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ON GROUP INTEGER TOPOLOGY.II

Shaktr-'l Ahmed"

f)r:ptrrtrrrelt of \Iatlrcnratics. Goyt. P.G. College Rajor'rri, Rajouri-185131 ('I & K)' Inclia

r>trrail : Shak:clar2002(Ovaltoo'<:o'irr

(Ilea:it'ei .lonuary 24, 2005)

Abstract. I, tlris paper, u,e hart stuclicd produr:t. trrvering diniettsiott atrtl finitistir:ttess of grollP illteger

topological spaces. \\re have also shou.rr hero that grorrp irrteger topologv is a tolxrlogi<:al pr-oPert;- and it

need not be preserved hy a contitrttous map'

1. Introduction

Wc lmve irrtrodu<r:d the concept of Group Intgegcr Topology in our earlier paper [1] and studied its manv

bausir: propertirs. Lct G bea g.o,4, urrd T:lU CG: r €U =+ t" €(J,Y ne Z| isatopologyon G'

This t.pology is r:alled groril> integcr topokrgv arxl (G.?) is called grorip integer topological space [1], here

Z is tlrc set of all irrtegcrs. Ar, ,1,.r, cover {[/.r : ,\ e A] of a topokrgi<'al space X is said to be of older n if

intersectionofany(n+2) membcrsof{u1 :,\eA}isemptyandthereexistsasubfamilyof{u1 :IeA}
consisti,g of (rr, + 1) members which has nonempty intersection. The corrvering dirnettsion [3] of a topokgical

space X is den6tc6 by <lirn X and is defined il,s thc least integer rr srlch that every finite open conver of X

has a. gpcn retilernlt of or{cr rxrt cxceediug n. If there exists no such integer n, then we say that X is

infinite dimensional. \\'e say that dim X - -1 if and only if X is cmpty [3]'

A topological space X is said to be finitistic [2] if each open cor/er of X has a flnite order open

refinernenJ. A toirol.gical spac. X is said to he- iocaily finitistic [2] if each r € X iras. a closed

firitistic Leighborrrhoorl. A to1>ological spat:e x is saicl to be completely finitistic [2] if each

subspace of X is finitistic. A topological space X is said to be countabily finitistic [2] if such

countable open r:over of X ha^s a finite order open refinement. All the other topological

preliminaries use<l itt this paper <'att be seen in Willard [4]'

2. Main Results

Theorem 1. Let {GI : I e A} be a family of group integer topological spaces. Then the product topology

on fl.rea G1 is txxttairretl in the group integer topology on f|^.6 G1'

Proof. We know fl^.aG^ : {/: A -+ [164G1 : /()) e Gr, V '\ € A]' It 3" b" easilyshown that

fl^.aG^ i" u gro,rp'.iiler the birtary operation (/9)(.\) : /(A)S(I), Y f,g e fllgaGl-,"td V '\ e A'

ir*l trr" ftur<,ti.rn i e il^.o G1 rlefin*1 a.s /()) : er can be sl(rwn as identity of [.rea G1, where e1 is

iclentityof G1, V)e A. Forall"f € f|.aG1, clefine/-1(^) : (/()))-'' V'\€ A' Thenitcanbe

slxrrvn that ,f-t € fl^.a G1. Now u'e shou' that product topology on fl.rea G1 is contained in the group

irrteger on fl^n6 G;. i;; fi lrc tire prorluct topology on fl.rea G1 a^nd T2 be the group integer on fl^.a G1.

Lt,t b e 
"r 

-;;;i 
.f e U. Tlren there cxists some basic operr subset f{^.o t/r of f[r.o Gr with respect to

fi such that / e fl^.a t/.r C [/. Tht)n /()) e [/r. Since [l is operr'subset of Gr, v ,\ € A, ttierefore

(/())). e U1y"iZ-"nl,V^€4. Weknow(/()))":/'())+f"(,\) €U1, Vle AandYneZ'But
dimension, fi nitistic space, homomorphism'

AMS Sub.icct Classilication : 51A05. 54A10.
*Present arldrcss : I)epartnrent of Nlatherlatics, Govt. Degree College, 'I'hana Mandi,

Thana Nlandi - ltls 212 (J & K).



Shakeel Ahmed

"f"(^) € U>, =+ f" € ll.rea Ux c U + fn € [J, Y n € Z = U € Tz + Tt C Tz.

Remark 2. In Theorem 1, product topolory need not be group integer topolory.
Let G : {l,w,w2} where 1,r,,m2 are cube roots of unity. We know (G,C) is a group. Let

T:{d,{U,G,}.Then?isgroupintegertopologyonG. Let B:TxT:{6,{1}x{1},{1};G,GxG}
:{d,{(1, 1)},{(1, 1),(1,tr),(l,uP)},GxGl isbasefortheproducttopoiogyo.rC*C. tfr".ufo.uproduct
topologv on G x G: {0,{(1, 1)},{(1,1),(1,u),(r,w2)},G x G}. But this topolory is not group integer
topology on G x G because the U : i(-, 1), (-2,1), (1, 1) ) is open subset of G x G with respect ro group
integertopologyonGxGbutUisnotopensubsetofGxGr,vithrespecttotheproducttopologvonGxG.

Theorem 3. Let G be a group irrteger topological space where G is cyclic group. Then dim G: 0.

Proof. Let p be any finite open cover of G. First we show if a is a generator of G ancl U is an open subset
of G, then a€U eU:G. Since G iscyclicgroup, thereforeGhasagenerator. Let a beageneratorof
G and.U be an open subset of G. Suppose a € Lr. Then we have to show that G :U. Let r € G. Since a
is generator of G, there exists r e Z strcb that r : o.. Since U is an open subset of G, therefore

ae U+a'eU+r€IJ+GcU
Clearly

UcG
Flom (1) and (2), we have

u:G (3)

Now weshow that G e p. Sincep is afiniteopencoverof Gand a € G, thereexistssome Uae psuchthat
a e UB. By (3) UB: G. It means

Gep (4)

Now since G € pr, therefore V : {/, G} is clearly zero order open refinement of p. Ilere dim G : 0.

Theorem 4. If G is a group integer topological space where G is an infinite set and x-t : r.
Yr€G,thendimG:oo.

Proof. clearly, Y x e G,{e,r} is an open subset of G. we have to show that dim G : oo.
Suppose dim G : n. Then each finite open cover of G has an open refinement of order n. Let
lr.:{G-{rt,*2,frl,'..,frn+t},{e,x1},{e,n21,...,{",r,+r}}wheree *rt,12,...ttxrr*1€G. Thenclearly
p is finite open cover of G. Since dim G: n, therefore p has an open refinement V of order not exceeding
n. We can easily shown that arbitrary intersection of open subsets of G is always nonempty. Therefore,
if dim G : ??, then I/ cannot has more than (n * 1) members. Since here total number of members in p
is (n t 2) and clearly any sub family of p obtained by missing any member of p cannot be a cover of G,
therefore from this w3 can easily conclude that V cannot be a cover of G if we consider that it has (n + 1)
elements. Hence dim G: rc.

Theorem5.LetGbethegroupintegertopoIogicalspacewhere0(G)n;n>
r-r:x, Vrl€G. Thendim G:n-2.

Proof. LetG:{r1,,2rns,"',to}.sincer-r:c, v r€G, therefore rn:rore, vo € G. It
means {e,z} is an open subset of G. Let p be any finite open cover of G. Without lms of generality,
we can assume that z1 : e. Then clearly z : {d,{e,xz]},{",rt},...,{e,rr)) is an open refinernent of
p and order of u : n- 2. But order of v : n -2 + dim G I n -2. In order to show that dim

(1)

(2)
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G:n-2, we have to show that dim G {"- 3. Suppose dim G < n,-3. Since v is a finite open covel

of G, therefore it has an open refinement, say zr of order not exceeding n - 3. It means intersection of

any (n - 1) members of z1 is empty. since {e} is subset of each non-empty member of vl, therefore zr

has almost'(n - 2) non-empty members. But this is not possible because any refrnement of v cannot be a

cover of G unless it has atleast (n-1) non-empty members. Therefore dim G I n-3' Hence dirrrG : n-2'

Remark 6. From Theorerns 3,4,5, we can conclude that for all n € {0} u N u {-}, there exists a group

integer topological space G, such that dim Gn: n-

Theorem 7. Let G be a group integer topological space where G is cvclic group. Then G is finitistic'

Proof. Let prbeanyopencoverof G. By ( ) ,Ge p. But Ge p+ {O,G} iszeroorderopenrefinement

of p. Hence @ fu finitistic.

Theorem 8. If G is a group integer topological space where G is an infinite set and fr-7 : x,

Y r e G, then G is not finitistic.

Proof. Sincec-I :r,V fi €G,wefindthat rn:oor e,Y re G andV ne Z. It means {e,r} isan

open subset of G. Then clearly p: {{e,t} : r e G} is an open cover of G which has no finite order open

refinement. Hence G is not finitistic.

Theorem g. If G is a group hteger topological space and r-r : fi, V r € G, then every proper closed

subspace of G is finitistic.

Remark 10. The space in Theorem 8 is not countabily finitistic because the countable open cover

p : {G - {r1,:t2,n3,"'} u {{e, r,} : n. e N}} of G has no finite order open refinement'

Theorem 11. A group integer topological space is locally finitistic if and only if it is finitistic.

Proof. Let G be any group integer topological space. Let [/ be any open subset of G. We first show that

U : G. By definition of group integer topology e e U ar.'d no proper clo.sed subset of G contains e. Hence

G itself is the only closed subset of G containing U. It means

a:c (5)

Suppose G is finitistic. Let r € G. Let N be any nbd of o. Then there exists an open subset U of G such

thatr € u c N. Byequation (5),r: G. Now U:G and t/ C N+ N: G. SinceGisfinitistic,
therefore N is a closed finitistic nbd of u. Hence G is locally flnitistic.

Conversely, suppose G is locally finitistic. Then each ir € X has a closed finitistic nbd, say Nr. Since

N, isnbdof r, thereexistssomeopensubset U of G suchthat I e tJ CNr. Byequation (5)' U:G' Now

U:GandUcN,+N,:G-+G:N"(N,isclosedsubsetofG).SinceN"isfinitisticandG:N,,
therefore G is finitistic.

Theorern 12. The group integer topologr space is a topological property.

Proof. LetGrbeagroupintegertopologicalspaceand f :G1 -+G2beahomeomorphism. Wehaveto
show that G2 is also a group integer topological space. Let At,Y2 e Gz. Define Afl2: l$-'@)l-1(yzD'
We can easily show that Gz is a group under this operation. Here J(e) is identity of G2 where e is identity

of G1. Let A€Gz. Thereexists re Gtsuchthat A-- l@). Wecanshos,that g-r: I@-r) inverseof yin
Gz. Now we show that topoiogy on G2 is the group integer topology. Let ?i be the given topology on G2

ard.T2bethegroupintegertopologyon?2. wehavetoshowthatTt:Tz.LetUe4andg€u. Then

thereexists "Z-f-i(U)suchthat i@):y. Now re f-r(U)+rn._ f-r(U),Yne Z because/-1(y)i"
subset of Gr. Thrx r^ € l-\(U) + f ("") eU, Y n € Z. We have to show that yn €U, Y n e Z.
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Case-I. When rz is positire intogrr.
Thc'rr t7" :'!t!tu .. .u

rr tinrrrs

: .f( f-t @l.f-t (y).. . .f-t (y) : .f(;rtt....t)

:.f(r")eUhv(b)+y"eU.

Case-II. Whcn rr is ttegatir.e integer. Then wt: can write n: _ilt, u-hert'nr is positir.t'integer'
Ttx'tt.y" : u-ttt - (u-l)"' : u-IU-l ...u-I

nr finres

: .ft.f-t (y-r\.f-t(y-r).../-r(s-') : f(.x-t.:r-t...r-r )

: "f((,I;-r)", :.f(.r,) e u hv (5) + 3/,, e u.

Case-III.Wherr n:0. Then !J,,:lJo:e,- l?):.f(r,, : f(7:,, € [/lrr- (5) .-^.u,, a r.
Frcnn tlre above case;. we conclu<le that g" € U, V n. € Z. Bllt

y" e U. Y n e Z -+U €Tt-+Tt cT.t i6)

LetLreT2arlAeU.Then-y"eU,Vn.€Z.Brrtsinccy€f-rU).therot,xists.t€.f-t(U)
srrclrthat f(t):y.But/(z) : lt+.f(n) e LI -+(.f(t:")),, e {J.Y n e Z +.f(.ri,,) e [/(sirrtr.
(l@))":I(r")) +r'€f-r(U),YneZ).\Aieknowthat{.ra:reZ}isanopelsrr}rsctofGr.Since
/ isanop(-'n rlap, therefore f({r",re Zl): {y":i.e Zl isanolx'nsu}rsct of Gz u'ittrrt'sper:t tothe
topolcrgy 11. It nrcans Y y e U, therc is arr ()perr subset {u" : n e Z\ of G2 u'itli r('sp(xrt to topokrgv 11 sucli
that;y € {yn :n €. Zl CU.It rnearis [/ € ?1. But

UeTl+T2CT1.
From (6) an<l (7), n'e get fi :7r.

Remark 13. Corrtimrorrs image of group integer topological spact-. rrtx-'tl not be grorryr integer topological
space.

