem 2.5. If f € V*(3), then

(8~ 1)kt (8 — i+
— < < 24
T hrumrig S O S R v oA (2.4)
Furthermore,
(ﬂ . 1)7.k+1 " (ﬁ _ 1)rk+1
- < < _ .
r- G <@l < (25)
The result (2.4) and (2.5) are sharp.
Proof. Note that
(k+1)"k+1-p Za]<z Blaj < B—1
j=k+1 j=k+1
Thus
[e'e) . [e%) (ﬂ _ 1)1"k+1
f)<r+ > apd <r4rt )" gy <r 4 . . (2] =1),
j=k+1 j=k+1 (k+ 17k +1 - 4]
and ol
(8 —1)r**
1f(2)| > 7 — Z ajrl > 71—
Paradt (k+1Dn[k+1-7]
Next,
(k+1-8 Zgajgz aj <B—1
j=k+1 j=k+1
Thus
ID"f() < vt Y jrag
j=k+1
S +7,k+1 Z jnaj
j=k+1
(B-1) k1
< e
S e gy 1
and

o0
r— E Jjra;r?

D" f(2)] =
j=k+1
o0
2 T—Tk+1 Z jnaj
j=k+1
-1
S B-D

(k+1-75)
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which prove the assertion (2.5).
Further, by taking the function f(z) given by

_ p-1 b
F& =24 a1 g

we can show that the result (2.4) and (2.5) are sharp.

(z ==£r),

Remark 2.5.1. Putting n = 0 and k£ = 1, we obtain the corresponding result given by Uralegaddi, Ganigi
and Sarangi ([5], Theorem 3.1, page 227).

Remark 2.5.2. Putting n = 1 and k& = 1, we obtain the corresponding result given by Uralegaddi, Ganigi
and Sarangi ([5], Corollary 3.2, page 227).

Theorem 2.6. The disk |z| < | is mapped onto a domain that contain the disk
(k+1D)"k+1-7)
by any f € V;*(8). The theorem is sharp for the external function
(ﬂ _ 1)zk+1
(k+1)"[k+1-7]
Proof. By setting » — 1 in Theorem 2.5 the result is obtained.

f(z)=2z+

3. Theorem Involving Hadamard Product

Let f(z) be defined by (1.3) and let

g(z) =2+ i bz, (b; >0) (3.1)
j=k+1

The Hadamard product of f(z) and g(z) is defined here by

(frxg)z=2z+ Z a;b;2! (3.2)
j=k+1

Theorem 3.1. Let the function f(z) defined by (1.3) and g(z) defined by (3.1) be in the class V;*(81) and
V;"(B2) respectively. Then the Hadamard product (f * g)(z) belongs to the class V;*(3? — 23 + 2), where

B = max{f, B2} (3.3)
Proof. Since f(z) € V*(61) and g(z) € V;(B2), in view of Theorem 2.1, we have

(e o] [e.e]

S = BiBaMagb; < > (" = BriMagb;
j=ht1 j=k+1
< _ _p=1
T (kD)L = By(k+ 1) Z U frd )j"H — Bug™

j=k+1
(b1 —1)(B2—1)
(k + 1)n+1 _ /62(]{; + 1)TL
(6-1)?

~ (k+ 1)k +1— (9]
B-17=(F+26+2) -1

Hence by Theorem 2.1, the Hadamard product (f * g)(z) is in the class V;*(8? — 28 + 2) with 3 given
by (3.3).

IN
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4. Linear Combination of Functions in Class V;*(3)

Theorem 4.1.  Let the function fi(2),f2(2), -, fm(2) defined by fi(z) = z + > ¢,
j=k+1
(k=1,2,3,---), (¢ji > 0), by the class V;*(8). Then the function h(z) given by
1 m
= Z fi(2)
i=1
is also in the class V2(03).
Proof. By the definition of h(z), we have the expansion
Z) = Z+Z EZCJ',@'] 2J
i=1 i=1
Since fi(z) € V*(8). Therefore
> Unt1 = BiM)ea<B-1 (4.1)
j=k+1
Now
f: Em:ij 1= B5")e Emji i(j 1= B5")cj
m n+ 7 : m | n+ 7,0
j= i=1 i=1 j=k+1
1
< — (B -1 by (4.1
< ; —(B-1), by (41)
< pB-1
We conclude from Theorem 2.1, that h € V;*(3).
Theorem 4.2. Let
fre(z) =2 (4.2)
and 5
fiR) =24+ —— P /3] —2 (j=k+1,k+2,--) (4.3)
Then f € V() if and only if it can be expressed in the form
z) = Z)\jfj(z), where A; > 0 and Z)\j =1 (4.4)
— s
Proof. Suppose f is given by (4.4), so that we find from (4.2) and (4.3) that
-1 ,
f(Z): Az + Z )\ |:Z+nfi—ﬂ J:|
k1 7"
= z+ Z n+1 sz,
k1’

where the coefficient \; are given with (4.4). Then, since

o _1 o
S (j”“—ﬂj”),ﬁ—ﬁjnf\JZ G-1) 3 A

j=k+1 j=k+1

IN
=
|
—_
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we conclude from Theorem 1, that f € V*(3).
Conversely, let us assume that the function f defined by (1.3) is in the class V;*(3), then

8—1

ajﬁm, (G=k+1L,k+2,--), (4.5)
which follows readily from (2.1).
Setting
n+1 _ 3:n
and

A=1-— i Aj (4.7)

j=k+1

We thus arrive at (4.4). This evidently completes the proof of Theorem 4.2.

Corollary. The extreme points of V,*(3) are given by fi(z) = z and

p-1 ,
fj(z)zz+jn+1—ﬂj”’ G=k+1,k+2,---).

If we take K = 1 and n = 0 in corollary, then we have the result by Uralegaddi, Ganigi and Sarangi
([5], Theorem 5.2).

References

[1] Dixit, K.K. and Pathak, A.L. : A new class of analytic functions with positive coefficients, Indian J. Pure Appl.
Math., 34 (2) (2003) 207-218.

[2] Kanas, S. and Srivastava, HM. : Some criteria for univalence related to Ruscheweyh and Salagean deriavtives,
Complex Variable Theory Applo., 38 (1999) 263-275.

[3] Salagean, G. St. : Subclass of univalent functions, Lecture notes in Mathematics, Springer-Verlag 1013, (1983),
362-372.

[4] Srivastava, H.M., Patel, J. and Sahoo, P. : Some families of analytic functions with negative coefficients, Math.
Slovaca, 51 (4) (2001) 421-439.

[6] Uralegaddi, B.A., Ganigi M.D. and Sarangi S.M. : Univalent functions with positive coefficients, Tamkang
Journal of Mathematics, 25 (3) (1994) 227-232.



The Aligarh Bull. of Maths.
Volume 27, No. 2, 2008

C-TOTALLY REAL WARPED PRODUCT SUBMANIFOLDS IN S-SPACE FORMS

S.S. Shukla and Sanjay Kumar Tiwari

Department of Mathematics, University of Allahabad, Allahabad-211002, India
E-mail: ssshukla_au@rediffmail.com
sanjaitiwarikt@rediffmail.com

(Received September 05, 2007)

Abstract. The inequality between the warping function of a warped product submanifold isometrically
immersed in a S-space form and the squared mean curvature has been established.

1. Introduction

Blair [1] introduced S-manifolds for manifolds with an f-structure as the analogous of the Kdiehler
structure in almost Hermitian case and to the Sasakian structure in the almost contact case. While
Chen [3] established sharp relationship between the warping function of a warped product submanifold
isometrically immersed in real space form and the squared mean curvature. Kim and Yoon [7], on the
other hand, derived a similar inequality for totally real warped products in locally conformal Kaehler space
forms. In this paper, we establish similar relationship for C-totally real warped products submanifolds in
S-space forms.

2. Preliminaries

Let (My,g1) and (Mi, g2) be two Riemannian manifolds of positive dimension n; and ngy, with Riemannian
metrics g; and gs, respectively and f,, a positive differentiable function on M;. The warped product of My
and My is the Riemannian manifold My x z, My = (M; x Ma, g), where g = g1 + f2g2 (see [2] and [3]).

Let © : My Xy, My — M(c) be an isometric immersion of a warped product M; xy, Ms into a
Riemannian manifold M (c) with constant sectional curvature c. We denote o the second fundamental form
of z and H; = nli(trace o), where trace o is the trace of o restricted to M;, and n; = dim M;(i = 1,2). We
call H; (i = 1,2) the partial mean curvature vectors. The immersion z is said to be mixed totally geodesic
if h(X,Z) =0, for any vector fields X and Z tangent to M; and My, respectively.

Now, let (M, g) be a (2m + s)-dimensional Riemannian manifold M is said to be a metric f-manifold
if there exist a (1,1) tensor field f, s-global unit vector fields &1, -+ , &, (called structure vector fields) and
s 1-forms 7y, - -+ ,ns on M such that

PX ==X+ na(X)éar 9(X, ) = na(X), (2.1)

a=1
f{azov naof:()

and

g(f X, fY) = g(X,Y) = > na(X)ma(Y)
a=1

Keywords and phrases : Warped product, mean curvature, sectional curvature, S-space form, and C-totally real
submanifold.
AMS Subject Classification : 53C25, 53C40.
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for any X,Y € TM, where TM denote the Lie algebra of vector fields and o =1, , s
The f-structure is said to be normal if

[f?f]+2Z£a®d77a:0 (2.2)
a=1

where [f, f] is the Nijenhuis torsion tensor of f. Let F denote the fundamental 2-form given by
F(X,Y) = g(X, fY), for any X,Y € TM. M is said to be an S-manifold if the f-structure is normal
and

mA--AnsA(dna) #0, F=dn,

for any a =1, --- ,s. When s =1, S-manifold are Sasakian manifolds.