Let G : {1,rrr,.u:2} where 1, rr,,,ur2 art: cube roots of urritl.. \trtr krxru, that (G..r:) is a gror4r. Let
f : {E,{1},G} Tlrctr (G,7) is a grottl; tt-rpolctgi<:al spacer. Let t he t}rc irrrlis<:r'r.tc topokrgv orr G. Tlrcrr
the identitv function 16;: (G,7') -+ (G, 1) is contimrous and urt<>. It rnears (G, 1) is a <rrrrtinuru-s irnagc of
(G,7). Herc (G'7) is a group interger topological space where (G,.I) is not groul> ilteger topologir.al slra<:g
ber:ause tltc topokrgy I orr G is not gr.olrp irrtcgr:r topologv.
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ON FIXED POINTS IN CONVEX I,4ETRIC SPACESL

Shavetanrbrv Tejpal and T.D. Narang

De,altlrerrt pf \'lathenratir:s. Gtru Nanak Dcv Llniversity, Amritsar. hrdia

r:-tlail: trltraralglgzl8Ovahoo't:o irl

(R.e.r:eiltei. Apri,l 06, 2005; Reuisel MaA 16, 2006)

Atlstract. Sorne the.orcrns on the existen<'e of fixe<1 points of contiuuotrs mappings aud of quasi ttorr

ex1>arrsi'c r.a.14;irrgs dcfincri orr srrbsets of trrrrvex rnetric spaces have becn Proved which gcur:ralizc sotne

earlier resrrlts-

1. Introduction

Thcre exist nranv fixerl point theorelns for c:ontirruors self rnappings defined on compact convex sets in

<lifferrtrrt spa('rli: srrr:h as classir:al fixe<l point thtxrrcms of Brouwer. Schauder and Tychoff established in

fi,itr-. rlirrxr'siorral Erx:li<iearr spa(:es. Barrach spacr-,s arr<l locally convex Hausdorff linear topological spaces

resirtr:tir.cly. F<rL t,6ritrar:ti<r, ,r,,p1rirrg". thcrc is celeberatccl Barrach contractiorr principle wlilch asserts that

every (:()ntracti6n rtrapping on ,, crrtrpl.te rnetric spat:e ha^s a unique fixed point Non-expaLnsive mappings

qrntain all r:ontractior, ,nuppirg, ,", o p..,p,,, sttbcla^ss and t[ey form a proper subclass of the collection of

all continrrorrs rrrappiDgs. Ilerrr:c orrc. rtray hotr>e to ol)tairr fixui point thcorerrrs for non-expalsivc nrappitrgs

ra,it5 liypclthcses sorricu,hat'*'eakr-'r than i'onrpa<:trtcss trnrl cont:xity. There has been cclttsiderable strtCess in

relaxing cor.pactneris (see e.g. Dotson [4], llabiniak [5]). Dotson [4] relaxed convexity condition and proved

that if C is a cgnrpact starshaped subsei of a Banach-space E aud ? is a non-expansive self mapping of C

thc[ ? ]ias a fixed poiut in C. This rcsult vgtrs cxterclcd to convex rnctric spaces by Itoh [6] whercas reiaxing

corrrpA(:tllcss as well as <:onvexity, a gr:neralizatitxl of Dotstln's theoreur was given by Habiniak [S]' tUs

rcsrrlt of Habirriak was extcnded to pnormecl spaces by Ktran and Khan [8] and to corrvex metric space's by

Bt:g ct al. [1]. Subrahmanyam [11] gave the follorvirrg generalization of Dotson's theorem:

Let ? be a continugus nrapplng deflned on a corrrpact subset C of a normed lineal space E ilrto
itself. Suirposethatthe-reexistsp€ Candafixedsequence<>fpositivenumbers <kn> (ft" < 1)

convergingtol,suchthat(1-k.)p+knT, €Cforeachr€C;frrtherforeachx"€Cand/t''
ll 

"((1 
- k.)p + k,Tx) - 

"" 
ll Sll O - k)e * knTt - r ll' Then T [ra"s a fixed point'

In this paper, llre pro\€ a th.,or"rn on fixed points of continuous mappings in convex metric spaces

which exten6s results of Beg et al. [1], Dot"cr, [4], Habiniak [5]. Khan arrd Khan [8] and Subrahmanyarn

[11]. We shall also extend a result of botson [3, Theorem 1] on fixed points of quasi non-expansive mappings

to convex metric spaces.

To start with, we recall a few <icfinitiorrs.

Definition t. Let K be a subset of a metric space (x,d). A mappingT K -+ K is said to be

(i)non-expansivewithrespecttoasubsetMofKifforeachreK,ueM,d(Tt,Tu)<d(r,u).
If. M : K then ? is said to be non-expansive on K'

(ii) quasinon-expansive rf d,(Tr,p)<d(r,p)forallr€KprovidedthatthefixedpointsetF(T) of 7ais

ron-empty ardpe F(T).
i Thi" .".""..h wx partially supported by Univereity Grants Commission, India (F.30-238/2004(SR))'

Keywords and phrases : Coltvex set, convex metric space, Banach operator, non-expanslve

and qurei non-expamive maP-

AMS Subject Classification : 47H10, 54H25' 55M20'
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(iii) a Banachopcrator ifthere existsaconstant 0,0<p ( l suchthat
d(T2r,Tr) < pd(Tr,r) for each r e K.

Definition 2. (i) Let (X, d) be a metric space and I : [0, 1] be the closed interval. A continuous mapping
W : X x X x I -+ X is said to be convex structure on X if for all o,gr € X, .\ € f

d(u,W(r,y,I)) < )d(2, r) + (1 - \)d,(u,y'1

fcrr all u € X' The metric space (X, d) together with a convex structure is called a convex metric space [12].(ii)Aconvexmetricspace(X,d) issaidtobestronglycorutrvex[2] if for eachr,y €Xandevery]€I,
there exists exactly one poiat r € X such that z : W(t,y, \).
(iii) A convex metric space (x,d,) is said to satisfy property (1) [6], if for any
r,y e X, d(W(x,p,\), W(y,p,))) <.\d(2, a), p e X, O < ) <.f.
(iv) A strongly convex metric space (X,d) is said to be strictly convex [g] if for every r,y € X and every
r>0,d(r,p)<r,d(a,p)(rimplyd(w(r,y,)),p)<runlessrl:y,wherepisarbitrarybutfixedpoint
ofr,0<)<1.

Definition 3. A non-empty subset K of. a convex metric space (X, d) is said to be

(i) pstarshaped [6] if thereexistsp€ K such thatw(r,p,\) e K forall re Kand ] e r.
(ii) conv'exLl2)if K ispstarshapedforeveryp€Ki.e.,W(r,p,,\) eKforalle,p€K,^e. 1.

Definition 4. Let E be a vector space over a field K(K: .Ror O). For 0 <p < 1, a real-valued flnction
ll . llp on E is called a pnorm if

(i) ll, llo> 0 and ll " llp:liff z : 0

(ii) ll r+s llr<ll, llp + ll y llp

(iii) ll ar llr:l " lrll , ll,
for all c. y € E and d € K. (.o, ll . llr) is called a pnormed space.

We shall be using the following result of Beg et al. [1] (Remark 2 to Theorem 1) to extend Theorem 1
of [11]:

Lemma L. lf K is a clmed subset of a metric space (X,d) and T : K -+ K is a continuous Banach operator
with (/fl compact then ? has a fixed point.

2. Main results

On the existence of fixed points of continuous mappings we have

Theorem L. Let K be a closed subset of a convex metric space (X,d) and T : K -+ K is a continuous map
with(K) compact. Suppose thereexists p€K and.afixedsequencelkn> (k < 1) of positivemrmbers
converging to 1 such that W(Tr,p,kn) e K for each r e K; firther, for each r,g € K

d(W (T t, p, k.), W (Ty, p, k,)) < k^d,(r, g)

then 7 has a fixed point.

Proof. Define 21, : K -+ K as 4,(r) : W(Tr,p,kn),n: 1,2,. ...

(*)

We claim that each 7lo is a Banach operator with [,]K) compact. Since

d(T"(T"t), Tnu)

d(W (T (T"r), p, k ), W (Tx, p, k*))

knd(Tnr,r),

dTrzarTnx) :



7
{)n fued, points in conuet metric spaces

7; is a Banacl operatgr. Now we show that corrlpactness of T(If ) implies the contl>actu""" of 4(1O fot

each tr.

Let ( 11 ) be any sequence inT*(K). Then there exists a sequence < U$l.> it T"(K) such that

a*\ 
":"r",(rli)) : w(Tu*),p. k,) for all n. Now ,,1g;ul,)) 

: jr^ + ,jy- : w(Tu$),p,k') : r'r for all

n. Letting ru -+ oo, we get Li35 I4l(Tu*),p,1) :rr +-\57'f)) :r'r' Since (f"*)) is a sequence in

T(K). lirn Tuf)) e f1X1 i.".,lr^l is a seqrrence in I(K). So, <ompacttress of T(K) implies ('r:1) has

a convergent subsequence (rr) -+ r0 € (ftJ' Since (c1) is ilr ?,(K)'ro e T"(K) and hence ?;(,lr) i"

compact.
since each 7,.: K -+ 1( is a continuous Banach operator with 4,(.K) compact, by Lernma 1, ?n has a

fixed point, say pn, in K i.e., T.(p*) : p, for each n. Sint:e Z"@ i. compact, there exists a subsequence

b,r) of b,)*.hthat(p,r) -+q€K. Nowp,,:Tni(P,,r):W(Tpnt,P,&,r)' Letting',i-+oo'weget
q: W(Tq,p,l) : Tq i'e', T has a fixed point in K'

If K is starshped ra'.r't. p, we have

Corollary 1. Let K be a closed pstarshal>ed subset of a conve.x metric space (X, d) and T : K -+ I( be a

contimrous map with compact 
"(K)- 

If

d.(W(Tt:,p,k.), \\'(Ty,p, k,)) < k.d(t,y) for all r,.t7 € K

anclforsomefixedsequellce <Kn>(1r,,<1) ofpositivenumbersconvergirrgtolthen?hasafixedpoint'
Since every convex metric space satisfuing property (/) satisfies (*), we hare

Corollary 2. ([1, Theorem 3]) Let K be aclose<l p-starshaped subset of a convex metric space (X, d) which

satisfies p,.op".iy (f). If 
" 

: K -+ K is rron-expansive with f(K) cornpact then ? has a fixed point'

Since every normed linear space as well as every pnormed space is a c.onvex metric space satisfying

property (.I), we have

Corollary 3. ([b, Theorem 4]) L.t I be a closed starshaped slrbset of a normed linear space (X). If
T: K -+ K is non-expansive with T(K) compact. then 7 has a fixed point'

Corollary 4. ([8, Theorem 2]) r.et K be a closed starshaped subset of a pnormed space (X, ll ' llp)' If
T : K -+ I( is non-expansive with ?(-tr() compact then ? has a fixed point'

since compactness of K always irnplies the compactness of 7(K), we have

Corollary E. ([11, Theore.m 1]) Let K be a compact subset of a normed linear space (X) and T : K -+ K
acontinuotrsoperator. Supposethereocists pe K andafixedsequence <len> (8. < 1) ofpositive

numbersconvergingto1suchthat(1 -k*)p*knTr€Kforeacha€K; furtherforeachr€Kand
k",llT((1 -k.) p*k*Tx)-T"ll< ll (1-,c") p*knTx -r ll then ? has a fixed point'

We shalt now obtain an extension and generalization of a result proved by Dotson ([3, Theorem 1]) on

lixed points of quasi non-expansive mappings in normed linear spaces to convex metric spaces. For this, we

require the following two lemmas:

Lemma 2. [12] In a convex metric space (X, d), we have

(i) d(r, y) -- d(r,(W(*,U,.\)) + d(y,W(r,s,\)),

(ii) d(2, (W(r,a,r)) : (1 - \)d(a,Y),

(iii) d(s, (W(r,a,.\)) : .\rl(z' y),

forr,y€X,0<l<1.
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Lemrna 3. Lct 1( be a rtott-crnPfl- <'lose<l sul>sct of a rrr<'tlic: sparc (X, 11) arrrl 7 a rriapping of Ii ilt1, .r srrr:h
that.11 -={ye K:d( a.T.qr):ruirr,/i.,'.711)}irl()u-('rrrl)tvandTisrxrl-expalsi.r.t,rr.r.t. -11. Tlxrrr,11 isa
cl<>'s<xl set on which 7' is <'oltinrtous. Furthcrrurur:. if -f, is strongly conlrx. K is <:onrex ancl I is isomutri<:
rx r11. then p:il,\t:,r'.,\) frrr?r.rr€ Lf. 0.:. ) < I irnplim;that Z,(/) :\1,(T,tt.?r.,\) i.e., Iisanaflirrernap
()lr -I1.

Proof. Let u € ,'11 be arbitralr'. As I is rxrn-t'xprun.ir.r. u,.r.t 7t. rl\TttTt:) { d(u,r:) for cvery r e K. This
implics that I is r:otrtirrrrorrs at :rrhitrarv u anrl hou<:e on jlf. \oq, u,e slrow that 11 is closal.

Let ( r,, ) bt' n stxlttt:It< r: in ,l1 w'lii<'h cr-rrn ergts to .rT € 1i. Tlrt'r't tirr<. gir.crr s ) 0 tircre exists a p6sit ir.e
intt'gcr zt sur:h tlLat d(y,,,1/l (; ftrr:tll rr > zr. 'Ilx,tr

: ,l\ll. y,") * d(Ty,,,. lt,n) * d(yu,,.,,1

)iow lor car'h .r'€ 1i.

S d(y",.y) + d(Ty.r)

is ar'lritrarv. w'e havrr d(Ty.y) ! r'ipd(77.:r:) i.d. y e ilr and s. r./ is closed.

Ntlu' srtllpose that -f, is strtxrgly (:orrl'ox, K is rrrnrr.x arr<l I is isr,rrnetric o1 J1,,1.

Letu.t'€M, uf t:,0{ )<1a.nd p:W(rt,r:,}). Then tt(u,,-):tl(Tu,Tr:)as?isisometriconM
and d(Tp.Tt) < d.(p,u) rrs ? is rron-expansiv<r w.r.t. ,4I.
Tltercforc

,l\".p) dQr, .-) - d(r.p)

d(Tu,,Tl - d(Tu,Tp)

Ttris implies that eq.ality h.rds throughout and so d(Tu,T2t)
d(Tu,Tp) : ,lk,,p). So, we obtain

d(u,p). Similarly,

d(Tu,Tp) + d(Tu,Tp) d(tt,,p) + ri.(p.r:)

dQt,u)

d,(Tu,T"-)

Since (X, d) is strongly convex, there exists urique f, 0 < t < 1 such that Tp : W(Trr,Tu,t). Weclain that



{ )n ti"rul ltoi.rr.ts i,rt artt t'er ttt(tt'i(' sp(t(?5

t : ). (lorrsitlcr

rl(7-1t.'I tt ,\

(.1 - t)d(tu.7'r'J

:l f)d( u.r')

This irnlrlit's ,\: t antl so Ip -' lI'(fu'7r;')) i'e" T is an iiftirvr nrap'

R.ernarks

t. Sin<:c or.r,rv strir.tly ('()1\1rx rnctric slrerrt is strongly c()Ilvex. Lctnnta 3 lxrkls for strictly convtlx rtrt'trir'

sl)a(:cs.

2. F6r strit.tlv (.()ll\.r,x []111<:[ s])a(rrs. Lcltruta i] rvas llroltd 1r]' [toh antl Takalrtr"shi

([7. f'rt,lrositi,rrt ] t.

Theorem 2. Let Ii- l>o a <'Lrsr:rl grnrr-'x siL'l>set ol a strortgly (:()Illiex rnt'trit: space (X.rl) an<l 7 a <ltlasi

rr61-oxyralsivt'l[al)pirrl] of Ii into I{. Tlir:rr .F (I) is a II()I}-enrpty closed t:ort'r't'x set orl $'l}i('h T is <rrtttinttorrs'

proof. Sirr<.r,7(.h) f Ii arxl l[ - F(T) f r,t its I is qrrasi ttritr-t:xpartsirc. bv Lenrnia 3 F('I) is a

<:lost'rl sr,l: orr rvhit:h I is ciirrtinrrotts attd lirr all 'u.r'e F(T), 0 < ,\ < I rT'ith p -- lV(u't'.))' u'c havt'

Ttpl:l\:(Ttr.7r,,,\.1 .=1tr'{?r.r,.,\) :7ri.r,.. pe F(Tl andsoF(I)isr:ornex. Ilerr<r:F(I) isarx>n-t:mpt-v

clost:rl <rxn't'x sot oIr l'Liclt T is t'outinrtotts.

Sitr<.c,\,er.v strictlv (1)l}\1rx rrorrrxr<l lirxrar sllti<e is a str-olgly ('()nvox rlctric space. rvtt ltavel

Corollary E. ([3, Tlrrrrrenr 1]. [7. (]orollary 1l). If 11 is a t:loserl coDvex subset of a c()m'ex norme-tl liuear

s,a<1 X altl 7: K -+ If is a qrr2^si rrorr-r:xlralsirrr, thur F(7') is a tron-ernpty <:Lrse<l c()lll?x srlt on which 7
is r:orrtitrttcltts.
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Abstract. In this paper, by making rrse of neutrix lirnit expressions for the product, x\o6@) and ,r1 od(o'

hasbeenobtainerl,wherea:p+q,pisapositiveinteger&0<q<li.e.oisafractionalnumber.
This obviously generalize the results obtained by B. Fisher [4]. Finally, t]re rmults obtained are verified

by few examples.

t. Introduction

Neltrix N is defined by J.G. vander Corput [t] as a commutative additive group of functions c(() defined

on a domain N' with values in additive group N", where, further, if for some u in N, o(() : 1 for all

( irr N,, t[e1 1 : 0. The function in N are called negligi]rle functions. Now let N/ be a set r:ontainei in a

topological space with a iiurit point b which does not belong to N/. If /(€) is a furrction define<l on N/ with

ralues in M' and it is possible to fuid a constant B such that /({) - B is negligible in N, then B is called

the neutrix limit or N-limit of / as ( tends to b and, we write

N - l.irn tt t\ _ t?

€-+b 
J\q/-u

where B must be unique, if it exists.

Definition f.f. (cf.[3]). Let f alxl g be arbitrary distributions and let

Lfn

f,: l*6n, 9,,:g*dn: I nrr,_ t)d,,(t)dt, n:1,2,3,...
- 1/n

where {6.} converges to dirac-delta distributiorr 6, and d,,(r) : np(nr), p is an ilffnitely differentiable

function having the properties :

(i) p(") :0 for l, l> 1,

(ii) p(z) > 0,

(iii) p(r) : p(-t),
1

(iv) [ p(r)dr: t.
-1

We say that the neutrix products f o g of .f *rd S exists and equal to a distribution h if

Keywords and phrases : Product, distributiom, differentiablefunction, neutrix, limit.
AMS Subjct Clusification : 46F'.



1l Clthfta llari Tirr';u'i

firr ail tt'st titnctions t.t L Iy. s-ith srrppor.t (orltain(\l iu tlre iutcrval (a,tr). rr{rcrr: N is thc rx,rrtr.ix havirig
<lornail ,\' - {1.2, "'. rr.'"} arxl rarrgr. l'// of tlro lt'al ruurrlrt,r's rvitlr rx,gligi}>lr-' fiur<:riorn

,,.\!',' 'rt.lf rt- \;, ll. r.:1.2.1|....

autl fol all lirlctiorrs f irr; f,,r.*1,i,.1, -\ li"t 
1,r, 1 .- 11.// -x

Rieltraltrt-Liolrvi]klarr<lW<,lv|.frar:titlrialirltt:gral()p.r?lt()rSart,<lrlfilrtrlfilrIlerr>
(cf.l{i. p.171)

1i'
\ 1" .1' t\.ri ;,'--, l {.r -- / 1" 

't 
1til,ltLt(t).1

l)

r K I tr., ) ,,,'a i ,, .rt"- t 
.st t),tt

x

hr [5, p.ti;rS] t.lic tiactiolal <lilfcrcrrtial (,p(,rator is rlefirx,rl a^s

atrtl

turtl

Thrse olrt:rators alc ad.joiut i.e.,

arrd

I-"f - 11"7

Ii-".f : (- r)" D^ I

(r-'I.d: \f .K-.0)

(A--".f. p) : ("f, I-"ai).

(1.1)

(1.2 )

(r.3)

(1.4)

This paper deals with the generalizati<xr of the f<rllowing resulrs obtaintd in (<:f.[7]) if F is an ilfirritelv
differentiabb ftrnction in every neighbourhoo<l of the origirr tharr the pro<luct F(r:)'o'rtt.)11; exists a1d

x
(I) F(r) o d(^)(.r) : !f -t)' "C"F(")(0)d(o-.r(r.)

r_0

u-here'C- a1{ p is greatest integer

t)sq<r. 
f(o-r1

(II) The product c',- o d(.)(r) and r" o 6(.)(r) exists and
( (-t t'

rl o d(o)(r) : I f "c'rl6'u-')(a)' ft-'r r : 0' l' 2" "p'

l. o, rbr ,> p,

firr r' : 0,1,2,. . .,p.

(1.5)

forr)p,
les.s tharr a, i.e., o is of the fonrr o : p + g, au(l

(1.6)



A note on the Dirac tlt:lta-frntt:tiott l:i

I I .5,.,.16r,,-')11.;. tbr r : 0. 1,2.. . .tr,,

,'o6to)1r.i :l2 (1.7)
-t

L o, !orr>1'.

No,*,, Iet / be a clistril>rrtioD which is arr irrfirritclv <liffrrretrtiablc tirnctiotl irt t'r'er-)' treighl;orrrhootl of tlx'

origin. We define the distribtrtion /1 (.r:) bv

lt\r): { rt..t' rirr 'r ) o'

L 0. tirr 'r < 0'

and the distribution "f-(r) bV

( Ir.r), f<rr .r ( 0.
/_(r) -t o. forr>0.

Indeed we have /+(-r) : /-(*) and /-(.r') '= /t ('r)'
In the present paper, \4-e wiil grrreralize the rt.srilts (l.ti) arxl (1.7), by cortsideritig zr to lrt: a positir''e lractiorral

number i.e., o : p* q where p is a pcxitivc integer arrd 0 < q < 1'

2. Main Result

Theorem 2.1. Let / be a tlistribtrtion whi<'h is an inlinitely differentiable firnctiolr in ttrer neighbourhood

of the origin. Then thc procluct f r (*) " 5to)(r) au<l /-(r) o 5(')(n:) exist aDd

(,p

I *It-rt' "c'f(')(0)6('"-')(:r). fbr r : 0.1.2."'p'

"fr(r) o5to)(Lu) :.f-(r) od(o)(r) : 
{'.-o
I o, forr>p

Proof. Puttirrg r(r) :.f+(r) + iF-1)'1r',r1o;r:
!t', i \r

This givers /+("): F(r)- 2l -'-l 1t"){o)r:l
r-0

Since the product F(r) o 5t")(c) exists and satisfles erluation (1.5) u.rd p'i')(0) 1(')(0),

r :0,1,2, "' , it follol^'s ,0.rl/ 
, ,. I iIt-rl' 'c /(')(0)d('-")(r), rbr r : 0,1.2,"'p,

F(z) o dt^ttr) -- j 'r- o

I o, forr>p
By (1.7) we have

,,-1\r I }t-t)"'c"/(')(0)/i('-')('), ftrr r: 0,1'2""p,
!_+/(.)(o)ri odr.)(r.) : { 

z

[ 0, forr)p

i.e., l*@) or{o)(r) : r.(r)o d(o)(r) - f._#rt')10)ri o d(--')(x).

[ ]i,-t,'"c /(')(0)d("-')(r), ror r: 0,1,2,"'p,
:t r-0

I
I o, forr)p

Similarly,
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l.r

"f-(r)o6(')(r) : I iIt-')"'c /(")(0)d('-')(u)' fbr r: 0'L'2""p'

I
[ 0, forr>p

This completm the proof of the theorem.

Corollary, Let .f be a distribution vqhich is an infinitely <lifferentiable function in the
neighbourhood of the origin then the product \tgn z./(r)l o 5to)(r) exists and

lsgn r.f (r)l o 6(')(r) : 0, where sgn(o) is the sigmrm tunction (cr.[z]).

Proof. We have lsgn r.f (r))o 5(o)(:r) : U+(") - /-(r)l o 5(')(r)

:0
for every o.
The theorem (main result) is verified through the following examples :

(I) Since cosr4 : i'?)\_/ "---__ ""-*+ 
fi(zr)t,

for .\ : lf 2, we get

.*rY,: iil' futz,\t
vu -S 11Drrnrrarly, cos r_ L (21.\t

Thus

"*rf'o 6(')(r) : 
".,"r,Y'o 5(o)(r)

[ 1f r-rl: "t .'5(o-rr(r), 
for r : 0,1,2,. . .p,

I z4 Qr)t " \*t):1 r-0

[ 0, f.orr)p
(II) 1n1(1 - ,) o 5(")(r) : 1n-(1 - r) o d(")1r;

[ ]i,-r,"- 
t oc,(r* i)td("-')(r). for r : 0,L,2,.-.p,: 

i 
r.r

( o, forr>p
(III) sin1, 

" 6(")1r) : sin- r o d(a)(o) :
( r nt

| ,I,-rl' 
oc2,-r6to'2'!r)7r1, for r: 0,1,2,-..m,

I

I o, forr>m

I ;r, p is even

where m:1 
1

( , 
(t, + t). P is odcl
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-'r("), for r : 0. 1. 2, . ' .p.

lor r'> p
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Abstract. Irr this paper, sornc sufficient corr<litions orr a horlotypical identitv to be preserYerl untlt'r r:pis

of semigrorqrs in corrjnn<:tion n,ith al-t, norrtrivial pernttttation iclerlrtity have beett fottttrl.

1. Introduction and summary

The ge.er.al question of rvhich idrntities ar'o preservecl uncler epis has beeu stu<lieri by Bulazcr,''ska'

B.lazewska a1<l Krcrrrpa, Garclrrcr. Higgins, Howie and Isbell and Khan etc. for catcgorv of rirrgs an<l

ser.igroups. For t:xamplc, in [4] Gardner has showl that certain identities weaker than commutativitv are

not frescrve<I 114er epis of iirgs altho.rgh commutativity is preserved under epis of rings[l](see also [2]

frrr related resrrlts) and in [6]. Higgins has shown tiiat, in general. idcntities for which both sicles t:ontairr

repcate(l r.ariaSlcs are uot p...c.',,t*l ruxler epis of sernigrotrps. In [8], Ho'a'ie and Isbell have s]xrw'l tltnt

commutativity is preserved uncler epis of semigroups. The author [10,12] has extended this classic rt:sttlt

and shown that all identities irr conjunction either with cornmutativity or any semicommutative permrrtatiott

iderrtity are proserved under epis of scmigroups.

Irr [5, Proof of TSeorern 8.3], Higgiris hix s]rowu that all horrntypical identiti<s firr w]iich lroth sitlers

<:oltain repeate4 rariables are not preserved under epis in conjunction with any non trivial perlnrrtation

identity. I., [12, Th*r."m 4.7], the author has found some sufficient corrditions that a trornotypical iderrtity

containing repeated variableson both sides be preserved under epis of semigroups in tronjunctiorr rvitlt errtv

ngltrivial permutatiorr identity. In this paper, we further extend [12, Theorem 4.7 (ii)] bv firxlittg sornc

sufficient conditions that a homotylpical identity containing repeated variables on both sides be pr€-{ierl'ed

rrntler epis of semigroups in <:onjrurction with any nontrivial permutation identity. However, finding a com-

phte determination of all identities that contain repeated variables on both sides and prtrserve<l under epis

of semigroups still remairrs an open problem.