A plane section 7 in T, M is called an f-section if it is spanned by X and fX, where X is a unit tangent
vector field orthogonal to the distribution spanned by structure vector fields. The sectional curvature K ()
of an f-section 7 is called f-sectional curvature. A S-manifold is said to be a S-space form if it has constant
f-sectional curvature c. We shall denote a S-manifold M with constant f-sectional curvature by M(c). The
curvature tensor of a S-space form M(c) is given by ([10])

R(X,Y,Z,W) = glc(X,W),0(Y,2)) —g(c(X,Z),0(Y,W))

+Z (FX, fW)na(YIng(Z) — g(F X, FZ)1a(Y )ng(W))

+9(fY, fZ2)na(X)ng(W) — g(fY, fW)na(X)ns(Z2)) (2.3)
L3S (X PWVG(FY, £2) — 9(f X, F2)g(fY, FW))
—I—C ; S(F(X, W)F(Y, Z) — F(X, Z)F(Y, W) — 2F(X, Y)F(Z, W))

Let M be a n-dimensional submanifold isometrically immersed in M (c) and denote by o,V and V=
the second fundamental form of M, the induced connection on M and on the normal bundle T+ M. Then
the Gauss and Weingarten formulae are given by

VxY =VxY +0(X,Y) (2.4)

VxN = —AnyX + V%N

respectively, for vector fields X,Y tangent to M and N normal to M, where Ay is the shape operator in
the direction of N. The second fundamental form and the shape operator are related by

9(0(X,Y),N) = g(AnNX,Y) (2.5)
Let R be Riemannian curvature tensor of M, then the Gauss equation is given by
R(X,Y,Z,W)=R(X,Y,Z, W)+ g(c(X,W),0(Y, Z)) — g(0(X, Z2),0(Y,W)) (2.6)

forall X,Y,Z, W € TM.
Let p € M and {e1, - ,en, - ,€amys} an orthonormal basis of the tangent space T,,M(c), such that
e1, - ,en are tangent to M at p. The mean curvature vector H(p) is defined by

1 n
— L5 e (2.7)
=1

3
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The submanifold is said to be minimal if H vanishes identically and it said to totally geodesic if o(X,Y) = 0,
for any X, Y € TM.
We set

oi: =g(o(eej),e), 1,5 €{1,---,n}, re{n+1,---,2m+ s} (2.8)

and

lol> =" glo(ei e)), oleire;))
ij=1
For any X € TM, we put fX = TX + NX, where TX and NX are the tangential and normal
component of fX, respectively. The submanifold is said to be invariant if IV is identically zero, that is, if
fX € TM, for any X € TM and it is said to be anti-invariant if T" is identically zero, that is, if fX € T+M,
for any X € TM.
It is well-known that

o(X, &) = —NX (2.9)

for any X € TM and any o =1, -+, s. In particular, 0(£4,&3) =0, for any o, =1,--- ,s
We recall the following Chen’s Lemma for later use.

Lemma ([1]). Let n > 2 and ay, a9, - ,ap, b real numbers such that
[Zazl (n—1) [Za +b
Then 2aias > b, with equality holding if and only if a1 +as = a3 =+ = an,.

3. C-totally real warped product submanifolds

In this section, we investigate C-totally real warped product submanifolds in a S-space form M(c). A sub-
manifold M normal to §,, « =1,---, s in an S-space form M (c) is said to be C-totally real submanifold. It
follows that f maps any tangent space of M into the normal space, that is, f(T,M) C T;-M , for every p € M.

Theorem 2.1. Let x : My xp, My — M(c) be a C-totally real isometric immersion of an n-dimensional
warped product M; X ¢, M into a (2m+s)-dimensional S-space form M (c) of point wise constant f-sectional
curvature c¢. Then:

c+3s

Blo o 2 e 4 g S22 (31)

fw - 4n
where n; = dim M;, i = 1,2, and A is the Laplacian operator of M;. The equality case of (3.1) holds if and
only if x is a mixed totally geodesic immersion and n1H; = noHo, where H;, i = 1,2, are the partial mean
curvature vectors.

Proof. Let M x f, M be a C-totally real warped product submanifold into a S-space form M (c) of constant
f-sectional curvature c. Since M X, M is a warped product, it can be easily seen that

VxZ=VzX = L (xt.)z (3.2)

for any vector fields X, Z tangent to My, M respectively. If X, Z are unit vector fields, it follows that the
sectional curvature K (X A Z) of the plane section spanned by X and Z is given by

K(XAZ) = g(V2VxX — VxV2X, Z) = fi{<vxx>fw _X%f,) (3.3)

w
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We consider local orthonormal basis {e1, - ,en,€nt1, - €2m+1 = &1, ,€am+s = &s}, such that
€1, ,en, are tangent to My, en, 41, , e, are tangent to Ma, ey, 11 is parallel to the mean curvature vector

H . Then, using (3.3) we obtain

Afw ZK (ej N ey)

for each uw € {n; +1,--- ,n}.
From equation of Gauss, we obtain
3
27 = w2 | H|12 = lo | + o — 1)
where 7 denotes the scalar curvature of My Xy, Mo, i.e.
T = Z K(ej, ey)
1<j<u<n
We set
c+3s n?
=27 —n(n-1) YR 7\\HH

From (3.5) and (3.6), it follows that

n’|H|* =2 (8 +||o]|?)
With respect to the above orthonormal basis, (3.7) takes the following form

2m+s n
2
I IS oS S DD oY e
1#£] r=n+2i,j=1
From above equation, we obtain
3 2 3 2m+s n
Yal =200+ @+ 3 () X Y
i=1 =1 1<i#j<n r=n+21,j=1
n+1 _n+1 n+1l _n+1
- Z 955 Okk T Z Tuu Tu
2<j#k<n ni+1<ijAt<n
where a1 = 011 ZU”H and a3 = Z U"H.
t=no+1
Thus ay,as, a3 satlsfy the Lemma of Chen (for n = 3), i.e
3 2 3
Zai =2 b+Za§
i=1 i=1
with
2m+s n
_ n+1 n+1 _n+1
b—5+Z( ) > D (@ > et )
1<i#j<n r=n+2i,j=1 2<j#k<n ni+1<ij#t<n

Then 2aias > b, with equality holds if and only if a; 4+ a2 = as.
In the case under consideration, we have

(3.4)
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5 2m+s n
n+1_n-+1 n+1 n+1 n+1
Y. ottt Y. o o+ D) ( ) Z > (@ (3.8)
1<j<k<ny n1+1<u<t<n 1<a<pB<n r=n+2 a,5=1

Equality holds if and only if we have

ni

Z n+l _ Z O_n+1 (39)

=1 t=n1+1

Again, using the Gauss equation, we have

=7 — Z K(ej/\ek)— Z K(eu/\et)

1<j<k<n; n1+1<u<l<n

*fu

2m—+s

. ni(ny — 1)(c + 3s) Z Z (O';jUIZk B (ng)2)

r=n+2 1<j<k<ni

2m+s

B 2(n2 — 1 C + 38 Z Z (O'Zuo';t _ (UZt)2) (310)

r=n+1 ni+1l<u<t<n

Combining (3.8) and (3.10) and taking account of (3.4) and (3.6), we have

n2Afw <r ~ n(n—1)(c+3s) n1n20+3s 9
Jw 8 4 2
1 2m+s n
n+1 -
- Y @)X X6
1<j<ni;n1+1<r<n r=n+2 a,=1
2m+-s ) 2m+s
+ > Yo (05— (oh0m) + Y Yo (o) = (onuoh)
r=n+1 1<j<k<ni r=n+2 ni;+1<u<i<n

2m—+s ni

n(n —1)(c+ 3s c+ 3s
L L S —-—ZZZ

r=n+1 j=1t=n1+1

2m-—+s ni 2 1 2m-+s n 2
) Z D] —3 2 <Z 0&)

r=n+2 \ j=1 r=n+2 \t=ni1+1
n(n —1)(c+ 3s) c+3s 9§
< 7 _ =
ST 3 + nineg 1 9
n? 9 c+3s
4 4
which implies the inequality (3.1).
We see that the equality sign of (3.11) holds if and only if we have
0;-}:0, 1<j<n, m+1<t<n, n+1<r<2m-+s (3.12)
and
ni n
o= > 0f,=0, n+2<r<2m+s (3.13)

t=ni1+1
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From (3.12) it follows that the warped product M; x, M> is mixed totally geodesic and (3.9) and
(3.13) implies n1 H; = noHa. The converse statement is straightforward.

Corollary 3.2. Let My x, M> be a warped product whose warping function f is harmonic.
Then

(i) My x g, M admits no minimal C-totally real immersion into a S-space form M (c) with ¢ < —3s.

(ii) Every minimal C-totally real immersion of Mj X7, M> in the standard Euclidean space R*™" is a
warped product immersion.

Proof. Let f be a harmonic function on My and My Xy, Ms admits a minimal C-totally real immersion in
a S-space form M (c). Then, the equality (2.1) becomes ¢ > —3s.

If ¢ = —3s, the equality case of (3.1) holds. By Theorem 3.1 it follows that M; x ¢, M> is mixed totally
geodesic and H; = Hy = 0. A well-known result of Nélker [9] implies that immersion is a warped product
immersion.

Corollary 3.3. If the warping function f, of a warped product M; x M> is an eigenfunction of the
Laplacian on M; with corresponding eigenvalue A > 0, then M x ¢, M> does not admit a minimal C-totally
real immersion in a S-space form M (c) with ¢ < —3s.

Proof. If f, is an eigen function of the Laplacian on M; with eigen value A > 0, the inequality (2.1) implies
that

%(c+3s)2)\>0
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Abstract. We determine the error bound of periodic signal belonging to H,-space (see[6]) by deferred
Cesaro - transform (see[1] p. 414 and also see [4] p.148) generalizing an earlier result of Chandra [3].