2. Preliminaries

Let (J, S be sernigroups r-ith [/ a subsemigrorrp of S. We say that t/ dominates an elernent d of S

if for every sernigroup ? arrtl for all hornomorphisms p,1 : S -+ T,

up -- u1, Y u € [J, implies dp : d1. The set of all elements of ,9 dominated by [/ is called

the rlominion of t/ in S and is denoted by Dom(U,S). It can be easily verified t}rat Dom(U,S) is a

subsemigroup of S containing t/. Following Howie and Isbell [8], a semigroup [/ is called saturated if
Dom(u,S) + S fcrr every properly containing semigroup S.

A morphism a : A -+ B, in the category C of semigrouls is called an epimorphism(epi for short) if
f<rrall C€c anclforallmorphisrns 0,7:B-+C, a0: a1 implies 0 : l'Itcanbeeasilyverified
thatamorphisrl a: S-+T isepiif andonlyif theinclusionmap i:,Sa-|7 isepi,andtheinclusion
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rrrap ri : u -+ s from any subsernigroup u of s is epi if arrd only if Dom(u,s) : s.

A nrost useful chara<;terization of semigroup dorninions is provided by the following Isbell's z^i;zag theorem.

Result 2.1([g,Theorem 2.3] or fT,Theorem VII.2.13]). Let U be a subsemigroup of anv semigroup
S arrd krt d be arty eiernent of S. Then d e Dorn(tJ, S) if and only if either d, € u or there are
elernents ao)atra2,...ra2m € Urt1rt2r...rt*rU7;!2r...rA^ € S such that

d : aotr, ao: .Ural (i : 1,2,3, ..., nr - 1)

a2i-1t;: a2;k+t, 'Aia2i : Att tazt+ t, (i : 1,2,...,m - l)

0"2r,, 1tr" - a2r,r, Uma2rn: d.

Theseequationsarecalled azigzagof length ,n over u withyalue d andspine as,a1,
a2r..,ra2m.

An identity of the form

xtt2r3.,.In : .t:ifti2....ti,, (, > 3),

is called a permutation identity, where i is any permutatiorr of the set {1,2,...,n}. Again a permutatiorr

identity of the form

f LI2il:3...fn : iDi talL2..,it:irt (2)

is cailed nontrivial if i is arry nontrivial permutation of the set {1,2,...,n}. Further a permutation identity is
sairl to be semicommutative if i + I and i, * ,. L semigroup S is said to be permutative if it satisfies
a nontrivial permutation identity (2) and a permutative semigroup ,9 is said to be semicommutative ifit I land i,, f n.

An identity z : u is said to be preserved under epis if for all semigroups U and S with U a
subsemigroup of S and such that Dom(tI,S) : S. t/ satisfying z : r, implim ,S satisfies z : u.

Result 2.2 ([12J,Theorem 3.1) All permutation iderrtities are preserved under epis.

Result2'3([11],Resrilt3). Let U beanysubsemigroupofasemigroup S. Thenfora.ny de Dorn(u,S)\(],
if (1)beazigzagofshortestpossiblelengthmover 7 withralue d,then 97,tj€,g\f forall j:1,2,...,m.

In the following results, let [/ and S be any semigroups with {/ a subsemigroup of S and such thatDom(U,S) : ,9.

Result 2.4 (llll,Result 4). For anv d e S\U, if (1) be a zigzagof shortest possible length m over Lr withvalue d and k be any positive integer, then there exist a1,a2,...,ak € t/ and dr e s\t/ such thatd : araz...a*d,x.

Result 2.5 ([11],Corollary 4.2).If U be permutative, then

srrr2...frht : srjpj2...rjkt
for all r1,x2,...r6 e S; s, t e S\U, and any permutation j of the set {1,2, ..., k}.
Result 2'6 ([12], Proposition 4.6). Let (J be apermutative semigroup. If d e ,g\t/ and (1) be a zigzag oflengthmover u withvalue d andwith 9r€s\t/(forexampleiitt.rigrug(1) isof theshortestpossible
length), then dk : aoktth for any positiJe integer t.

(1)



On epimorphisms, hornotopical identities and ...

T[e lotations and conventions of Cllifford and Preston [3] or Howie [7] will be tised throughout wit]rout

explicit mention.

3. Main Riesult

Anidentity u : u is said to be iromotypical if C(u) : C(u), where C(u), for atty word u, is ttre set of

all variables appearirrg in u; otherwise heterotypical.

Theorem 3.1. Let (2) be any rrontrivial permutation identity. Then any nontrivial homotypical identity

I (one which is not satisfied by the class of all semigroups) of the following form is preserved under epis in
conjrrntion with (2):

r1Pr2P...rrP : y7qu2q...yrq, for any p,q > 0.

Proof. Takc any semigroups [/ and S with U epimorphically embedded in S, and such that U(and,

hence S, by Resllt 2.2) satisfes the identity (2). We show that the above ide.ntity satisfied by U is also

satisfied by S.

To pror.e, we first note that for all t11,1t2,...,Lr,u1,u2,...,1Jy €U,

u1Pu2p --.urP : ulqa2q...arq : arPu2P...a.P : ulQu29.--ur4. (3)

Now first \vcr prove that for all t1,r.^2,...,rr € S and lu1,u2,...,11,a €U,

x1Pr2P "'trP : ulPu2P "'urP ' (4)

Assume that u satisfies (4). For k : 1,2,...,r; consider the word x1ParP...*rp of length kp. we shall

prove that S satisfies (4) by irrdu<:tion on k , a^ssurnming that the rerrtaining elements rk+r, ilk +.2, ..., r, e U .

First for k : 0, the equation (4) is satisfied by .9 wacuously. So assume next that (4) is true for all

:tr,.t2,...trk-1 € S and all r4,tp11,...,rre LI. Withoutl<xswecanassumethat 16 € S\U. As r;. e S\t/
and. Dom([J,S) : S, by Result 2.1-,we may let (1) be a zigzag of shortest possible length m o"'er U rvith

ralue 16. We assunre first that I < k < r.
Now

rypr2p...r1"-1pa6pt1pr1ry1p...r.p : t:f rzP...rk-f aopbk+7(r)pb1"*r(l)p...6ro)ptro)r '

'lL *,8i];lii-llirl,? 
some t'(1'; 6 51Y

z : rk+f ...rrP)

: ..c 
tP r 2P ...r k- \p (y p 12)p b k*, 

( 1) 
p6o*, 

( 1)p ...b,11)P l rG)P'
(by inductive hypotha;is, N Atat2 - gratar

: soal e u)

-- r 1P arP ...* r - f (U 7a t)P a Lpbo* r 
( 1)p6, 

n, 
( t )p ...6,0)p

ho)P z (by Result 2.5, as a7,tlr) € S\U)

: rrPr2P...rk_rP(yp1)Paftlpz (by Result 2.5,

as 6pnr(1)P6o* r1)p ...6,$)P1(t)e : 1,r1

: x tP r2P...x k-yP (yp1)P a2Pt2P z

(by Result 2.5, as g1,t2 e S\U)

: t: tP r2P...r k-f (y1a1)P a3Pt2P z
(by inductive hypothesis, as grar : ao and

ag, a2 € U)
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:1:\px:2p...1:b-lpo,gptf ,,611P...x,.p : r,tpr2p,...t:h-rP(,yrn,r)Pa4P1rr 7

(by equations (1) and Result 2.5)

: rrPrzP...rk_f (y1a1)Pa5PfuP z
(by inductive hlpothesis, ars ytal : a0

anrJ ag, aa € U)

:

: rlP x2P...x k.tP (y :at)P az*-LPt,rP 2

: 
*K;lf -,{;{,":^ : -; 

ro.;;i:l.,SJ ff;:':*#'
: rrPrzP...rk-f (asu2,,.)prk;tp...r,p (by Result 2.5

since a6 : lllatta2rn : a2*_1tr," and y1,tr" e S\U)

: utP u2P .,.u k - 1P ulrP u 1, 11P ...u.P
(by inductive hypothesis as aoa2n,1rr,1J2,...,u, € [J).

Tirorefcrre. by indrx:tion

t1Pr2P.,,trP : utP1t2P..,u.P

for all 11,12, ...,t, e S and 21,22, ...,u, e [J.

Finalil', a proof in the remaining case, namely v-hen k : r, can be obtained
from the proof abo.".e bv rrraking the foilowing conventions:

(i) word z : l,

(ii) the word
bu*r('),bo*r1),...,b.(1) : z : 1 andtr(il : 6r.

This completes the proof of (4).
Similarilv

atqgzq..,arq :'u,rQtt2Q...ure

for all y1,y2....,gr e .9 and 21,22, ...,u, e [J.

Now

r1pr2p...rrp : utPrt2P...urp : utqu2q...,urQ : yfA2q...yrq (by equations (3)),

as reqrdred.

Remark. The Theorem 3.1 extends [12, Theorem (ii)].
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COIVIMON FIXED POINT THEOREM IN MENGER SPACES

Arihaut Jain and Bi.iendra Silgh

Srircrol of Sttrrlies in \lath<)Ilrati<:s, Vikrtrnr tTrrir..errsitv, Ujjain (NI.P.)-'156010. In<lia

(Receiuerl Jun.e 22, 2005; Rettisetl Nouem.lx:r 02' 2006)

Atrstract. In tlris papr.r rvt lavc estabiislrrrl a conrr]r(ln fixetl point thcorelu for six self rnaps through

ll,eak cor.patihilitl. irr Merrger spar:c. Otrr resrrlt gt.rreralizes arrd cxterr<[s thc resrtlts t;f Singh artd Sharrna

Ir.t].

L. Introduction

Ihere har.e been a munb<:r of generalizatirxrs of metric spa<x'. One suth generaiization is Nlenger space

initiatecl by \Ienger [O]. tt is a probabilistic gt,neralization in which we assign to arry two points -r and y, a

distlibtrtioin firnction Fr,r. Sclni,cizel ancl Sklar [11] strrclied t]ris <:ortcept arr<1 gave sorlro fttnclamental rcsults

orr tSis space. It is obscrvc<l [y ntanl'arrthors tliat t:oritraction t:oltlition ilr metric space rnay ]re exactiy

translated ilto PN,,I-space errclou'etl rvittr mirr n()rrns. Sehgal and Bharucha-Reid [12] obtained a generalization

of Banach Coltraction Principle on a conplete l\Ienger spat:e whir:h is a milestoue irr developing fixed-poirrt

theoterns in \'Ienger spa<:e.

Sessa [13] irritiate<l the 'ir.arlitiorr of inrprovinpi conttnr.rtativity in fixed-point theorerrls by

introducing the notion of n'eak corninuting nraps in rnetric spaces. Jungt:k [3] soon enlarged tlis
<:olccpt to compatible rnaps. The notion of conrpatible mappirtg in a l\{enger space has bcen introduced by

Nlisirra [7].
Recently, Chanrola. Dirrrr.i anrl Parrt 11] itrtxrdrrcecl the notiort of weak cornttrutativity in Nlenger spaces.

Later on, Jpngck arxl R.hoades [f] (atm Dhage [2]) termed a pair of self maPs to ]re coinciderrtally or

eqlivalently *'eakly compitable if they srrnrnute at their coincidence points. The notion of -R-weakly

<:61rmrrti1g rlaps lrtrs bccn intro<lucr:d by Pant [8]. Afterrvards, Pant l9l provcd cornrnon fixed point

tlte6rerus fbr c.otrtractir() rlai)s. In thr: serlrtel, Pant [10] has used t]te cortcept ctf 1>oitrtwise,R-weakly

commltilg roaps to prove a conrrnon fixecl point theorem. From [10]. it is clear that the notion of pointwise

R-weakly c6mrnuting nraps is not only e4uivalent to but aho older than the notion of weak compatibility.

\6reor.er, cornpatibkr nraps ar-e weakly cornl;atible but the revcrse is not trtte always.

Silgh alcl S6arrrra [14] havc proved A c()rrlrron fixed poirrt t]reortrrrr for fbur corrrpatibie maps in N{enger

space, by taking a new inequalitY.

In this paper a fixed poirrt theorern for six self maps has been proved u^sirrg the concept of weak

conrpatiblity an<I compability of pair of sr:lf maps, whicli turns out to bc a matt-.rial generalization of the

results of Sirrgh atrd Sharma [14].

2. Preliminaries

Deffnition 2.1. A rlappirrg ? : R -+ R+ is callcd a distribution if it is non-decreasing lef't contimrous with

inf{.F(t) : t € B} :0 ancl supf(t) :, € R} : 1.

We shall denote bv tr the set of all distribution ftmctions while II will always de'.note the specific

distribution function defrned by
(0. r<c.H(t)- t -
[t. , > o

Definition 2.2. A rnapping t : [0, 1] x [0, 1] -+ [0, 1] is called a t-norm if it satisfies the following conditions

Keywords and phrases : t-norm, common fixed points, compatible rnaps, weak compatible maps.

AMS Subject Classification z 47H7O.54H25.
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(t-1) t(o,. 1) : ,r. /(0, o) : o:

(t-z) t(a,b):t(b,a):

(t-3) ,(c. d) > /(a.6) for c ) o,, d > b:

(t-4) t(t(a,b),c) : t(a, r(b, c)).

Definition 2,3 [7l1. A prolrabilistic n]etric space (Plvl-sy>ar:e) is an ordered pair (X,f) consisting of a non
trmptysetXalrdafunctionf XxX-+L,whcreZisthecollectionofalldistribrrtionsfunctionsarxl
the raiue of f at (u. rr) e X x X is represented by Fu,. The frrnction Fi,, assumcd to satisfy the following
conditions :

(PN{-l) F.,,u(r,) :1. fcir all .r ) U, if arrtl only if u - t,;

(PM-2) r,",,(0) :0r
(PlvI-3) Fu,u : F,,,,,;

(PNI-4) lf F","(r): 1 and F,.,,(ll): 1 then Fu.,,(r *A): l, for all z,t',ur e X an{ t,y } O.

A lvlenger space is a triplet (X,?,t) rvhere (X,f) is a PNI-space and t is a t-norm such that the
ine<prality

1. (PL{-s) Fu.,,(x * y) > t(F..,(r). 4,...(g)), for all u, ."-,u € X and r, y } Q.

Proposition 2.L [L2). If (X, d) is a metric then the metric d induce-s a mapping X x X -+ .L defincd by
Fr,r(t:): H(g-d(p,q)), p.qe X andr€ R. Further, if thet-norrnt: [0, 1] x [0, l] + [0, 1] isdelinedby
t(a,b): min{a,b}. then (X,f ,t) is a l\Ienger space. It is cornplete if (X,d) is compiete.

The space (X,f ,t) so obtained is called thc irrduced Menger space.

Deffnition 2.4 [7]. A sequerrce {X,,} in a N,Ienger space X is said to be convergent and conver.ges to a
poirrt r in x if andorrly if foreach e ) 0 ard ) > 0, there is aninteger III(e,\) suchthat

4,,,(.) )1-), foralln >M(e,,\)

Further. the' scquence {X"} is said to be Cntichy seqrrelrce if for e > 0, there is an integer M(e, )) such
that

F",,.,,,,(r) > 1 - ), for all m, n > M(e, \)
A \,Ienger PNl-space (X, f,t) is said to be complete if every Cauchy sequence in X converges to a point

in X.

Definition 2.5 14. Self maps S and ? of a I\tlenger space (X,f,t) are said to be compatible if
Fs'rt^,Tsh,(r)-+Iforalln)0,whenever{rr}isasequenceinXsuchthatStn,Trn+z,forsome2in
X. as n -+ co.

Deffnition 2.6 l7). Self maps.9 and ? of a Menger space (X,f ,t) are said to be weakly compatible (or
coincidentally commuting) if they commute at their coincidence points, i.e. if S, : Tp for some p € x then
ST, : 7 5r.

Proposition 2.2. Self mappings ,4 and S of a Menger space (X, f, i) are compatible then they are weakly
compatible.

Proof. suppose Ap:sp,forsome p,,tx. considertheconstantsequence {pr}:p. Now, {Aprl-+Ap
and {Sp"} -+ Sp (:,4p). As A and,S are cornpatible we have F.q.sp,sap(r):1for all z > 0.

24
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Thus, ,4SJr : SAp and u'e get (A, S) is'urraklv compatible'

Th. following is an exalrple nf pair of sr:lf maps in a Nlengtrr space which are weakly compatible but

not cornpatible.

Example 2.1. Let (X.d) be a rnetlic space'*'here X: [0,2] and (X,f.t) be the indrrced \'Ienger space

rvithFr,r(e) :H(r-,llp,q)), v7r.q€xanclve )0. Dcfitreself rnapsAan<l'szusfolkrws:

er:{2-,. 
irO{.r<1. arrd r. ={:. 

ifO1x < l.
'-\ 2, ifl<r{2. - 

[2. ifl<rf2'

Taker,,:1-l/rr. Nt,w.

Fa",,.r(.) : H (e - (t l"))'

Thereforc, ,l5rlFo",,,r(.) -- H(e) :l'

Hence, Ax,, --+ 1 a^s n -+ oo. SimilarlS Srn -+ 1 a^s n -+ oo' Also

Fe.s,,,,srt,,,(r) :Hlc_ (1 - *))'

J*F"",so'"('):fr(e -1)I1' ve >o'

Hen<re, the pair (A,S) is not compatible. AIso set of coincidcnce points of A and s is [1'2]' Now for anv

o e [1, 2], At : Sx: 2 and as(rj : AQ) : 2 : S(2): sA(r). Thus A arrd s are weakly t:olnpatible but

not compatible.
From the above example it is obvious that the concept of weak cornpatibility is more general than that

of conrpatibilitY.

proposition 2.3. InaMengerspace(X.f.t). if t(r.r) > cVz € [0, 1], then t(a,b): min{n.b}

Vo,be[0,1].

Proposition 2.4 l7l. If S and T are cornpatible self maps of a Nlcnger spacx' (X' f, t) where t is continttotts

and t(r, r) > x for all r € [0, 1] and,Src,,Tr, --+ tr for son)e z irr x. Therr TSrn -+ 5u provi<lt'<l s is

continuorx.

Proposition 2.5. Let S aud ? be cornpatible st-'lf maps of a Nlenger space (X' f, t) and Sz : 7u I'or some

u in X then ST'u :TSu: SSu:TTu'

Proof. Let {rr} be a sequence in x defined os r' : u' fl : !'2'3'"' and Su : Tu' Then we have

Srr,Tan -+ Su. Since S and ? are compatible and so for e ) 0, we have

F.sr.,rru(e ) : Fsrr,,,TTx,,(e) -+ 1' Hence 'STu : TTu" Simila'rly TSu: SSU'

But Su : ?u inrplies that' TTu : T Su. Hence S?t : T Su: SSz : TTU'

Lemma 2.1 [15]. Let {pr} be a sequence in a Merrger space (X,f,t) with continuous t-norm a'nd

t@,x) zr. Suppose, fo. il r€ [0, 1], 3 k e (0, 1) such that for all z > 0 and n€ N'

Or.

Fo,,p.*r(kr) 2 Fp,, ,,p,,(*)

Fo^,p,,*r(r) > Fr^ r,o^(k-r r)

Then {p,} is a Cauchy sequence in X.
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Sirrgh and Sharrrra [14] establisltrtl thr: follorving result.

Theorem 2'l lL4). Let A, B, 5 an<l ? be self mappilgs of a complete N.Ienger space (X, f, t) satisfying :

(a) A(x) c 7(x). B(x) s ,s(-y),

(b) One <f A,B,S arrd 7 is contimious,

(.:) (A.S) arirl (8. ?) are lrairs of cornpatilrle rrraps.

id) forallp.g€ X, r)0and0<a<1"
lF 

^p. 
B q (, ) + rsp, ap (r ) I [ 4 b, e <t(r) + F7 r, p 

n Q)] > 4ffu o, aoe: / a)]lF B o,7 r(r)l
Then ,{, 8,.9 arxl 7 have a uniquc (.orrrnLrn fixed point in X.

3. Main Result

In the following, wc extcrid above result to six self rnaps arrd gencralize it in other respec;ts too.

Theorem 3'1' Let A. B,S,T,L and M be self mappings of a c,mplete Merrger space (X,f,t) u,itht(a,a) > a. lirr s<rme a € [0. 1] satisfying :

(3.1.1) r(X) c S?-(x), M(x) c AB(X),

(3.1.2) AB: BA, ST:TS, LB: BL, IIIT:TIII,
(3.1.3) either AB or, tr is corrtirruous,

(3.1.4) (L, AA) is c<-rmpatible arrd (M, SZ) is w-eakly compatible,

(3.1.5) for all p,q € X. r >0 and 0 ( a ( 1.

lFb,tt,n(r) + F.1so,1ol.r)l[Ft.,,,ntr(r) I Fs7r.111u@)] 2 llF tsp.t.p(.rlttll[F.11r57ue\)

Then A, B. S,T. L and fuI have a unique corlrnor fixed point in X.

Proof. Let Xs € X. Frtxn con<lition (3.1.1) I rl,T.2 € X such that

Lq : 57rr: y6 and Mxy : ABx2: y,
Inductively, we can contruct sequen(:e {rr} and {y,} in X such that

L:r2n : ST:r2n1y : y2n and Mx:2ptt : ABx2n12 : U2n*lfor n : 0, 1,2,... .

Step 1. Puttirrg ,p: !t2n, e: r2n11 for r ) 0 in (:].1.5), we get

lFLrz^,ttr,n+t(r) + Fae,r,,,r,.r^(r)llF7rr,,,rr.r,2,,*r(r) * Fsrrz.+,,!t!,r.r, (r)l

Z 4[F e s, r,,, r., r,, (r / a)][F y. z. + t,sr c 2,,,, (x ))

or, [F*^,*.*,(*) * Fu,,,-,,*,,@)llF*^,*,,*, (r) * F,r,,.,yr.*, (r)]

)- 4[Fo,,, 
- , ,cr*@ / o))[For,,*, ,o,,, (*)]

or, 2Fur,,or.*r(*)[For^,n ,*r(r) * Fyr, ,,ar,,(r)l Z alFur,, ,,,*^(xl.,)llFor**r,or*(r)l

or, Fo*,*n"rr(r)lFor,,vz,,+,(t) * Fur,-,,ar,,(r)i > 2[&r, ,,or,,1x1.,l11gur,,yr.+r(r)]
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of,

OI,

SimilarIy.

lFor,,.or,,,,(,r) + Fr,,, ,.rr,(r)] > 2[For,, ,,0.r,,(t:la)1

Fyr,.vr, ,r(') ) For,, ,.rrr,,\t: f o) (3.1 )

Fur,, ,.or,,(:rf a) Z r-yr,, ,.rr,, ,lrln') $.2)

From (3.1) ancl (3.2). it follou's that

Frr,,,or**,(t:) 2 Fyr,, ,,rr,,(xf a) 2 For, ,,0r,, ,('rf rt2 
1

By repeated application of atrove incquality, wt: get

Fu,,,,n,,,,,(t))Fu,,,_,,un'(r/,yl>Fv,,,,'o,,,,,(,ln,)>...>

Therefore, by Lemuxr (2.1), {A.l is a Carx:hy scquence in X. which is <'ourpletr.

Hence {gr,} + z e X. Also its subsequerrr:tx cor.verges as iollorvs :
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{NI r2"r 1} -+ z arr<l IST r2,, 1r } -+ e ,

{L:r2,} -+ z and {ABt2,,} + z

Case I. AB is continuous. 
(

As AB is continuous, (AB)2:r2^ -+ ABz aod (AB)Lr2n -+ ABz.
As (L,AB) is compatible, so by proposition (2.4), L(AB')I2" -+ ABz.

Step 2. Putting p: ABr2,, and q: 22a11 f<rr r > 0 in (3.1.5), we get

lFt ea,z.,tr'trz,,*, (r) + FAB.4Bi2,,.LABrr,,(.*))lFL,qs,z,,,jttr.z-+r(r) t Fg7,r,,*r,,1r.r.*, (z)l

(3.3)

(3.1)

) 4lF t B a e, r,, L a n, r,, (r f a)llF u * r,, * r. s,r, r,,,, (t))

Letting n -+ oo, we get

[Fas,,,(r) * Fa1s",4s"(x.)][Faa.,.(r) + 4,"(.r)] ) 1lF,te.,.qB", (Lu/o)] [f'",,(,r)]

i.e., Fas",,(x) > 1, yields ABz: z. (3.5)

Step 3. Putting P: z arul q: :r2n+1 f<rr z ) 0 irr (3.1.5), we get

lF L 
", 

u,.r,, *, (r) * F n a 
" 
I 

" 
(r)llE u, u,r,, r, (r) * F s7' a, 

^ 
*,,.,rre2,, *, (r) ]

> 4lFas",y"(r lrr)llFu,,,,*,.s2.,,,, , , (r)l

Letting n -+ m, we get

Itr-t","(r) + F,,1"(x))[F1.","(") + r'",.(r)] > 11F,,1,"(rf a)l[4,,(r)]

i.e., Ft.."(r) )1,yields Lz:2. Therefore. ABz:L::2.

Step 4. Putting p: Bz and g: 12,11 for r ) 0 in (3.1.5), we get

lFre",rur,r^*,(r)*FtBs.,r,s,(x)llFta.,tt,2,,*r(x)*Fs.f,zn*t,hr,,,.,(r)j
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) \l.F t r t t -_. t. r t 
" 
(r f o ))lF p1, r,, r,,.s2',,,,*, ( :r ) ]

As BL : LB, AR =' llA. so rve have

L(Bz) : R(Lz) : Bz arr{ ABIB:) : R(.482) -- Bz

Lr-.tting n + cc, \4'e get

[Fe",,(r) *F6.,6,(:r:)][Fn,,.(..) +F.,"(.r:)] >LlFB",B.(rfri)][F",.(,r)]

i.e., 4;..,(:r,) ) 1, vields Bz : z an<l ABz: z implies Az : z.

Thereiiirc. Az - Bz : Lz : z. (3.0)

Step 5. As I(X) C S?(X), therrexists ir € X srr(:h that z: Lz: STu. Putting p:t2narrd g: x, f61
r ) 0 in (3.1.5). wtr get

[P7,*,,,.u,,(.r) *FAs,,z,,,L,.z,,lr:)]1Fi,,,,,,11,(,r) I F57',,,14,,(r)]

) 4lF.a s,,,,.y.",,, (.r/o)] [F'1n,.s?b(r)]

Lettirrg r) -) oc arxl rrsirrg (11..1), r.',.e get

[F,,,r.r,(r) + F.,,(r;)ji]',,,1/u(.r) + F.,.u,(*)] > 41F",.(rf a)l[Frr,..(r)],

i.e., F",tru(?) ), 1, vir-'lds llu: z. Henco. S7'r, : z: LIt:.
As (11. ST) weakiv <'oupatible, wc ha.r'e

STIt[t -- lISTr.

Thus. SIz : ,442.

Step 6. Prrttirrg p: ri2,,, e: zf<r:r> 0 i1 (3.1.5), weget

[F6,r,,,17. (:r) I F A ts,t,, r.,, 2,, (r )]lF 1.,r,,. 11,(.r ) f {e1,,11, (r:) ]

) 4lF A a,,,, J.,,,, (t: I o))fF 1 1,,s2,. (r')l

Lt.ttirrg'n, *) oc arrrl using (3.3) arrcl Step 5, we get

[F.,,rr.(.r) + F,.."(r')][P.,rr.(r) * F',u..u.(r)] > 4[F,,"(t. lo)]lFtv",u.(r)l

i.r:., F.,,y,(.r) > 1. vields : : llz.