1. Definitions and Notations

Let s(t) € C*[0,27] be a class of 27 - periodic analog signals and let the Fourier trigonometric series be

given by

1 = N
s(t) ~ 540 + Z(an cosnt + by sinnt) = Z An(t)
n=0

n=1

Singh [6] defined the space H,, by

Hy = {s(t) € Cor :| 5(t1) — s(f2) [< Kw(| t1 —t2|)}

and the norm || - ||, by
s o=l s llc +sup{A“" s(t1,t2)}
ti1t2
where
[ slle= sup |s(t)]|
0<t<2m
and
. | s(t1) — s(t2) |
A¥ s t1,t9) = ——"F—, 01 7&752
t) = Tt )

and choosing A%s(t1,t3) = 0, w(t) and w*(t) being increasing signals of ¢. If
w(|t1—t2 ‘) §A|t1—t2 |a
Wt —t|)<K|ti—t % 0<8<a<1
A and K being positive constants, then the space

H, = {S(t) € Cor :| S(tl) — S(tg) |§| t1 — to |a, O<a< l}

Keywords and phrases : Analog signal, Deferred Cesaro - transforms, modulus of continuity.
AMS Subject Classification : 42A10.
*Correspondence author
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is a Banach space (see[5]) and the metric induced by the norm || ||, on H, is to be a Holder metric.
Let s,(t) be the n*? partial sums of (1.1) and let {p,} and {g,} be sequences of non-negative integers
satisfying

Pn < (n (19)
and
lim ¢, = o0 (1.10)
n—oo
The processor
1 &
Dy (sy) = > sk(t) (1.11)
dn — Pn k—pn

defines the deferred Cesaro- transform D(py,q,) ([1], also see [4], p.148). It is known [1] that D(pn,qn)

is regular under conditions (1.9) and (1.10). Note that D(0,n) is the (C,1) transform and let {\,} be

a monotone non - decreasing sequence of positive integers such that A\; = 1 and Ap41 — Ay < 1, then

D(n — An,n) is same as the nt" generalized de la Vallée Poussin processor, generated by the sequence {\n}.
We shall use following notations:

b, () = s(t1 + 2t) + s(t1 — 2t) — 2s(t1) (1.12)

Kn(t) = 2[31111 S 40+ Dt sinfg, 41 po)] (1.13)
2

2. Introduction

Chandra [3] using the n!” generalized de la Vallée Poussin processor, proved the following result on the
supremum norm.

Theorem A. Let the modulus of continuity w(t) of s € Ca, be satisfying

/2
/ ) 4y = O(H (1)) (2.1)

ast— 07, H(t) >0 and

/ H(w)du = O{tH(t)} (2.2)
0

then

1% - sl=0{ 5 (5} 23)

The purpose of the present paper is to establish a result to generalize the theorem A and to obtain a
number of interesting results. Actually, we prove:

Theorem 1. Let s € H,, 0 < g <n <1, (2.1) and (2.2) be satisfied, then

<1+log qnq—npn> {qnian (2(qn7r—pn)>}1%] 24

Il

| Dn(sn) — s ||lux= O
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Theorem 2. Let s € H,, 0 <3 <n <1, then

B

| Dn(sn) — s

3. Lemma
We shall use following lemma
Lemma ([3]). Let (2.1) hold , then as t — 0%
w(t) = O{tH(t)}
4. Proofs of Theorem 1 and 2
Following Zygmund [7], we have

1 I
dn — Pn

D, (sn) — s(t1) =
k=pn

i

B 1 /2 {s(2t —t1) +s(2t —t1) — 2s(t1)}

~ (gn—po)7 (sint)?
0

%
1
= — t)K,(t) dt
—— [o0K.0
0
It is easy to note that

| ¢0, () = @1, (8) |[< 4K w(| £])

and
| $1,(t) — D, (1) |< 4Aw(| t1 — L2 |)
We write
E,(t1) = Dy(sn) — s(t1)
. 3
- O/ o1, (DK (1) dt
and
. )
E(t1,t2) =| E(t1) — E(t2) [< mo/ Pty (t) — bry(t)
| Han—pn) 3
= =) / + / b1, (1) — b1, (1)

[ | S—
2(qn—pn)

T 17? q% qn
=0 |Jw|— + “ w
{ (%L)} dn — Pn ;

S silt) — s(t)

sin(py, + gn + Dt sin(g, + 1 — pp)t dt

| Kn(t) | dt

| Kn(t) | di

103

(4.1)
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=1+ 12, say (4.4)
Now using (4.2), Lemma and noting that
i n n 1 i n 1- mn 2 n - Fn
Ko(t)| = | S2Pntgnt DEsingn + 1= pn)t | 2(gn = pn) (4.5)
(sint)? t
we have
'L =0 / A0 4
0
1 T
=0 H 4.6
[(Qn — Pn) <2(Qn _pn)>] (49
Again using
Kot)] = sin(pn, + qn + 1)'t sin(gn, + 1 — pp)t
(sint)?
K K
< < — 4.7
~ sin?t — 2 (4.7)
then we get from (2.1)
%
1 t
| L |=0|—— / iQ)dt
(Qn _pn) J t
2(qn—pn)
1 T
=0 H 4.8
o (2w ) -
Now from (4.2), we have
1 i 2((1n7ipn)
I|=0 / w(lty —t K, ()| dt
h=0|——| (=t ) | Kalt))
|0
1 us
y y ‘)_ an 2(gn—pn)
=0 [UJ('l—Q /+ / = I + L2, say (4.9)
dn —Pn |
0 1
an
Now noting that
Ko t)| = sin(py, + qn + 1)‘t sin(gn, + 1 — py)t
(sint)?

S (pn + dn + 1)(Qn + 1-— pn) S Qn(Qn _pn)
thus

L1 =0{w|ti —t2 |} (4.10)
further noting that
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sin(pp, + qn + 1)tsin(g, +1 — pu)t
(sint)?

) -

Thus

an
112: {w tl—tg log—}
( ) log 5=

Combining I11 and I ,we get

11:O(W(|t1—t2 |)10gﬁ>

and again from (4.7)

2(qn—pn)

=O0{w (| tr—t2])}
Now noting that

we have , from (4.6) and (4.12)

1= 0(1) {w (|t — b2 )} (1 +log 2(qnqi pn)>% {(qn —p (2(qn7r—pn)> }1

and from (4.8) and (4.13)

n=omts(n-nn g5 (o))
Thus from (4.15) and (4.16) , we have

. | En(t1) — En(t2) |
sup | A* E,(t1,t2) |=su
t1t123| n{fy,t2) |= sup w*(| t1 —t2 |)

(1 el q—npn> { (gn ipn)H (2(qn7r— pn)> }1%]

| En(t1) [le= Ogmtlagjén | Dn(sn) — s |

3@

=0

It is to be noted that

=9 [(Qn ipn)H (2(qn7r—pn)>]

Combine ( 4.17 ) and ( 4.18) , to get
8 . -
dn m T
1+ log ) { H ( )}
( n — Pn (@n — pn) 2(qn — pn)

This completes the proof of the theorem 1.

I Dn(sn) = s ||"=0

Pn

| <K (1 posine < 22

105

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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Proof of Theorem 2 follows analogously as the proof of Theorem 1 with slight changes, so we omit the
details.

5. Corollaries and deductions

In this section, we deduce some corollaries. First of all we consider the corollaries based on Theorem 1.
Ifweput w(|t1 —ta|) <Aty —t2|% w*(|t1 —t2|) <K |t; —t2 |® and

wl  0<a<l
H(u) =
log+ | a=1

and replace 1 by «, we get

Corollary 1. Let s € H,, 0 < 8 < a <1, then

Q@

(1 + log qan"pn) (g —pn)?™@, O0<a<1

| Dn(sn) —s Hﬂ: O

B 1-8
(1 + IOg qnqllpn> (@nipn ].Og(qn B pn)) y &= 1
Note that, if the case 6 = lim sup Pn < 1, then from Corollary 1, we have
n—oo qn
Corollary 2. Let s € Hy, 0 < 3 < a <1, then

(qn—pn)ﬂfa, 0<a<l

| Dn(sn) — s ||ﬂ: O

13
<qnipn log(gn —pn)> ,a=1

If we put ¢, = n and p, = n — Ay, then deferred Cesaro- transform reduces to nt" generalized de la
Vallée Poussin means V,(\) and from Theorem 1 and Corollary 1, respectively, we have

Corollary 3. Let s€ H,, 0 <3 <n<1,(2.1) and (2.2) be satisfied, then

B 1 1-8
n n ™ n
1+ log — —H | —

Put 8 = 0 in the above corollary to get the Theorem A due to Chandra [3] in the supremum norm.

V() = s |“"=0

Corollary 4. Let s € Hy, 0 < 3 < a <1, then

ol

(1 + log f—n> M), 0<a<1

| Dn(sn) — s llg=O
(1 + log )\—’;)ﬁ (Ainlog()\n))l_ﬁ, a=1

If we put 6 = 0 in Corollary 4, then we get

Corollary 5. Let s € Cy; and s € lip o, 0 < o < 1, then
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If we put ¢, = n and p, = 0 and g = 0, then from Corollary 1 to get the following result on the Fejer
processor, we have

Corollary 6. Let s € Cor and s € Lip a, 0 < a < 1, then
n % O0<a<l

[ on(s) —s (=0

logn
n

(The above result is due to Alexits[2]).
The following corollaries are due to Theorem 2. Again we use the concept of Corollary 3, in Theorem
2, we get following.

Corollary 7. Let s € H,,, 0 < 8 <n <1, then we get

B /n 12
oo (@) 2 (54 ()

If we put 6 = 0 in above, then we have

Corollary 8. Let w(t) be the modulus of continuity of s € Ca,, then

S@) 2 (5e(3)]

Several other interesting results can be deduced from the above corollaries.

| Va(A) — s |

w*:O
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Abstract. This paper presents the notion of asymptotically lacunary statistical equivalent sequences of
multiple L. In addition to this definition inclusion theorems are also presented.

1. Introduction and Background
Before we present the new definition and main theorems we shall state a few known definitions.

Definition 1.1(Marouf [3]). Two nonnegative sequences [z], and [y] are said to be asymptotically
equivalent if

lim 28 =1

kE Yk

(denoted by z~y).

Definition 1.2(Fridy, [2]). The sequence [z]| has statistic limit L, denoted by st — lim s = L provided that
for every € > 0,

1
lim —{the number of k <n: zy — L[> €} =0
non

Recently Patterson [5] presented the following definition by combining the notion of asymptotically
equivalent and statistical convergence:

Definition 1.3. Two nonnegative sequence [z] and [y] are said to be asymptotically statistical equivalent
of multiple L provided that for every e > 0,

1
lim —{the number of k < n :| L ) > e} =0
non Yk

(denoted by z 2 y), and simply asymptotically statistical equivalent if L = 1.