Step 7. Putting 'p: r2rt an{ 17: Tz fttr :x > 0 irr (3.1.5), we get

lFr,"r,,,,rrr"(t)*FAn,2,,,r.,2,,(t\11F1,,r,,,1117"(r)*Fst-r".ur"(r)l

) 4lF As,,,,, r.,r,, (r I a)]fF 11 q,.,sr"" (r)l

As,t17 :TM a..d Sf :TS we havt: XITz:TIvIz:Tz a',d. ST(Tz):T(STz\:Tz.
L<*ting r, -+ rc, w'e get
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IF ",t' " 
@) + 4,, (;,,)] [F.,r. (r) -r F7 

",7' " 
(r)l > 41F.,.(t I a)] [Fr',r" (")]

i.e., F,.r,(r) > 1, vields Tz: z.

Now,S?z -Tz:z irnplies Sz: z- Hence, Sz:Tz: Mz: z' (3'7)

Combirring (3.6) and (3.7), we get

Az: Bz: Lz: Mz:Tz: Sz: z.

Hence, the six sclf maps have a cornmon fixed point in this case'

STL[u: IVSTu. Thrs, STz: IvIz.

Case II. -L is continuous.
As -L is t:<rntinuotrs, Lr2n ) Lz awJ. L(AB):I2" --+ Lz.

As (I. AB) is colnpatible:, so by prol>ositiou (2.4), (AB)Lt2,, --+ Lz'

Step 8. Putting p: Lrzn and g: 12,11 f<rr:r ) 0 in (3.1.5), we get

lFLLr.z,,,Lr,.r,,+r(:r)*Fss7ar,,,1,1'.r,,(ti)llF1,Lrz,,,LI.tz,,+t(r)*Fsr,r.r,,,r'r.r,,.r(z)]

> 4lF t a u r,,. n, r, ( r' f a))lF v,r,,',,.sr,,,,-r, (,r: 
) ]

Lctting n -) oo, wc get

lF r,.,.(r) + F y 
", 

1. 
" 
@)llF 1..,. (r) + F 

",. 
( r )l > 4lF v, 7 

" 
@ f ")l [4," (")]

i.e., Fu..(r') ) 1, yields Lz : z.

Now, rrsing steps 5-7 gives us LIz: STz: Sz -Tz: z.

Step9. AsM(X) C AB(X), thereexistsue X suchthat z: Mz- ABw. Puttingp:?ra,Ird
e: r2n+r for r ) 0 in (3.1.5), we get

l 
F t*, rtt *r, r r(*) * F a s -, 1,- (r)llF r,,,, *,, r,, r r(r) + F5'7',r,,* 1,,t,r,2,, *, (e )]

> 4lF aa-,ru'(x I a))lF 11 "r,,,,,s2',,", *, 
(r)l

Letting rr, -+ oo, we get

lF t,*, " 
(r) * F,, 6 @)lfF 1.,,,," (r) * F ","(r)l 

> 41F., y.' (z f o)l [F'",. (r)],

i.e., Fm."@) > 1. yields Lu: - z : ABtt.
Since (.L,AB) is r:om1>atible and so by proposition (2.2), (L,AB) is weakly r:orrpratible and henr:e, we

have
Lz: ABz.

AIso, Bz : z follows from step 4. Thus. Az: Bz: Lz: z and ra'e obtain that z is the cornrlon fixed point

of the six maps in this case also.

Step 10. (Uniqueness) Let z be another common fixed point of A,B,S,T,L and M7 then

Au : Bu : Su : Tu : Lu : Il[u : u.

Putting p: z and Q: u, for r ) 0 in (3.1.5). w'e gct

[Fu,u.(r) -l FaB,1,@\llFu,u.(*) t Fsru1qu(r)\,> 4lF^s,,1"@la)llFy",s7"(r))
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Lettirrg ,t, '+ oo, \\(' g()t

1 

p".,, (:r ) + F... (.r) ] IF.., (:r) + -fl,.., (r:) I > llF,..(t I o)] [4,." (r')l

i."., F..,,(.r) > 1. r'iel<ls: ,= rr. Tlrt:re'ftx<.. : is a rrrrirlrre cornluon
t:otrr1r1t:tr.s thc 1>roof.

As a <xrrollrrrl' of tlxnrcln 3.1, we obtain the follou,irrg nsult.

Arihant Jain arul Biierulra Singh

Iixal point of .4, B. S.7. -L and -11. This

Renrark3.1. If t't'take B:T: l,theiclentitynraponXinTheorernS.l,thenthecondition(3.1.5) is
satisfied trir.ially arxl s.e get

Corollary 3.1. Let .4,,9..L and M l>e self rnappirrgs of a cornplete Menger space (X,f,t)
satisfving :

(3.1.1) 
'rx) 

c s"(x), M(x) c A(x).

(3.1.2) Eitht,r A q Lis <',,ntirruous.

(3.1.3) (r, ,4) is <:on4ratible and (r11, S) is ur:akly cornpatihle,

,ii.1.4) for allp.q€ X,.r)0and0<a< 1.

lFyo.l1rfui)+ F,1r.1.o@)llF;p,rrq(r)*4ss,,\rn(r)] > 4lF'ar.1.r(rlrr)l[tr',yr,5o(r)]

Tiu,n 11. S, I and i1I har.c a rrnirlue corrlrnon fixed point in ,{.

Remark 3.2. In vievr of Rernark 3.1. Corollary 3.1 is a gt-.rreralization of the result of Singh and Sharma
[14] in thr: serrse that corr<lition of compatibility of the pairs of self nraps has been restricted to compatible
an<l weakly r:ornpatible sclf nraps.

Next wc tltilize ortr Theorem 3.l to prove another comrnon fixctl point theolem in a complete rnetric
spa(:e.

Theorem 3'2. Let A.B,S,T,.L irn<[ ,,1,1 bc self mappings of a complete metric space (X,4)
satisf'ying (3.1.1), (3.1.2). (3.1.3). (3.1.4) and

ld(Le,ItI,t)}\ tI\\ABD L')lrl, + l(t(sTq.IuI;)t 12 < a,{d((ABw Lo)l + fd(Mq S'f), (3.i.5)

forallp.g€Xwherc0<a<1. Thtn A.B,S,I. Iand,rl1 ha,veaunique(:orrrrnonfixcdpgintinX.

Proof. Thc proof follows from Theorern 3.1 and bt consiclering the indrrced Menger space (X.?,t) where
t(a,b) - min{o, b} and Fr.o(-r) : H(r- d(rt,q)), 11 being t}rc rlistribution function a^s given in the definition
2.1,.

Acknowledgement

Autlxrrs are thankfirl to the rcfcree for valuabie suggcstions to improvt: tire paper.

References

Clrarrrola' K.P.. Dirlrri' R.G. ancl Pant, B.D. : OtL non lineor contmctions on Menger spaces, Ganita. Bg (1ggg)
l9-54.

Dhage, B.C. : On a comrnon lined pint of coi,ncitlentally mappings i,n D-metric spoces, Indian J. pure Appl.
Nlath. 30 (1999) 395-406.

I1l

i2l



Com.nron ftxed point thcorcm in ...

[3] .lungck, C.: Compati.ble mappings o.nd, common fined points, Internet. J. Math. and Math. Sci., 9 (a) (l98ti)

771-779.

[4] Jungck, G. : Compatible mappings and, arnmon fited points (2), lnternet. J. Math. and Math. Sci., (1988)

285-288.

[5] Jungck, G. and Rhoades, B.E. : Fised points tor set 'ualueil functions without conti'nuity, Indian J. Ptrre and

Appl. Nlath.,29 (1998) 227-238.

[6] Menser, K. 1 Statistidllmotrices, Proc. Nat. Acad. Sci. USA,28 (1942) 53t537.

[7] Mishra, S.N. : Cc,rnrnon fixed, points oJ compatible mappings in PM-spaces, Math. Japon., 369 (2) (1991)

283-289.

[8] Pant, R.P. : Common fixed points oJ noncommuting mappinos,.l. Math. Anal. Appl. 188-2 (1994) 43G4,L0.

[9] Pant,R.P.: CommonfixedTninttheoremsJorcontmctiuenmps,J. Math. Anal. Appt.226(1998)251-258.

[10] Pant, R.P. : R-ueak cornmutati,ti,tg and common fixed poink, Soochow J. Math. 25-1 (1999) 37-42.

[11] Schweizer, B. and Sktar, A.: Statistical metric spaces, Pacific.I. Math., 10 (1960) 313-334.

[12] Sehgal, V.M. and Bharucha-Reid , A.T. : Fixed poinLs ol conhaction ma.ps on prcbabilistic metric syrls, Malh.
System Theorv, 6 (1972) 97-102.

[13] Ses.sa, S. : On a weak commutatit"ity cond,ition oJ mappings i,n fixed, point consirleration, Publ. Inst. Nifath.

Beograd 32 (46) (1982) 146-153.

[1a] Singh, B. and Sharma , R.K. : Comrnon frxed points of arnpatible maps in Menger spaces, Vikram Mathematical
Journal, 16 (1986) 51-56.

[15] Singh, S.L. and Pant, B.D. : Fi.xetl point theorems jor commuting rnaps in probabi.listic metric spaces, Honant
Math. J.,5 (l) (1983) 139-149.

[16] Singh, S.L. and Pant, B.D. : Coincidence and fite-d point theorc.ms for a lomily of mappings on Menger spaces

end. ertension to anitonn sgrces, Math. Japon., 33 (6) (1988) 957-973.

31



: Alioorh Bull. of Moths.

Volume 25, No. 1, 2006

EFFECT OF A CHEMICAL REACTION ON A MOVING ISOTHERMAI
VERTICAL SURFACE IN PRESENCE OF MAGNETIC FIELD

WITH SUCTION

Rajeev Jha* and R.K. Shrirastava**

*Departmeut of Mathematics, J.L.N' (P. G-) College, Etah (U.P)' India

**Department of Mathematics, Agra College, Agra (U.P.), India

(Receiaed Augilst 13, 2005; Retisel May 08, 2006)

Abstract. In this paper we study the effect of a chemical reaction on a moving isothermal vertical

surface in preaence ofmagnetic 6eld with suction, taking into account the homogeneous chemical reaction

of first order. The solutions for the velocity and skin friction profiles are studied for difierent magnetic

field parameter, Sclmidt number, Prandtl number and chemical reaction pararneter, It is observed that

the velocity increases with decrease in magnetic field parameter during the generative and destructive

reaction.

Nomendahme
a{' constant
bo constant
Bn external magnetic field
C' concentration
C dimensionlesscdrcentmtion
Ct, specific heat at constant pressure
D mass diffusion coefficient
g acceleration due to tXavity
G. mass Grashof number
G, thermal Grashef number
k thermal conductivity of the fluid
K dimensionless chemical reaction paranrcter

Kr chemical rcacti(m parameter

Pr handtl number
M Magnetic field parameter

Sc Schmidt number
I' temperature
T dimensionlesstemperature
uw velocity ofthe vertical surface
U dimensionless velocity component in Xdirection
4v velocity components in x, y-direction , rcsp@tively
rs suction velocity
x spatial coordinate along the surface
I dinpnsionless spatial coordinate nornral to the surface
y spatial coordinate normd to the surface

Grtek symbols
q thermal diffusivity

P volumetriccoefficientofthernralexpansion

Keywords and phrases : Magnetic field, chmical mction, rertical plate, hat md ms transfer.
AMS Subject Clasiffcation : 76WD5.
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volumetric coefficient of expansion with concentration
coel'ficient ol' viscosity
kinerratic viscosity
densitv of l'luid
electric conductivity
skin liiction
dimensionless skin friction

Subscripts

w conditions on the well
@ li'ee slrealn conrlitions

l. Introduction

Magneto convection plays an important role in various industrial applications. Examples include
magnetic control of molten iron flow in the steel indr-rstry, liquid metal cooling in nuclear reactors and
magnetic suppression of molten semi conducting materials. It is of importance in connection with many
engineering problems, such as sustained plasma confinement for controlled thermonuclear fusion,
liquid-metal cooling of nuclear reactors, and electromagnetic casting of metals. In the fie'ld of power
generation, MHD is receiving considerable attcntion due to the possibilities it offers for much higher
thermal efficiencies in power of plants. MHD finds applications in electromagnetic pumps, controlled
fusion researc[ crystal growing, plasma iets, chemica! synthesis, etc.

Chemical reactions can be codified as either heterogeneous or homogeneous processes. This
depends on whether they occur at an inte'rface or as a singlc-phase volume reaction. A reaction is said to
be of first order, if the rate of reaction is directly proportional to the concentration itself. In many
chemical engineering processes, there does occur the chemical reaction between a foreign mass and the
fluid in which the plate is moving. These processes take place in numeroLls industrial applications, e.g.,
polymer production, manufacturing of ce'ramics or glassware and food processing, see Cussler [21.

Chamber and Young [1] have analysed the diffusion of a chemically reactive species in a laminar
boundary{ayer flow. Vajravelu [6] studied the exact solution for a hydrodynamic uniform suction and
intemal heat generation /absorption. In all these studies, the authors have taken the continuous moving
surface to be oriented in the horizontal dircction. Again, Vajravelu [7] cxtended the problem of [6] to the
vertical surface. The heating as well as cooling effect of a moving isothe'rmal vertical surface were to be
analyzed. Das et al. [3] have studied the effect of a homogeneous first order chemical reaction on the
flow past an impulsively started infinite vertical plate with constant heat flux and mass transfer. The
dime'nsionless governing equations were solved by the usual Laplace transform technique.