By a lacunary sequence 6 = (k,); r = 0,1,2, ... where kg = 0, we shall mean an increasing sequence of
non-negative integers with k. — k._1 — oo as r — o0o. The intervals determined by # will be denoted by
I, = (ky—1,k.] and h, = k, — k,—1. The ratio fﬁ—l will be denoted by ¢,. Following these results Patter-
son and Savas in [4] defined asymptotically lacunary statistical equivalent sequences of multiple L as follows:

Definition 1.4. Let 6 be a lacunary sequence; the two nonnegative sequences [x] and [y] are said to be
asymptotically lacunary statistical equivalent of multiple L, provided that for every ¢ > 0

Keywords and phrases : Asymptotically statistical equivalent, lacunary sequences, statistical limit points.
AMS Subject Classification : 40A99, 40A05.
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{kGIr:

SL
(denoted by = < y)and simply asymptotically lacunary statistical equivalent, if L = 1.
We now define

1
lim —
T r

ﬂ—L‘ze}‘zo
Yk

Definition 1.5. Let 6 be a lacunary sequence; and p = (pr) be a sequence of positive real numbers; two
number sequences [x| and [y] are strongly asymptotically lacunary equivalent of multiple L, provided that

NL(P)
(denoted by z =~ y) and simply strongly asymptotically lacunary equivalent if L = 1.
L L(p)
N,? N
If we take pp = p for all k € N we write z 2 y instead of z ~ .

Definition 1.6. Let p = (px) be a sequence of positive numbers and let us consider two number sequences
[z] and [y]. The two sequences [z]| and [y] are said to be strongly asymptotically, Cesdro equivalent to L
provided that

(denoted by z o) y), and simply strong Cesdro asymptotically equivalent if L = 1.
Let us now consider the following theorems:

Theorem 1.1. Let 0 be a lacunary sequence. Then

NLP SL
(1) fz L ythenz < y.

L
P
N0

SL
(2) If 2,y €loo and z 2 y then z X .
(3) SENls=N," Nls

where [, denote the set of bounded sequences.

Lp

N0
Proof. Part (1): If e >0 and z ~ y then

I D

k
kel keh&\%ﬁfﬂze Y

ep|{k€Ir:|ﬁ—L|ze}\
Yk

v

S§
Therefore z, — L(z ~ y).

SL
Part (2): Suppose that [z] and [y] are in o, and  ~ y then we can assume that | = L|< M for all k.

Let € > 0 be given and N, be such that

1 T € % €
— kel.:|——L|> (= < —
h { < ‘yk ‘_ (2) }‘ - 2KP
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|

1 T 1 T
2 Tk _p o~ L Tk _ 1 p
hz‘yk | hrz|yk |

for all » > N, and let

B =

Lk::{kelrz\%—L\z (%)

Now for all » > N we have

" kel, k€Ly
1 T
o> | oL
T k&L, Yk
1 hge 1 e
> KP4+ —h.—
= ke TwTa
NEP
Hence z;, — L(z % ).

Part 3: This immediately follows from (1) and (2).

L(p) SL
Theorem 1.2. Let § = {h,} be a lacunary sequence and supy, px = H then z ~ y implies 2 ~ y.

NL(P)

Proof. Let z ~ 1y and € > 0 be given. Then

1 Tk 1 Tk
_ ZE_ L = — ZE _ L |Pk
hy. jz:' Yk | by jg: Yk
kel, kel,«&\gffﬂze
1 Tk
+ — — — L |Px
D bl

" kel &| 2k L] <e

1 Tk p
> 5 2 gL
kel,«&\%fuze
1
> h_ Z (€)™
" KEL &| 2 L] >e
1 .
> Y min{(O", (9)
" kel &l Th—L|>e
>

1 Tp . inf H
— L2 > infpi
I {k:e | m |> e} |m1n{(e) (€) }

Sy
Hence z ~ y.

SL
Theorem 1.3. Let [z] and [y] be bounded and 0 < h = infy p, < supypr = H < co. Then x ¥ y implies
NL(P)

]
xr o~ .

Proof. Suppose that [z] and [y] be bounded and € > 0 is given. Since [z] and [y] are bounded there exists
an integer K such that | & — L [< K for all k; then
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_Z|%_L|pk — hi Z |__L|pk

kel, " kel &| 7k~ L] >e
1 Tl
= YN =
hr T Yk
kelk&|EfL\<e

hi Z max{K" K}

" kel &| 7k —L|>e

1
+ 7 Z max{e}P*

T
ICEIT&‘Z—:*L|<E

IN

IN

1
maX{Kh,KH}h— | {k‘ €l | % —L|> 6} |
T

+ max{e" e}

NP
Hence z ~ y.
NL(P)

Theorem 1.4. Let § = {k,} be a lacunary sequence with lim inf, ¢, > 1 then x o) y implies . ~ .

Proof. If liminf, ¢, > 1, then there is § > 0 such that 1 + ¢ < g, for all » > 1. Then for x o) Y,

A, = Z|——L|”k

" kel
1 k'f‘ 1

1 b Tk
- ke - — Zk ek
hrz_:|yk ‘ hr |yk |

k1 1 «— 7
— § ( —L Pe | _ E ( _ [ |Px
< | ‘ ) hr kr—l ke1 ‘ Yk |

Since h, = k, — k,_1, we have 5—: < 1%;'6 this both

k'f‘ 1
— L |Pk

and
1 kr Tl
- ZE ek
kr;| Yk |

L(p)
converges to zero. Therefore z ~ . This completes the proof.

NL(P)
Theorem 1.5. Let # = {k,} be a lacunary sequence with limsup, ¢, > 1 then z ~ vy implies = o) Y.

NL(P)

Proof. If lim, g, < oo, there exists B > 0 such that ¢, < B for all » > 1. Let 2 ~ y and € > 0. There
exists R > 0 such that for every ¢ > R and

A = hZ| — L P*<e

kel;
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We can also find K > 0 such that A; < K foralli = 1,2,3,.... Now let m be any integer with k,_1 < m < k,

where r > R. Then we can write

1 i Tl Pk 1 b T Pk
Sl rp < S
mkzl Yk Tﬁlk:l Yk

1 Tk Tk Tk
— — L Pk+ — — L Pk_l__l_ — L Pk
el DI LS L S > 1Tt

kel kel
kq ko — k1 kr —kr1
= A A e =4
kr—l ! * kr—l 2 * + kr—l n +
kr - k’rfl
ST 7
+ + o
k k. —k
< (sup Aj)—2— + (sup A;)———8
i>1 ke i1 kr 1
k
< K R + eB
k’rfl
This completes the proof.
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Abstract. The problem of steady laminar flow of a non-Newtonian visco-elastic second-grade fluid under
a finite rotating disk enclosed within a coaxial cylindrical casing has been solved by finite difference
method when there is suction and equal injection applied normal to the upper and lower disc respectively.
The flow is subjected to a superposed small mass rate of symmetrical radial outflow (or inflow). The
effects of the second order terms are observed to depend on the dimensionless visco-elastic parameter T
and suction parameter A. The presence of the shroud induces circulation about the axis of rotation. It
is interesting to find that the maximum values £; and & of the dimensionless radial distances at which
there is no-recirculation, for the cases of net radial outflow and net radial inflow, decrease with an increase
in the visco-elastic parameter T. The velocities at £; and & as well as at some other fixed radii have
been calculated for different values of 1" and suction parameter A. and the associated phenomena of
recirculation®/ no-recirculation has been discussed in detail and shown graphically. The change in the
flow phenomena due to a reversal of the direction of net radial low has been studied. Moreover, it is
found that the moment on the rotating disk increases with 7. Such flows are useful in mechanical and
chemical industries.

1. Introduction

The phenomenon arising out of the flow under a shrouded (enclosed) rotating disk finds a host of applications
in industries as its generalization could be of great help in studies concerning the air cooling of turbine disk
and pedestal bearing with centrifugal feeding of the lubricant, fiber coating applications, losses and leakage
flow in a centrifugal pump and compressor. The problem of flow over an enclosed rotating disk was first
studied by Soo [15, 16]. He has shown that the mechanism of fluid flow of an enclosed rotating disc is
distinctly different from that of a disc rotating in an infinite medium. Sharma [9] has suggested an improved
formulation for the velocity profile, assumed by Soo.

Sharma and Gupta [10], Sharma and Sharma [11], Sharma and Gupta [14] extended the study for
elastico-viscous and second order fluids respectively. Approximate methods of solution have been used in
all these investigations. Sharma and Biradar [12] have considered the effects of suction and injection to the
problem solved by Sharma and Gupta [14] using finite difference method, whose constitutive equation is
given by [7]

7= —pl + p1 Ay + poAg + uzA? (1)

—pl is due to the incompressibility, 7 is stress tensor. Aj, Ag are first two Rivlin-Ericksen tensors defined
by

dA
Al =VV + (VV), Ay = d—tl + A (VV) 4+ (VV)T A4 (2)

Keywords and phrases : Second grade fluid, enclosed rotating disk, radial inflow, shroud effect, finite difference
method.
AMS Subject Classification : 76A05, 76A10.
*Recirculation is the phenomena arising out of a radial outflow near the rotating disc and radial inflow near the stationary
disc.
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where V' is the velocity, p1 is the coefficient of Newtonian- viscosity, ue and us are coefficients of elastico-
viscosity and cross-viscosity respectively. The equation governing the flow of fluids of second order are of
higher order than the Navier-Stokes equations due to the presence of the term (dA;/dt) in the expression
of the stress and since only the adherent boundary condition obtains, we do not have enough boundary
conditions to make the problem determinate. To overcome this difficulty, Bhatnagar and Zago [2] have used
a numerical method which treats the higher order terms in the equations as lower iterate, thus lowering the
order of the equation. The sign of the coefficient ©s has been a subject of much controversy and a thorough
discussion of issues involved can be found in the critical review of Dunn and Rajagopal [4]. If the fluid
modeled by equation (1) is to be compatible with thermo-dynamics, in the sense that all motions of the
fluid meet Clausius-Duhem inequality and the assumption that the specific Helmholtz free energy of the
fluid is minimum when the fluid is locally at rest, then the condition

p1 >0, pg >0, pa+p3 =0 (3)

must hold. The fluids satisfying (1), (2) and (3) are termed as second grade fluids. The difference in sign
of ps can give rise to completely divergent results and can be appreciated by considering the flow near a
stagnation point [13]. Dunn and Fosdick [3] have demonstrated that the fluids of second grade whose material
coefficients satisfy the condition (3) exhibits acceptable stability characteristics. Fosdick and Rajagopal [5]
relaxed the requirement that uo + pz = 0 and have shown that if ps < 0 the fluid exhibited anomalous
behavior not to be expected in materials of rheological interest. Later, Galdi et al [6] have extended the
results of Dunn and Fosdick [3] and Fosdick and Rajagopal [5] to unbounded domain even when s+ ps # 0.
However we shall assume that the model considered satisfies (3).

In the present study, we have analyzed the flow of a second grade fluid under an enclosed rotating
disk, using the same improved formulation for the velocity profile [11] with a superposed small mass rate of
symmetrical radial outflow (or inflow) when there is uniform suction and injection. The flow equations are
solved using the finite difference method.

2. Mathematical Modeling of the Problem

The system shown in Fig. 1 consists of a disk (called rotor) rotating at a constant angular velocity 2, about
the axis of rotation (r = 0). The incompressible second-grade fluid occupies the space between the two
disc and situated at a distance zy (<< rs) from the stationary plate and forming the top of the cylindrical
casing. The symmetrical radial, steady outflow has a small mass rate of flow m (m < 0 for radial inflow).
The inlet condition is taken as a simple radial source flow along the z- axis starting from the radius rg. A
uniform suction and equal injection wy is applied normal to the upper and lower disc respectively.

The equation of motion and continuity are

av
and
V- V=0 (5)

where p is the density of the fluid assumed to be constant.
Assuming (u,v,w) to be the velocity components along the cylindrical system of coordinates (r, 6, z),
the boundary conditions of the problem are:

u=0, v=0, w=wy atz=0,
(6)
u=0, v=7rQ, w=wy atz=z
where the gap length zg is assumed small in comparison with the disk radius rs so that the edge effects are
negligible.
The improved velocity components for axisymmetric flow, compatible with the continuity criteria can
be taken as follows [11]:
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MI
u=—rQH' () + T;wrp(ZCo)’
IN
v =rQG(() + W;CZ)O, (7)

where H'(¢), M'(¢),G(¢) and N({) are non-dimensional functions of the dimensionless variable ¢ [: zi]
0

and £ = T and m, the small mass of radial outflow is represented by
20

20
m = 27r,o/ rudz
z

m being positive for net radial outflow and negative for net radial inflow. [ is the constant associated with
induced circulatory flow, assumed to be of order m.
The boundary conditions (6) in terms of H,G, M and N become:

H(0) = A, H'(1) =0,
H'(0) =0, H(1) = A,
G(0) =1, G(1) =1, (8)

wo . .
where A [: is the suction parameter.
20

Substitution of the velocity components from expression (7) into the equation of motion (4) and making
use of equations (1) and (2) leads to

10P R, 1 R

-7 H/2_2HH//_G2 _ GL_HM// . H///_ m M///
coe | = VPR ape™)
"2 v R v avi v AVl (9)
~T[2(H"™ - HH )+R£2(HM +H"M' + HM™ + H'M

+H//M// _ 2G/L/ _ G//L)]

R 1 R, L"
= 2(H'G-HG) - =" (M'G+HL) + —(G" + ==
0 (H'G-HG) Rz§2( G+ )+RZ(G + Rz£2)
+T[2(HG///_H//G/)+ RR'Z; (2M//G/+2M/G//+H///L+H/L//++HL///+H//L/)] (10)

R
+K[2(H/G// _ H//G/) ‘I’ R7g2 (2M//G/+M/G// _I_H///L+H/L//+HL///+H//L/)]
z
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8P !/ 2H” ! ! " 2 " i Fall
5 = 4(HH' - I —T[4(11H'H"+ HH") + 4¢*(H"H" + G'G")
_%(H///M// + H//M/// _ G//L/ _ G/L//)] _ K[28H/H// + 2&2(H”H”/ ‘l’ G/G//) (11)
Ry,
__(H///M// L H'M" - Q"L — G/L//)]
R,
r D m l 022
where { = —, P = ——— and Ry, = ( ), Ry =( ) and R, = (—) are the Reynolds numbers
20 w225 TPZOUL TP2oU1 v1
based on the radial outflow, induced circulatory flow and the gap respectively. The dimensionless quantities
R
T = U—g, K = v_g are the ratios of the second order and the inertial effects and L(C)R—l = N((). It is
Z Z m

noteworthy to mention that while deriving equations (9) - (11), we have neglected the squares and higher
R R
powers of R—m and R—l (assumed small).

z z
Equation (9) suggests the following form for pressure:

P(£,¢) = Py(¢) + 2P1(¢) + Pa(¢) log € (12)

where Py, P; and P, are to be determined from (9) and (11).
Substituting (12) in equations (9) and (11) and equating the terms independent of £ and coefficients of
similar powers of £, we have

1 .
2P1 — _(H/2 _ 2HH// _ G2) _ R_H/// + 2T(H//2 _ HH’L’U) ‘I’ K(H//2 _ 2H/H/// _ G//2),
Rm i Rm " Rm !/ n " ! v " i 1/ "
Py = —FHGL— HM")+ M + DT (H'M" + H"M' + HM" + H'M" = 2G'L — 2G"L)
Rm !/ " " !/ 7 i 1/ 1

TR HM" + "M+ H'M" 26’1~ G"L),
POI — _4HH/ _I_ RlH// + T[4(11H/H/l + HHI//) _ 2‘Z_m(HIIIM/l + HIIMIII _ GIIL/ _ G/L”)]

+K[28HIH// _ &(H,”M” + HIIMIII _ GIILI _ G/L”)],
P = 2T(T +K)(H"H" +G'G"),
P, =0

(13)

1
Eliminating P’s and their derivatives from (13), equating the coefficients of £ and — from equation (10)

on both sides and using the restrictions (3) (i.e., T'> 0, T+ K = 0), we get the following set of equations
to determine G, H, L and M:

G" =2R,(HG' — H'G) — 2TR.(HG" + H'G"), (14)

L' =2R.(HL' + M'G) — 2TR,(M'G"), (15)
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H" =2R,(HH" + GG') — 2TR,(G'G" + HH"), (16)

M®™ =2R,(H'M" + HM" — G'L — GL') — 2TR,(HM" + H'M"™ — G"L — G"L)). (17)
3. Numerical Solution, Results and Discussions

Note that the order of the system of equations (14) - (17) exceeds the number of available boundary
conditions. Hence, the solution of the system can not proceed numerically using any standard integration
routine. The classical method of handling this problem was to use the perturbation technique. Beard and
Walters [1] were the first to use this approach to obtain results for the stagnation point flow of a second order
fluid. However, recent researches culminating in the development of some new algorithms have cast serious
doubts on the suitability of using the perturbation solution. Evidently, if an extra boundary condition was
available, the need to use the perturbation method would have been eliminated. Bhatnagar and Zago [2],
Sahoo and Sharma [8] have used a numerical method which treats the higher order terms in the equations
as a lower iterate, essentially once again lowering the order of the equations.

We have solved the highly nonlinear system of differential equations (14) - (17) by finite difference
method under the boundary conditions (8).

Defining the dimensionless velocity components U, V and W as

— u v — w
Q,Zo’ QZO, QZO

the dimensionless form of radii at which there is no recirculation for the cases of net radial outflow (m > 0)
and net radial inflow (m < 0) respectively, satisfy the following conditions

oU~ oUu—
21 >0, || <0, for R,>0, 18
[ac]gzo— {ac]gzl (12)

ou~ oU~
[a_C] o >0, [TC] - <0, for R, <0 (R, =-Ry) (19)

The values of dimensionless radial and transverse components of velocity at maximum disk radii
&(T) (R, > 0) and &(T) (R, < 0)

@ _ g [E] ) _ |7, B
L 16(T) &(T)

@ _ |y [B ) _ |, B

Voo = IYWr|  Yem=|YV&,
L 16(T) &(T)

have been calculated and shown through Figs. (2) to (9). The numerical calculations have been carried out
for the two cases viz.,

(i) A varying: T fixed and

(ii) T varying: A fixed.

For the first case the value of T is fixed at T' = 1, and in the second case the value of suction parameter
is maintained at A = 0.001. Figs. (2) and (3) depict the behavior of the radial velocity at maximum radii
for net radial outflow and inflow respectively for the region of no-recirculation. The radial component of
velocity at £ = &(T') increases with an increase in A near the rotor and decreases near the stator for fixed
value of T' or conversely the effect of increasing T for fixed A on radial velocity is to decrease near the rotor
and increase near the stator. Reverse is the case for R,, > 0. Thus the effect of increase in the suction
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parameter A for fixed values of elastico-viscous parameter T' or increase in the elastico-viscous parameter
for fixed values of suction parameter A on the radial velocity are obviously opposite. Thus the application
of suction and injection is helpful in the industries such as air cooling of turbine discs etc. and the effect of
suction is to decrease the boundary layer thickness thus minimizing the chances of separation and therefore
stabilize the flow. There is no-recirculation at the radii £ = £;(0) and £ = £2(0) in the viscous case. This
variation is different than obtained for a second- order fluid [12]. The radial velocity for net radial outflow
at fixed radius decreases near the rotor and increases near the stator with varying A for fixed T or increase
in T for fixed A as shown in Fig. (4) and (5). Reverse is the behavior for net radial inflow.

The variation of non-dimensional velocity functions H’, M’, G’ and L with Reynolds number R, and
suction parameter A for fixed T are obtained and presented graphically through Figs. (6) to (9). It is seen
that the values of H' for increasing values of T with fixed A are positive and increase near the stator and
are negative and decrease near the rotor with an increase in R,. The effect of increase in suction parameter
A for fixed R, or T is to decrease near the rotor and increase near the stator. The behavior of M’ for
increasing values of T' for fixed A for all values of R, is to decrease both near the rotor and stator. The
increase in suction parameter A for fixed R, or T decreases it near the rotor and increases it near the stator.
The values of G for increasing values of T with fixed A decreases, for fixed values of R,. Similar is the effect
with increase in suction parameter. Reverse is the behavior with an increase in R,. It is observed that the
values of L, decrease, with increasing values of R, near the rotor and increase near the stator for increasing
values of T for fixed A or increasing values of A for fixed T'.

The transverse shearing stress at the rotating disc is given by

3R?  A’R%’] QR 3 1
—[Tp:)e=1 = mQ€ |1+ AR, = = = |4k + =+ AR, | 2k + — + 4T — 48kT
[Ty)c=1 u1§[+R+7OO+3]+ 2 [+5+ R(+15+ 8)]
k ApsP R, 6
+2AEu20° R, [2A + R, (2A2 + 3)] + MQT [241@ + AR, (40k +e+ 32T — 96kT>]
(20)
where T'= —K = k, a constant parameter.
The dimensionless moment coefficient C,,, therefore can be written as
1 3 A2 R 3 1
Cp = 14+ AR, + R? | —— + — — " 14k + = 4+ AR, ( 2k + — + 4T — 48kT
e, |1 AR+ (i ) |+ g |4+ g AR (28 g+ 4T e )
(21)
AT k ATR,,
: [2ARZ + R (2A2 + 3)] + éf“ [24/9 + AR, (40k + g +32T — 96kT>]

The expression (21) shows that an increase in second grade effect and suction parameter increases the
moment on the rotating disc.