Howevt'r, the theoretical solution for the hydro-dynamics boundary-layer flow on a
continuously moving isothermal vertical surface with uniform suction and diffusion of chemically
reactive species is not studied in the literature. Such a study found useful applications in aero-dynamics.
For more details, see Schlichting [5]. Muthucumaraswamy, R. [4] have discussed heat and mass transfer
effects on a continuously moving isothermal vertical surface with uniform suction, taking into account
the homogeneous chemical reaction of first order.

the aim of the present paper is to investigate the effects of a magnetic field parameter on
a moving isothermal vertical surface with uniform suction in the' presence of homogeneous chemical
reaction of first order. The velocity and skin friction profiles for different parameter like Schmidt
number (Sc), Prandtl number (Pr), Chemical Reaction parameter (K) and Magnetic field parameter (M)
are. analyzed graphically.
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2. Formulation of the problem

A polymer or metal sheet extruded continuously from a die, or a krng fibe'r <lr filamcnt traveling

between a feed roller and a take up roller are typical examples of moving continuous surfaces. It will bc

assumed that the quantity of fluid removed from the stream is so small that only fluid particles in the

intermediate neighborhood of the wall are sucked away. lt is wcll known that on a moving surface of

finite length the boundary layer grows in the direction opposite to the direction tlf the motion whereas

on a moving continuous surface, such as a long continuous polymer sheet of fiber extruded from a sklt

and taken up by a wind-up roller at a finite distance away, the boundary layer on the sheet or fiber

originates at the slot and grows in the direction of motion of the surface.

A chemical reactive species is emitted from the moving surface in a hydrodynamic flow field. tt

diffuses into the fluid where it undergoes a simple isothermal, homogenetlus chemical reaction. The

reaction is assumed to take place entirely in the stream. Consider the steady, two-dimensional,

incompressible flow of a viscose fluid on a continuously moving vertical surface in presence of magnetic

field, issuing from a slot and moving with a uniform velocity uu in a fluid at rest. Let the x-axis be taken

along the direction of motion of the surface in the upward direction and the y-axis normal to it. Thc

temperature and concentration levels near the surface are raised uniformly,

Equation of continuity

(2.r)

35

du du_+_-o
a,r a,

Equation of momentum

al*,9 
= s00, -r:\+ sfl' (c, - c)+,!! -Qi,ua, dy dy- p

Equation of enrgy

( ar' ar') . d'T'N,,iu + 1:- l= k-\ ar ay) ay'

Equation of concentration :

,Y*r$= od]^cr' -*,c'dx dy dy-

The initial and boundary conditions are

(2.2)

(.2.3)

(2.4)

u = uw, v = vo = const,<O, T' =T:, C' = C; at

u + 0, T' -+Ti, C' -+ C2, as

On introducing the following non-dimensional quantities :

Y=0,

y-+-

(2.s)
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lvo
1)

do =sc+Jsc'+4Ks.

Dsp@:-r:)
vF = -----------T-

u*vo

ucfr.Gi, -c:)lrc =----------
urvo

- w v > + pi -f,,,, -i u)'-u - | "r 
r]

and bn=l+Jl+4M
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(2.6)

(2.7)

(2.8)

(2.e)

(2.10)

(2.1t1

(2.12)

(2.13)

U =L,
u

P, =lC' , s. = 9.
KD

K =L!, u =d']? , T =T',-T-, c=c.-c-vl' "' pr,: ' ' r:-r:' " c;-c:

equations (2.1) to (2.4\ are reduced to the following non-dimensional form :

t!**- *s =-\Grr +Gcc)dY, dY

't'T- *Pr'tr =otlY' tlY

'l'9 *srdc -KScc=orlY' dY
The corresponding initial and boundary conditions in non-dimensional form are

u=1. T=1, c=l at Y =0,

Il -+0, f -+O C-+0 as Y-+-
Solving equations (2.7) to (2.9) with the boundary conditions (2.10), we get

Gru=[r*

Gr

where

7 = exp(-PrY)

c = exp 
[- llr, 

- 6: + +r s, )rl

The mass diffusion equation (2.13) can be ad.iusted to meet these circumstances, if one takes

( i ) K>0forthe destructivereaction,

( ii ) K r 0 for no reaction and

( iii ) K < 0 for the generative reaction .

The computed solutions for the velocity and skin friction are valid at some distance from the
slot, even though suction is applied from the slot onward. This is due to the assumption that velocity,

4Gc I+6ffifi]"*nt-la.rr
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temperature and skin friction fields are independent of the distance parallel to the surface. The fluids

considered in this study are air (Pr = 0.71) and water (Pr = 7.0). The effects of velocity and skin friction

are studied in the presence of magnetic field parameter.

3. Results and Discussion

The velocity profiles for different values of the Prandtl number Pr = 0.71', 7.0 and magnetic field

parameter M = 0.1, 0.3, 0.5 in presence of chemical reaction parameter K = 2, fthmidt number Sc = 0'6,

are shown in the figure-l . It is observed that the velocity increases with decrease in magnetic field

parameter during the generative and destructive reaction'

The effect of different values of the chemical reaction parameter K'- 4.2, Q 2 in the presence of

the magnetic field paramet er M =1., Gr --'1, Gc ="1, Sc :L and Pr : 0.77 are shown in figure'2. In this case

the velocity profile decreases with increasing chemical reactit'ln parameter.

The velocity profiles for different values of the Schmidt number Sc = 0.2,1, 2 in the Presence of

the magnetic field paramete r M = 1, Gr = 1, Gc =1, K =1 and Pr : 0.71. are shown in figure'3. It is observed

that the velocity profile increases with decreasinS; values of the Schmidt number'

The dimensionless skin friction at the surface is given by

'=(#),=, =[-iu )['.
Gr 4Gc I

!-l

(er'- er- M)' k,i -2a,,-4M))

I prc, 2a,.ct' I.f1r-;;;1+W:rq-i,'7) (3.1)

The skin friction for different values of chemical reaction parameter K = -- 0.2, O 2 and Prandtl

numbei Pr = 0.7t,7.0 and Gr =1, Gc =1,, Sc =1are shown in figure-4. In this case the skin friction decreases

with increasing value of magnetic field parameter. This shows that the wall shear stress decreases with

increase in magnetic field parameter.

Figure-S represents the skin friction for different value of fthmidt number Sc = 0.2, 1, 2. lt is

observed that the skin friction increases with decrease in the value of the Schmidt number.

4. Conclusions

The theoretical solution for heat and mass transfer on a continuously moving isothermal vertical surface

in the presence of chemical rcaction and magnetic field with uniform suction is obtained. The solutions

are in terms of exponential functions. The study concludes the following results :

(i) The velocity increases w,ith decrease' in magnetic field Parameter during the generative and

destructive reaction.

(ii) The velocity profile decreases with increasing chemical reaction Parameter.
(iii) The vekrcity profile increases with decreasing values of the Schmidt number.

(i") The skin friction dccreases with increasing values of magnetic field parameter.

(v) The skin friction increases with decrease in the values of the Schmidt number.
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Abstract. A result 1;1 coplpton finxed points thoorl'for noncommtttative six mappings without linearity

corrdition of lrappings has becn pror.erl. As application, some invariant appro:<imation results arc also

olrtainerl. Our. s,ork generalizes the rccent re'sults of hn<lad [5]. Some known resrilts (11], [2], [a]' [10] and

[11]) are alsr gtrtcralizetl and irtrprove<I.

1. Introduction

Interestilg arrrl r.alrrabie rosrrlts a^s application of fixed point theorerns $/ere studicd exterrsively in the fieid

of best apploxirnatiolr tlttxrry. As ext:ellellt reference carr be seen in [14].
Irr 1g63, Nleiuardus [8] was the first wtro observed tlre general principle arrd employed a fixed point

thrNtrern to pstablish the existerx:e of arr invariant approximatiorr. Later on in L969, Brosowski [2] obtairuxl

the followirrg gr:neralizatiorr of \Icinarrlrts's result.

Theorem 1.1. Let X |cagrrmetlspaceand T:X ---+ X bealinearandnonexpansiveoperator. Let,4f
be a T-invarialt sltrset of X arrd ro € F(T). If D, the set of best approximation of z6 in jlf , is nonempty

cornpact and cotlex, then there c'xists a y in D which is also a fixed point of 7.
Using a fixed point theorerrr, Srrlrralunanyaur [15] obtained the following gt:teralizatiorr of tlle abovc

mentioned the,orem of N'Ieinardus [81.

Theorem 1.2. Let X bc a normed space. If T: X ---+ X'is a norx:xpansive opcrator with a fixed point

76, ieaving a finite dinrensiorral srrbsl>acc ill of X invariant, then there exists a best approximation of zi1 in

M which is also a fixed point of 7.
In 1979, Singh [11] obsen'ed that the linearity of mappirrg ? and the <:onvexity of the set D of best

approximation of 16 in Theorern 1.1, <:an ber relaxed and the further proved the following extension of it.

Theorem 1.3. LelX beanorrnedspa<:c,?: X ----+ Xbeanonexpansivemapping, Mbea
/-inrariant subset of X and ro € F(T). lf D is nonerrpty compact and starshaped, therr therc exists

a best approxirnatiott of e;6 in ,4{ which is also a fixecl point of 7.
Irr a subs:quent papt:r, Sirrgir [12] also olrserrrr<l that orrly the nonexpansivertess of 7 on D' : Dl{r,o}

is ner:essary for the ualidity of Theorern 1.3. Further in 1982, Hicks and Humpheries [4] have shown that
Tlrerrem 1.3 remain true. if T : IV ,-+ ,[f is repla<:ed by T : 0M r+ M where 0M, denotes the boundary

of .44. Frrrthernrore, Sahab, Kha;r arrcl Sessa [10] gencralized the result of Hicks and Hurnlrcries [4] and

Theorcrn 1.3 frrr commuting rrrappings and ohtained the following result of common fixed point for btst
approxirnation in the setting of ttorme<l linear space.

Theorem L.4. Let l and ?beself mapsof X withuo €.F'(/) nF(?), M cX with?:)LI ,+ M. and

p e fQ). If D. the set r>f best approximation is comJract and pstarshaped, /(D) : D, I is <:otrtitntous

Keywords and phrases : Best approximation, semi-comtx structure, fixed point.
AMS Subject Classification : ,llA50, 47H10, 54H25.
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and linear on D, I and 7 are commuting on D and 7 is l-nonexpansive on DU {o6}, then f and 7 have a

cornrron fixed point in D.
Recently, Imdad [5] has obtained a result on common fixed point in compact metric space which is

also used to get another fixed point result for best approximation. These results generalize and improve
all the above mentioned results by increasing the nurnber of mappings and by weakening the condition of
corrrrnutativity to the condition of compatibility map.

It is not out of place to mention that in 1992, Beg, Shahzad and Iqbal [1] proved also the result of
Sahab, Khan and Sessa [10] in convex metric space.

The purpose of this paper is to use the common fixed point for the best approximation with semi convex
structure and to give new direction to the line of investigation given by Brosowski. First, we prove a result
on common fixed point involving six mappings which need not be linear in the setting of normed spae. As
an application of the cornmon fixed point result, we prove result on invariant approximation. For this, we use

the result of Junguk [7] and the property of semi-convex structure given by Gudder [3] and Petrusel [9] and
tlie result of Imdad [5] (Theorem 2.2). By doing so, we in fact, generalize the result of Imdad [5] (Theorem
3.1) by relaxing the linearity condition of mappings. Our results will also generalize and improve the results
of Beg and Shahzad [1], Brosowski [2], Hicks 31d firrmpheries [4], Singh [11], Sahab, Khan and Sessa [10] by
increasing the number of mappings and by employing compatible mappings instead of commuting mappings.

2. Preliminaries

To prove our results, we recall the following definitions:

Definition 2.1. ([14]) Let X be a normed linear space and let C a non-empty subset of X. Let rs e X.
An element U e C is called a best approximation to 16 € X, if

ll "o - u ll: d(ro,C) : inr ill "o - r ll t e Cl

Let D be the set of best C-approximations to o0 and so

D--{ze C: llro-" ll : d(rs,C)}

Deffnition 2.2. (.ll{D Let X be a normed linear space. A set C in X is said to be convex, if )c+(1-))g e C,
whenever r,y € C and 0 <,\ < 1.

A set C in X is said to be starshaped, ifthere exist at least one point p € C such that.\r*(1 -))p € C,
for all r € C and 0 <.\ < 1. In this casep is called the starcenter of C.

Each convex set is starshaped with respect to each of its points, but not conversely.

Definition 2.3. (t6]) A pair (S,.I) of self-mappings of a normed space X is said to be compatible, if
lim,+o ll TSq - STu, ll: 0, *he.te.,er {rr} is a sequence in X such that

,$-T'":,\gs'":te X

Every commuting pair of mappings is conipatibie but the converse is not true in gener6l.
We now introdtrce definition of convex structure introduced by Gudda-[3] and Petrusel [9].

Deffnition2.4.LetXbeasetandf :[0, 1] xXxX ]+xamapping. Thenthepair(X,f)formsa
convex prestructure.

Definition 2.5. Let (X, f) be a convex prestructure. If f satisfies the following conditions:

(i) r(.\, x,f(p,y,z)) : r(^ + (1 - .\)p,f(,\() + (t - ))p)-t, t,u),z) for every A,p € (0,1) with
.\ + (1 - 

^)t, 
* 0 and x,y, z € X
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(ii) f(.\, r.t): r fbr any c € X arrd l € (0. 1r

then (X, f) forrrrs a se-'rlri-cortvex strtl(:ttrr('.

It (X,f) is a serni-corrvex structttre, then f(l.t.y) - " f.rr axy ?:'y € X'

Definition 2.6. L somi-convex structure (X.f) is sai<l to form a convex structurc if f also satisfies the

folkrwiug corrditions:

(iii) f(I, r,9) : f(1 - \,y,r) for some ) € (0, 1), r''A e X

(iv) f(),r, A) : f(l - \,'r,z) for some .\ I 1. r e X

then g : 2.