The radial pressure variation between any radii £ and &y can be obtained in the following form

24A3R, 5 [263 2k  8k?

5 =100 175 5
(22)

(P—Py)e—g = &€& (3 +10T) — R log £ |6 184R, + 1242R? +
0/¢=0 20 R2 £ z z

where P, is the pressure at £ = &.

The average normal force on stationary disc up to a radius &g is therefore

)
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&3

1 Es
/0 2w€ [TZZ]gzo d¢

3

2 2,2
= p0223 [—Po - (&8 —2¢0) - % (€ —262) + S+ T) + 4R, <k+ 1)] 1 Btz <1og§ - 1)

2 2
[6 + R? (—263 2k %> — 18AR, + 12AR? — UAR, RZ]

40 2 5 R2 & 2

4200 ' 175 5 5
(23)

Thus the non-rotating disc experiences suction or thrust according as the above expression (23) is

negative or positive. Putting 7= K = 0 in (23), the average normal force without suction and injection
(with flow rate m zero) in the Newtonian case becomes

3
—pQ222 | Py + —£2 24

Expression (24) is always negative which implies the well known result that stationary disc always

experiences suction in the Newtonian case.
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Abstract. This paper investigates solutions of nonhomoganeous and homogeneous partial differential
equations of Gauss type, and Gauss differential equations are discussed by means of IV - fractional calculus
operator N".

1. Introduction

Let f(z) be an analytic function, which has no branch points inside and on a contour C(C = {C_,C.}) ,
where C_ and C are integral curves along the cut joining points z and +oo + iIm(z), z and +oo + iIm(z),
respectively.

Ma+1 f(<¢ _
fo=cfa(z) = (02;”‘ ) /c ( _(Z))a—i—l d¢, a € Rla ¢ Z7] (1.1)
defines the differintegral of the function f(z) of order a.
(f)-n = lim fa,(n€Z7) (1.2)

whereever appear, Z~ and ZT are the set of negative and positive integers, respectively, ¢ # Z,
—m< arg ((—z) <mfor C_and 0 < arg (¢ —z) < 2w for C..

For a > 0, f, is the fractional derivative of order a and for o < 0, f, is called the fractional integral of
order a. In the notions of Nishimoto [3], the partial fractional derivative and the partial fractional integrals
are defined as the extensions of one variable function.

Let D = {D_,D,};C = {C_,C.} possess similar notions as explained above. D is a domain
surrounded by C_ and D, is that surrounded by C, (here D contains the points over the curves C).
Moreover, let f = f(z) be a regular function in D(Z € D),

fo= o= ol =2 [ IO, (g 2) (13)
and
(f)—m = UEIPm(f)U’ (m ¢ Z+) (1'4)

where t # 2,2 € C,v € R, —m arg (t—z) < mfor C_, 0 < arg (t—2z) < 2 for C;. Then (f),, forv Z 0, are

, respectively, the fractional partial derivatives and the fractional partial integral of order v and —wv, with
respect to z, of the function f, if | (f), |< co. The function f = f(z) such that | f, |< oo in D, is called the
fractional differintegrable function of arbitrary order v and the set of them will be denoted by F', we have

| fo|<oo & feF (inD={D_,D.}). (1.5)

Keywords and phrases : N-fractional calculus, homogeneous and non-homogeneous Legendre and Euler Equations.
AMS Subject Classification : 26A33, 65L.99.
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For the fractional calculus operator NV, we have

Theorem A. Let fractional calculus operator ( Nishimoto’s Operator ) NV be

N (F(vfl)/c(g _df)w), (v £ 2) (1.6)

2
with
N™ = UE@mN”, (m#2Z7) (1.7)
and define the binary operation o as
NP o Nef = NON@f = NP (N“f), (a,3 € R) (1.8)

Then the set {N"} = {N" | v € R} is an Abelian product group (having continuous index v) which has the
inverse transform operator (NV)™! = N~V to the fractional calculus operator N?, for the function f such
that f € FF = {f : 0 #| fu |[< 00, v € R}, where f = f(z) and z € C (viz. —00 < v < o0). (For our
convenience, we call N5oN® as product of N® and N¢.)

Theorem B. The “F.O.G. (Fractional calculus Operator Group) {N"}” is an “Action product group which
has continuous index v” for the set F'.

2. Solutions of Partial Differential Equation

In this section, we obtain solutions of certain partial differential equations by the application of N-fractional
calculus.

Theorem 2.1. Partial differential equation of Gauss type

0? 0 0%u ou
a—;(azQ—I—bz—l—c)—l—a—:(2avz+bv—k)+u—AW—I—B (z#0,1) (2.1)

has the solutions

—k

2+ (b/2a)] + [\/m/m} V7o
[z + (b/2a)] — [mﬂa}

(1) u(z,t) = |k e(*Bi\/m)t/“ (2‘2)

(v=1)(2)
where k,a,b,c, A and B are constants for AB # 0,

[z + (b/2a)] + [v b2 — 4ac/2a} V2 —dac (i\/> ®

) ue =k [z + (b/2a)] — [\/ b? — 4ac/2a} 23
(v=1)(2)
for A#0,B =0,
[z + (b/2a)] [\/ b2 — 4ac/2a] V";f““ e
(3) u(z,t) = |k e(F) (2.4)

[ + (b/2a)] — [\/b2 - 4ac/2a]
(v—1)(2)
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for A =0, B # 0, such that

o =av(v — 1) — 1,v being arbitrary. (2.5)
Proof. Let
u(z,t) = ¢(2)eM (X #0) (2.6)
Hence,
du At &u _ 2 Mt
pri d(z)Ne™, 52 = d(z)\%e (2.7)
and
a'u o At 8211/ o At
5 d1(z)e™, 5.2 = Pa(z)e (2.8)

Substituting (2.6) - (2.8) into (2.1), we have

$2(az® + bz +c) + ¢1(2avz +bv — k) + ¢ (1 — AN2 — BX) =0 (2.9)
Choose A such that
1 - AN — BA=av(v—1) (2.10)
i.e.,
AN + BA+ (av(v —1)—1) =0 (2.11)
Thus,
A= {—B + /B2 — 4A(av(v — 1) — 1)} /24, AB %0 (2.12)
A= {j:\/(l—av(v—l))}/A, A#£0, B=0 (2.13)
and
A={l—-av(v—-1)}/B, A=0, B#0 (2.14)
eventually yield
pa(az® +bz +¢) + ¢p1(2avz +bv — k) + ¢ av(v — 1) =0 (2.15)

Solution of (2.15) is given by ( cf.[2] )

—k

2+ (b/2a)] + |V — dac/2a| | V7

b=k (2.16)
[z + (b/2a)] — [\/ b2 — 4ac/2a]
(v-1)
Indeed, we obtain the solution (2.2) when (2.15) and (2.16) are substituted into (2.6).
In order to verify our solution, if we write
A= {—B + /B2 — 4A(av(v — 1) — 1)} /24 =5, (2.17)

as a consequence, we will have from (2.2) the following
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4 { [z + (b/2a)] + [\/b2 - 4ac/2a] ] N
=4 e (2.18)
9z [z + (b/2a)] — { b2 — 4ac/2a] )
92 [z + (b/2a)] + {\/b2 - 4ac/2a] N
[z + (b/2a)] — [\/b - 4ac/2a] .
z+ (b/2a b2 — 4ac/2a
a“(s[A[ TP )H{ : /2]] edt (2.20)
ot [z + (b/2a)] — { b2 — 4ac/2a] o
and
= { (2.21)

u_ {A [ + (b/2a)] +

Vb2 — 4ac/2a] N
o 2+ (b/20)] -

mpa]

—

Thus, apparently, left hand side of (2.1) becomes

{War2(az? + bz + ¢) + way1(2avz + bv — k) + w, Yo

ie.,
wo (1 — av(v — 1))’
ie.,
0%u ou
A— + B—
o U ai
where

2+ (b/2a)] + [\/m/m] Vi dac
[z + (b/2a)] — [M/za]

ot __

p=36|k

(v-1)
Since wat2(az? 4+ bz + ¢) + wat1(2avz + bv — k) + waav(v — 1) = 0, we have (2.3) for A # 0, B = 0 and
(2.4) for A =0, B # 0 respectively.

Theorem 2.2. The homogeneous partial differential equation

2
%(az2 +bz+c)+

du

8t(2avz+bv—k)+u:0

has the solution of the form

—k

2 + (b/2a)] + [\/m/m} Vi tac
[z + (b/2a)] — [M/za}

u(z,t) = |k eM (N #0)

(v=1)(2)

where k,a,b, ¢ are arbitrary constants.
The proof is similar to that of Theorem 2.1. Details are thus omitted.
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Particular Case: If a = 1, b =0, ¢ = —k, then the equation (2.1) reduces to

0%u, ou 0%u ou
ﬁ(z —k‘)+a(2vz—k)+u AW—FB (z#0,1)
Particular solution of which are
1k
2
u(z,t) = | M i J_r g e(~BEVET-Ao)!/ “] (1)
(v=1)(2)
where M, k, A, B are constants for AB # 0.
O/
2 —0
(v=1)(2)
for A# 0, B=0.
1k
2+ VE| =
u(z,t) = |M el FI®) 3
(2,1 { e ®
(v=1)(2)

for A=0, B # 0, such that 0 = v(v — 1) — 1, v being arbitrary.

3. NY Method to Non-homogeneous and Homogeneous Gauss Equations

Theorem 3.1. Let ¢ € ¢ = {¢[0 # |¢p,| < oo, € R} and f € ¢ = {f|0 # |fu| < 0o, € R}. Then the
non-homogeneous Gauss equation

p2(az® + bz +¢) + ¢1(2avz + bv — k) + gav(v — 1) = f (3.1)
has a particular solution of the form
¢ = (T(2)5(2))v-1 (32)
where
k/vVb2—4ac
1 [z + (b/2a)] + [\/ b2 — 4ac/2a]
az? +bz+c || [z 4 (b/2a)] — [\/b2 - 4ac/2a]
-1
k/Vb%2—4ac
[z 4 (b/2a)] + [\/ b2 — 4ac/2a]
S(z) = (3.4)
[z + (b/2a)] — [\/ b? — 4ac/2a]
br = d*¢/dz* (k=0,1,2), ¢o = ¢ = (2) is given function. z € C and « is a given constant.
Proof. Operating N-fractional calculus operator N* to the both sides of (3.1), we have
N#{pa(az? + bz + ¢) + ¢1(2avz + bv — k) + gav(v — 1)} = N*{f} (3.5)

that is,

borpu(az? +bz+¢)+pudip(2az+0)+u(p—1)du(a)+¢14u(2avz+bv—k)+ pd,(2av) + ¢pav(v—1) = f, (3.6)

Since
n

N0 = (00 = 3 T e Ok (a2 U0)  6)
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thus, we obtain

boru(az? + bz +¢) + d14,u((2az + b)p + 2avz + bv — k) + ¢pu(p — a + p(2av) + av(v — 1) = f,  (3.8)

Now, choose p such that
pra — pa(l —2v) +av(v —1) =0 (3.9)

namely,
uw=—-v, (1—-wv) (3.10)

Substitute p = —v into (3.6), it gives

po—v(az® + bz + )+ o1k = fy (3.11)
Therefore, setting
P1—v = u =u(z2) (3.12)
we have
u—u#—f 1 (z#0,1) (3.13)
! a2 +bz+c a2+ bz+c’ ’ '

A particular solution of this linear first order differential equation is given by

[z + (b/2a)] + [Vb? — dac/2a]
[z + (b/2a)] — [Vb? — dac/2a]

] k/M]

f 1

u=|f_

Yaz2 + bz +c
-1

—k/\/b2—4ac
[z 4+ (b/2a)] + [Vb? — 4ac/2d] / —T(2)5(2) (3.14)
[z + (b/2a) — Vb? — 4ac/2a) '
which yields, by virtue of (3.12) and (3.14), the following
¢ =uy-1=(T(z) 5(z))v-1
which justifies (3.2). Inversely, from (3.2), we have
¢1 =uy, and ¢Po = Uyi1 (3.15)

On substituting (3.15) and (2.2) into the left-hand-side of (3.1), we obtain results of Ram and Mathur [2]
as particular case.

Changing the order of T'(z) and S(z) in (3.2), we have a solution as
¢* = uy1 = (S(2) T(2))u1, (v—1) € 27 J{0}
which, indeed, is different from (3.2).
Theorem 3.2. Let ¢ € ¢. Then the homogeneous Gauss Equation
p2(az? + bz + ¢) + ¢1(2avz + bv — k) + gav(v — 1) =0 (3.16)
has the solution of the form

=

[z 4+ (b/2a)] + [Vb? — 4ac/2a]
[z + (b/2a)] — [Vb? — 4ac/2a)

/PP —dac
] ] 1)

v—1
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where ¢ = ¢(2), z € C, and k is an arbitrary constant.

Proof. Following the proceedure of the proof of Theorem 3.1, we get
k

S ——— 3.18
e Tt e (3.18)
which upon simplification and setting u = —wv, yields (3.17).
Theorem 3.3. Let ¢ € p and f € ¢, respectively. Then the fractional differential function
—k/Vb2—4ac
z+ (b/2a)] + [Vb? — dac/2a
= (T(2)S(2))v—1+ 4 2+ (b/20)) 7| /2] (3.19)

[z + (b/2a)] — [Vb? — dac/2a]

v—1

satisfies the non-homogeneous Gauss Equation (3.1), where T'(z) and S(z) are given by (2.3) and (2.4)
respectively, and A is an arbitrary constant.

Proof. The solution can be obtained by following proofs of Theorems 3.1 and 3.2 and thus, details are
omitted.

Particular Case. If a =1, b =0, ¢ = —k, then the equation (3.1) becomes
b2(22 — k) + p1(2uz+bv — k) + pv(v —1) = f

particular solution of which is

o= |7 1 z+Vk (V2 2+ Vk VR
B R A PR/ z—Vk

v—1

which yields results of Banerji and Al-Hashemi [1] as the particular case of our result.
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Abstract. The present paper deals with the study of notions of pseudosymmetric, Ricci-pseudosymmetric,
Ricci-generalized pseudosymmetric and Weyl pseudosymmetric Lorentzian para-Sasakian manifolds.

1. Introduction

In 1989, Matsumoto [10] introduced the notion of Lorentzian-para Sasakian manifold. Independently,
Mihai and Rosca [11] also studied the same notion. An elaborated study on LP-Sasakian manifold has
been done by several authors (see [2], [9], [12] - [14], [16] and [19]). The notion of pseudosymmetric
manifolds was introduced by Chaki ([5], [6]) and later studied by several geometers ([1] and [8]). In [§],
De et. al. studied pseudosymmetric and Ricci-symmetric contact manifolds. In [17], Ozgiir studied Weyl
pseudosymmetric para-Sasakian manifolds and Para-Sasakian manifolds satisfying the condition C.S = 0.
In [17], he studied pseudosymmetries of Kenmotsu manifolds. The purpose of present paper is to study
Lorentzian para-Sasakian manifolds with certain pseudosymmetry conditions.

2. Preliminaries

An n-dimensional differentiable manifold is said to be Lorentzian para-Sasakian ([10] and [11]) if it admits a
(1,1)-tensor field ¢, a contravariant vector field £, a covariant vector field 1 and a Lorentzian metric g which
satisfy

n(§) =1 (2.1)

¢*°X = X +n(X)¢ (2.2)

9(6X,9Y) = g(X,Y) + n(X)n(Y) (2.3)

9(X,§) =n(X),  Vx{=¢X (2.4)

(Vxo)Y = [9(X,Y) + n(X)n(Y)]§ + [X + n(X)¢]n(Y) (2.5)

where V is the covariant differentiation with respect to g. The Lorentzian metric ¢ makes a time-like vector
field, that is, g(§,&) = —1.
From (2.1) and (2.2), it follows that

no¢ =0, ¢§ =0 (2.6)
Keywords and phrases : Lorentzian para-Sasakian manifolds, Ricci-pseudosymmetric manifold, Weyl pseudosymmetric

manifold.
AMS Subject Classification : 53C20, 53C25.
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rank g =n —1 (2.7)
An LP-Sasakian manifold M is said to be n-Einstein if its Ricci tensor S is of the form

S(X,Y) =ag(X,Y) + bn(X)n(Y) (2.8)
for any vector fields X, Y, where a, b are functions on M [21].

Further on such an n-dimensional LP-Sasakian manifold M with structure (¢, ¢, n,g), the following
relations hold (][9] and [12]).

9(R(X,Y)Z,&) = n(R(X,Y)Z) = g(Y, Z)n(X) — g(X, Z)n(Y) (2.9)
R(& X)Y = g(X,Y)E —n(Y)X (2.10)

RX, V) =nY)X —n(X)Y (2.11)

R(¢, X)€ = X +n(X)¢ (2.12)

S(X,€) = (n—1)n(X) (2.13)

S(@X,9Y) = S(X,Y) + (n — 1)n(X)n(Y) (2.14)

for any vector fields X, Y and Z, where R(X,Y)Z is the Riemannian curvature tensor.
Next, we define endomorphisms R(X,Y) and X AY by

R(X,Y)Z =[Vx,Vy|Z — VixyZ (2.15)

(XAY)Z =g(Y,2)X — g(X,2)Y (2.16)

respectively, where X, Y, Z € x(M), x(M) being the Lie algebra of vector fields on M. The Weyl conformal
curvature tensor is defined by

C(X,Y)Z = R(X,Y)Z--5(S(Y.2)X - S(X,Z)Y +g(Y,Z)QX

(2.17)
—9(X, 2)QY) + e (9(Y, 2)X — g(X, 2)Y)
where @ is Ricci operator defined by ¢g(QX,Y) = S(X,Y).
The tensors R.R, R.S, Q(g,R) and Q(g, S), are defined by

(R(X,Y).R)(X1, X3, X3) = R(X,Y)R(X1, X2, X3) — R(R(X,Y) X1, X3) X3
—R(X1, R(X,Y)X2) X3 — R(X1, X2)R(X,Y) X3 (2.18)
(R(X,Y).S)(X1,Xs) = —-S(R(X,Y)X1, Xo) — S(X1, R(X,Y)X>) (2.19)

Q(g, R)(Xl, Xo, X3; X, Y) = (X VAN Y)R(Xl, X2)X3 — R((X VAN Y)Xl, X2)X3
—R(X1,(X NY)X2) X3 — R(X1, X2)(X AY) X3 (2.20)

Q(g,8)(X1, X2; X,Y) = =S((X AY) X1, Xo) — S(X1, (X AY)X3) (2.21)
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respectively, where X7, Xo, X3, X, Y € x(M). Also the tensors R.C' and Q(g,C) are defined in the same
manner as the tensor R.R and Q(g, R) [7].
Now, we recall some definitions:

Definition 2.1. ([7]) An n-dimensional LP-Sasakian manifold M is called pseudosymmetric if the tensors
R.R and Q(g, R) are linearly dependent, i.e.,

R.R = LrQ(g, R) (2.22)

where Lg is some function on the set Ug, defined by

Up={zeM:Q(g,R) #0 atz} (7).

Every semisymmetric manifold (i.e., manifold satisfying the relation R.R = 0) is pseudosymmetric but
the converse is not true. If VR = 0, then M is called locally symmetric. It is obvious that if M is locally
symmetric, then it is semi-symmetric.

Definition 2.2. ([7]) An n-dimensional LP-Sasakian manifold M is said to be Ricci-pseudosymmetric if the
tensors R.S and Q(g,S) are linearly dependent, i.e.,

R.S = LsQ(g,S) (2.23)
where Lg is some function on the set Ug, defined by
r
Us—{mGM.S#Egat x} ([7).

Every pseudosymmetric manifold is Ricci-pseudosymmetric but the converse is not true. Obviously,
every Ricci-semisymmetric manifold (i.e., manifold satisfying the relation R.S = 0) is Ricci-pseudosymmetric
but the converse is not true (see [7] ).

Definition 2.3. ([7]) An n-dimensional LP-Sasakian manifold M is said to be Ricci-generalized pseudosym-
metric if the tensors R.R and Q(S, R) are linearly dependent, i.e.,

R.R=LQ(S,R) (2.24)

where L is some function on the set U defined by

U={zeM:Q(S,R)#0 at x}
The tensors Q(S, R) and X AgY are defined by

Q(S,R)(X1, X2, X3; X,Y) = (X AsY)R(X1, X2) X3 — R((X As Y ) X1, X2) X3
—R(X1,(X NgY)X2) X3 — R(X1,X2)(X N5 Y)X3 (2.25)
and

(X AsY)Z =S(Y,2)X — 5(X,2)Y (2.26)

respectively.

Definition 2.4. ([7]) An n-dimensional LP-Sasakian manifold M is said to be Weyl pseudosymmetric if
the tensors R.C and Q(g,C) are linearly dependent, i.e.,

R.C = LcQ(g,C) (2.27)
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where L¢ is some function on the set Ug, defined by

Uc={zxeM:C+#0at z}

Every Weyl-semisymmetric manifold (i.e., manifold satisfying the relation R.C' = 0) is Weyl-pseudosymmetric.
The converse statement is not true (see [7]).

3. Main results

In this section, we consider an n-dimensional LP-Sasakian manifold M satisfying several pseudosymmetry
conditions.

Theorem 3.1. Let M be an n-dimensional, (n > 3), pseudosymmetric LP-Sasakian manifold. Then either
it is locally isometric to an unit sphere S™(1), or Lr = 1, holds on M.
Proof. If M is semi-symmetric then it is trivially pseudosymmetric. Now, we assume M be an n-dimensional
semi-symmetric LP-Sasakian manifold.

From equation (2.18), we have

(R(&X).R)(Y,Z,W) = R(§X)R(Y,Z,W) - R(R(,X)Y,Z)W
(3.1)
—R(Y, R(§, X)Z)W — R(Y, Z)R(¢, X)W

As M is semi-symmetric, using (2.10) and (2.11) in (3.1), we get
R(Y,Z,W, X)§ + g(Y,W)n(Z2)X — g(Z, W)n(Y) X
—9(X,Y)g(Z,W)¢ + (X, Y)n(W)Z +n(Y)R(X, Z)W
+9(X, 2)g(Y, W)€ — g(X, Z)n(W)Y +n(Z2)R(Y, X, )W

—g(X, W)n(2)Y + g(X, W)n(Y)Z +n(W)R(Y, Z)X = 0
Taking the inner product of (3.2) with £, we obtain

R(X,Y)Z = g(Y,2)X — g(X,2)Y (3.3)

Therefore, a semi-symmetric LP-Sasakian manifold is locally isometric to an unit sphere S™(1).
Now, assume that M is not semi-symmetric, a pseudosymmetric LP-Sasakian manifold. From (2.10)
and (2.16), we obtain

R, X)Y = —(X ANEY (3.4)

Now, using equation (3.4) and definition of R.R, we get

R(&,X)R=—(XNE.R

which implies that the pseudosymmetry function Lr = 1. This completes the proof of the theorem.
Now, we have following corollary:

Corollary 3.2. Every LP-Sasakian manifold M™, (n > 3), is a pseudosymmetric manifold of the form
R.R=Q(g,R).
Proof. Let M be semi-symmetric. Then, by Theorem 3.1, R.R = Q(g, R) = 0. If M is not semi-symmetric,
then Lr = 1, hence R.R = Q(g, R) holds on M.

Now, we shall consider LP-Sasakian manifolds satisfying the condition
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R.R=Q(S,R) (3.5)
Such manifolds belong to a subclass of Ricci-generalized pseudosymmetric manifolds.
Theorem 3.3. Let M be an n-dimensional, (n > 3), LP-Sasakian manifold. Then M is locally isometric
to an unit sphere S™(1), if and only if M satisfies the condition R.R = Q(S, R).

Proof. Let M be locally isometric to an unit sphere S™(1). Then it is easy to see that the condition
R.R = Q(S,R) =0 is satisfied on M. Let X, Y, Z, W be vector fields on M. From (2.18), we have

(R(&,X).R)(Y,Z,W) = R(&X)R(Y,Z, )W —R(R(X)Y,Z)W

(3.6)
—R(Y,R(§, X)Z)W — R(Y, Z)R(§, X)W.
Using (2.10) and taking the inner product of (3.6) with &, we get
From equation (2.25), we have
QIS R)(Y,Z,W;§,X) = (Ens X)R(Y,Z,W) — R(({ \s X)Y, Z)W
(3.8)

—R(Y,(§\s X)Z)W — R(Y, Z)(§ As X)W
Therefore, using equations (2.26), (2.10), (2.13) and taking the inner product of (3.8) with £, we get
9Q(S, R)(Y,Z,W;¢,X),§) = —S(X,R(Y,Z)W)+S(X,Y)g(Z,W)
+S(X,Y)n(W)n(2) = S(X, Z)n(Y )n(W)

(3.9)
=S(X,2)g(Y, W) + (n — 1)g(Z, X)n(Y)n(W)

—(n = 1)g(Y, X)n(W)n(Z)
Since the condition R.R = Q(S, R) holds on M, from (3.5) and (3.9) we obtain
(R(& X).R)(Y,Z,W) = Q(S, R)(Y, Z,W; £, X) (3.10)
Taking the inner product of (3.10) with &, we have
9((R(&, X).R)(Y, Z,W),€) = g(Q(S, R)(Y, Z,W; ¢, X),§) (3.11)
Using equations (3.6), (3.8) and (3.11), we get

(3.12)
—S(X, Z)n(Y )n(W) — S(X, Z)g(Y, W)

+(n—1)g(Z, X)n(Y)n(W) — (n — 1)g(Y, X)n(W)n(2)
Replacing Y by ¢ in (3.12), we have

nW)HIS(X, Z) — (n - 1)g(X, Z)] = 0 (3.13)

So we have
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S(X,Z) = (n— 1)g(X, Z) (3.14)

Therefore, M is an Einstein manifold with scalar curvature r = n(n — 1). Hence putting (3.5) into
(3.14), we have

RR=(n-1)Q(g,R) (3.15)

But from Corollary 3.2, we have n — 1 = 1. Since n > 3, this is impossible. Therefore, we get R.R = 0. Then
by Theorem 3.1, M is locally isometric to an unit sphere S™(1). This completes the theorem.

Theorem 3.4. Let M be an n-dimensional, (n > 3), Ricci-generalized pseudosymmetric LP-Sasakian
manifold. If M is not semi-symmetric, then it is an Einstein manifold with scalar curvature r = n(n — 1)
and L = (n—il) holds on M.

Proof. Suppose that M is a Ricci-generalized pseudosymmetric LP-Sasakian manifold and X, Y, Z be
vector fields on M. Using similar steps as in previous theorem, from equations (3.7) and (3.9) we have

_R(K Z,VV,X) +9(Xa Y)g(Z, W) —g(X, Z)g(Y, W)

= L{=S(X,R(Y,Z2)W) + S(X,Y)g(Z, W) + S(X,Y)n(W)n(Z)

(3.16)
—S(X, Z)n(Y)n(W) = S(X, Z)g(Y, W) + (n — 1)g(X, Z)n(W)n(Y)
—(n = Dg(X,Y)n(Z)n(W)}
Taking Y = ¢ in (3.16), we get
n(W)L[S(X,Z) — (n—1)g(X,Z)] =0 (3.17)
Since M is not semi-symmetric, L # 0. Therefore, from (3.17) we have
S(X,Z)=(n—-1)9(X,Z) (3.18)

So M is an Einstein manifold with scalar curvature r = n(n — 1). Now, putting S = (n — 1)g into (2.24),
we get

R.R=(n—1)LQ(g,R)

1
n—1)

From Corollary 3.2, we have (n — 1)L = 1, which implies that L = 0 . Our theorem is thus proved.

Corollary 3.5. Let M be an n-dimensional, n > 4, non-semi-symmetric Ricci-generalized pseudosymmetric
LP-Sasakian manifold. Then R.R = R.C holds on M.
Proof. Putting S = (n—1)g and r =n(n — 1) in (2.17), we get

C(X,Y)Z =R(X,Y)Z — g(Y, 2)X + g(X, 2)Y

Therefore, using equation (2.18) we get the result.

Theorem 3.6. Let M be an n-dimensional, (n > 3), Ricci-pseudosymmetric LP-Sasakian manifold. Then
either

(a) M is an Einstein manifold with scalar curvature r = n(n — 1), or

(b) Lg =1
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holds on M.

Proof. If M is Ricci-semisymmetric then it is trivially pseudosymmetric. In [2], it was proved that a
Ricci-semisymmetric LP-Sasakian manifold is an Einstein manifold with scalar curvature r = n(n — 1).
Now, assume that M is not Ricci-semisymmetric, Ricci-pseudosymmetric LP-Sasakian manifold. Then
from equation (2.19), we have

(R(§ X).9)(Y, Z) = =S(R(§, X)Y, Z) = S(Y, R(§, X) Z) (3.19)
Using equation (3.4), we get

(R(&,X).9)Y,Z2)=S((XNY,Z)+ S(Y, (X N§Z) (3.20)

Futher, from equation (2.21), we obtain

Q(g,9)(Y, Z;£,X) = S(X AEY, Z2) + S(Y, (X N §)Z) (3.21)

Now, using equations (3.20) and (3.21), we have R.S = Q(g, S), which in view of (2.23), gives Lg = 1. This
completes the proof.
From the above theorem, we have

Corollary 3.7. Every LP-Sasakian manifold M", (n > 3), is a Ricci-pseudosymmetric manifold of the form

Theorem 3.8. Let M be an n-dimensional, (n > 4), Weyl pseudosymmetric LP-Sasakian manifold. Then
either

(a) M is locally isometric to an unit sphere S™(1), or

(b) Lc =1
holds on M.

Proof. If M is Weyl-semisymmetric then by [19], it is conformally flat and hence it is locally isometric to
an unit sphere S™(1). Assume that M is not a Weyl-semisymmetric, Weyl pseudosymmetric LP-Sasakian
manifold. From (3.4), we have

R(£,X).C = —(X AE)C

which implies that pseudosymmetry funtion Lo = 1.
Now, we can state following

Corollary 3.9. Every LP-Sasakian manifold M", (n > 4), is a Weyl pseudo- symmetric manifold of the
form R.C = Q(g,0).
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Ashfaque A. Ansari and Rajesh Kumar Shukla.

The name of the second author should be read as Rajanish Kumar Shukla

instead of Rajesh Kumar Shukla.
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