Deffnition 2.7. Let (X,f) be a semi-convex structurc. A subset Y of X is calbd f semi-starshaped, if
there exists p € Y so that for any c € Y and ) e (0, 1), f(,\, r, p) € Y -

Deffnition 2.8. Let (X,f) be a convex structure. A subset Y of X is calied:

(a) f-starshapedif thereexistsp€Ysothatforanyr,€Yand.\€(0, 1),f(,\,:t,p)eY'

(b) f-convex, if for any u1'u e Y and .\ € (0. 1),f(^, u,t') e Y.

(c) Aself-mappingSof aconvexstructure (X,f) issaidtobef-affirreif for any (),r,9) € [0'l] xXxX,
we have Sf (\,r,y) : f(\, Sr, Sy).

For f(,\, u,u) : )z + (1 - ))r.,, we obtain the known notions of starshape<l arrd convexitv for lint-'ar

spaces.

Pctrusel [9] noted, with an example, that a sct can be a f-semi-convex structure without bcing a conve.x

structure.
Throughout, this paper F(7) denotes the set of fixerd point of mapping T. We also use the following

result due to Imdad [5]:

Theorem 2.9. [5] Let A,B,I,J,S and ? be contimrous self-mappings of a compact metric space (X,d)
with AI , BJ,^9, ? being continuous, AI(X) c ?(X) and BJ(X) C S(X). If the pairs (AI, S) and (BJ' ?)
are compatible pairs and the pairs (.4, 1), (A, S), (1, S),(8, J),(B,T) and (l 7) are commuting and

d(AIr, BJy) < IvI(x,g)

for all c,g € X where

M (r, il : max{d(Sr, Ty), d,(S x, Ah), d,(T a, a 41,f,lat S x, B J y) + d(T y' AI x)l),

when M(r,y) ) 0, then A,B,I, J,S and 7 have a unique corrmon fixed point.

3. Main R.esult

We first prove fixed point thmrem involving six mappings.

Theorem 3.1. Let C be a subset of normed space X a.nd has a semi-convex structure f, where the

mirppings f : [0, 1] x C x C -+ C satisfies the following conditions:

(\) f is @contractive relative to the second argument, i.e., there exists a mappings

@ : [0, 1] *+ [0, 1] so that

45

for any xryrp € C.

ll fQ,,r,p) - f(\,s,p) ll S d()) ll " - y ll
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(ii) f is <:ontiutxrus relative to the first argument.

Let AI ..B,/.S:rnd ? be corrtinuou^s self-mappings of C such t,hat, AI(C) C fQ) and BJ(C) C S(C)
an<l (,41,S) and @,f,7) are r;ompatible pairs. Suppose C be corrrpact, f-semi-starshaped with respect to
p € f(S) n .F(7),S arxl I art: f-aflirx:. If A.B,S,7, 1and J satisfy

ll ALt - BJy ll J rnax{lj St -Ty ll,ll S, - f(k,Ah.p) ll,ll 
"y 

- f(k,BJy,p) ll,

1

illt s, - f(t'. B.Iy.p) ll + ll 7:,r - r\,Al;r;,p) lll) (3.1)

for all e. y € C. therr C n F(/) n r(B) n r(S) . F(T) n r'(/) n r'(J) I @ provided the pairs
(A, 1). (A, S), (1,S), (8.,1), (B.I) arrd (J,T) ar<: r:rxnmuting.
Proof. C)hoosr: a soqlrorr(I) I,, € [0. 1) srrch that {1,,} -+ 1. Definc, for each n, rrraps {,41"} and {BJ"I by

AI"(r) : T(k., AI:,,P)

BJ,,(:c) : f(kn, B'Ix.P)

for ea<:h n: e C. Then cactr {Jf,} and {8J,,} are well-defined maps from C into C. N<.rw, compatibility of
(41, S) an<I 2 € P(S) in4rly that

0 < 
,,lgg ll af,,,1Sa") - S(AI",u*) ll

jg,1 ll r{r", AI(Sa"),p) - f(k., S(AIy"),p) ll

wlrenerer JlIg Sr,, : 
,,1!g 

AIu,, :, € C fbr all n.

This irnplies that {,4/"} and S art: r:ompatible on C and AI"(C) c S(C) for each n. since S is f-affine
an<l AI(C) C S(C). Similarly we can show that {.B"I,,} and 7 are compatible pair on C and BJ*(C) C f Q).
It follou,s from condition (3.1) and the contractiveness of f, that

ll A'I^x - BJnU ll: f(4,", AIx,p) - f lk^, BJ:r,p ll

< 0(A,,,)- ll AIr - BJy ll

< d@") max{ll Sr * ra ll,ll Sr - f(k, AI:r:,p) ll, ll rry - f (k, BJy,p) ll,

illl S, - ?(k,BJy,p) ll + ll rs - f(k,Arr,p) ll]]

< 4,(k") rnax{ll Sr - Tu ll,ll Sx - AI,,x ll,llafa - BJ,a ll, r1ill S" - B.I"a ll + llTy - AI"r lll}

< max{ll sx - Ty ll. ll ,s, _ Ar^, ll,ll ry _ BJ,y ll, *il| s, _ BJ.y ll + ll ry _ Ar"r lll}

for all r, U e C. We note that thc continuities of. AI and, BJ do not ensure the continuities of A. 1,8 and
..I. But for rnaps AI ,8J,.9 and 7 all the conclitions of Theiorem 2.9 are satisfitxl erxsuring the existence of
unique common fixed point x, € C of AI, BJ, S and T, that is,

F(AI") ) F(BJ^) n .F'(S) n F(f) : {r.) for sorne r, € C.
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The compactness of C irrrplier that thcre exists a subsecluence of {2,,} in C, denoted by {rrn}, coltverging

to a p<lirrt, say, .r/ € C and heti<:r' Af'r,,, -+ ,41;17. Tlrrrs

rn,: AIn,:rn, : f(kxr,AIrn,,p) -+ f(l,AIy,p): AIa, as ni -+ oo

arxl thr:refo1e tfie rrliqru,rcss of the lirnit Aly : g giving thereby A € C a F(AI). Similarly, it can also be

slrownthat Ue CnF(BJ).
Now, sin<:e S and ? arc continuous, we have

Sy - S(,,)tlrl:r,,) : ,lirn Sr,. :,,llILr',,, : U,

T!: Tl ,,hn "r,,) = ,linr Tn", : ,,lTlrn, -- a.

viekling tfuereby AIu : B]y : S,y : Ty: .y. Thercfore, I is c()mmon flxed point of AI ,B,LS and 7.

Henct: C aF(AI) n f(BJ) nF'(S)ntr,(?) I l}. Now, rl.e show that;r7 is also a fixed point of A, I,B arrl .I-

For this, let .t7 be a (:ommon fixtrl point of (AI,S). Then

Az: A(AIz): ,4(IAz\: AI(Az),Az -- ASz: S(Az),

which shows that Ay is another fixerl poirrt of (AI. S). Now irr view of uniqueness of fixed point of (A1. S)

one gets Ay : A which amount to say that y is thc' uniclue common fixed point of (A, S). Similarly, it can

bc slx'rwn that 9 is thr: turiclue cornmon fixed point of 1, B arrd ,,I. H<:rrce

c. F{A) n r'(/) n F(B) n.r(J)r'(S) 
^ 

Fg) + 0.

This completes the proof.
Arr irnrrrediate (:ollsc([rtonce of T]reorenr 3.1 is as fbllows:

Corollary 3.2. Let C l>e a subset of normed space X and has a semi-convex structtre f, where the

nrappings f : [0, 1] x C x C -+ C satisfies the folkrwing conditions:

O f is fcrintrar:tive relative to the second argument, i.e., there exists a mappings

@ : [0, 1] *+ [0, 1] so t]rat

llF(\,x,p)-f(\,y,p) ll < d()) ll"-sll
for any rry,p e C.

(ii) f is continuous relative to the first argument.

Let AI ,B"I.S and T be continuors self-mappings of C such that AI(C) c T(C) and BJ(C) c S(C)
and (A1,S) and (BJ,T) are r:ompatible pairs. Suppo.se C be <:ornpact, f-semi-starshaped with respect to
p e F (S) n F (T),S and 7 are f-affine. \f A, B,S, ?, I and J satisfy

ll Ah - B.Iy ll < rnax{ll Sr -Ty ll,ll S" - ?(k,Ah,p) ll,ll 7s - f(k,BJs,p) ll,

l1
, ;l s, - F(k, BJa,p\ ll. ,lra - f&,Arr,d lllr (3.2)

for all r:,u e C, thcn CnF(A) )F(B).tr'(S)ntr.(").r'(r) .F(J) I @ provided the pairs

(A, I),(A.S),(I.S), (8,,1),(8,?) and (-I,7) are comrnuting.
As an application of Theorern 3.1, we have following results on invariant approximation:

Theorem 3.3. Lct A,B,S,T,I and J be a self-mappings of a norrned space X with
r0 € P(.4)nF'(B)nr,(S)nf'(7) nf(1)nF'(J) and C c X such that Al,BJ:0C -+ C. Further.

17
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suppose that the pairs (Af,S) and (BJ,T) are compatible with AI ,BJ,S and 7 being continuous on D.
Suppose D is nonempty compact and has a semi-convex structure f with conditions (i) and (ii) of Theorem
3.1. Further, suppose that D is f-semistarshaped with respect to p e F,(S) n r'("), S and ?' are f-affine
and ^9(D) -- D:f@). lf A,B,S,T,I and J satisfy for all o,y e D : DU {r0}

ll Ah - BJy ll<

llSx-Tz4ll if u:es.

max{ll Sr -Ty ll,ll Sr - f(k,AIx,p) ll,ll Ty - ?(k, BJA,fl ll, (3.3)

ll + llry - f(k,Ah,p) lll) if y e D,

thenD.lF(A)nr(B)nr(S)nr(7)nr(1)nF(J)l/providedthepairs (A,I),(A,S),(I,S),(B,J),
(.B,7) and (J,T) are commuting.
Proof. Let y € D. Then Sg e D andTy € D, because S(D) : D : f@). Also, if y € 0C, then
AIg,BJg € C, because AI,BJ(AC) C C. Now since 8"116 : ro: ?ro, we have

yielding thereby AIg e D. Thus ,41 be a self mapping of D. Similarly BJ is also self-mapping of D. Now
Theorem 3.1 guarantees that

D n r@D n F(BJ)n r(S) n Fg) + a.

In the line of the proof of the Theorem 3.1, we have

D n F(A) n r(a) n .t- (s) 
^ 

Ftr-) + o.

This completes the proof.
An immediate consequence of Theorem 3.3 is as follows:

corollary 3-4. Let A,B,S,T,I and J be a self-mappings of a normed space x with
ro € F(,4)nF(B)nr(^9)nr(")nF(r) nF(J) and c c X such that AI,BJ :0c -+ c. Further,
suppose that the pairs (41,,5) and (BJ,T) are compatible with AI ,BJ,S and ? being continuous on D.
Suppose D is nonempty compact and has a semi-convex structure f with conditions (i) and (ii) of Theorem
3.1. Further, suppose that D is f-semi-starshaped with respect to p e r,(S) n f'(?), S and T are f-affine
and S(D) : D:f@).If A,B,S,T,1 and J satisfu for allr,y e D, : DU{re}

ll AIx - BJy ll<

llSr-Tqll if y:ro,

max{ll Sz -ru ll,ll Sx - f(k,AIr,p) ll,llTu - f(k,BJy,p) ll,

i Il s, - F(k,BJs,p) ll,*llru - fG,Ara,p) ll) if y e D,

(3.4)

then DnF(A)nr(B) nP(S)n F(7)nr(r)nr(J) I @ provided the pairs (A, r), (A,S), (r, S), (8, J),(B,T)
and (J,7) are commuting.

Remark 3.5. In the light of the comment given by Pertursel [9] that a set can be a semi-convex structure
without being a convex structure, we assert that hypothesis ofour Theorem 3.1, Corollary 3.2, Theorem 3.3
and Corollary 3.4 are much more wea.ker than the existing results.

Remark 3.6. Thmrem 3.3 and Corollary 3.4 generalized the Theorem 3.1 due to Imdad [5] without
linearity of mafipings.

R"ro"rk 3.7. Theorem 2.9, Corollary 3.2, Theorem 3.3 and Corollary 3.4 also generalize the results of
Sahab,' Khan and Sessa [10] by increasing the mrmber of mappings and by 

"-ptoyiog 
the compatible
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mappings instead of commuting mappings. Further, the conditions (3.1)-(3.4) are much general than the
condition of Sahab. Khan and Sessa [101.

Remark 3.8. Theorem 2.9, Corollary 3.2, Theorem 3.3 and Corollary 3.4 also generalize the results of
Brosou'ski [2], Hicks and Humpheries [4] and Singh [11] by increasing the number of mappings and by
considering the gerreralized form of conditions (3.1)-(3.4).

Remark 3.9, By Remark 3.5 and commutativity that implies cornpatibility, we can get the reults due to
Beg aurd Shazad f1l.
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Abstract. In [2], the existence of acljoints is sturlied for the projection of a comma category (F J G). In

this paper we find a left adjoint of the projection of a comma category (C I A) and also deterrnine a pair

of adjoint functors for two different comma categories.

1. Introduction

Let C be a category aad A an object of C. The comma category Q I A) has as objects all pairs (B, b) where

B is an object of C and b : B -+ A a morphism in C. The morphisrns u : (B,b) -+ (B' ,A) of (C { A) are

those mcrrphisms u : B -+ Bt in C for which d ou: b

B B -"1 3r

objects 1a,b) : Ju ; morphisms (B,b)-!+(B',U)t 
\ /*

AC
The <:omposition of morphisms in (C ] A) is given by the composition of morphisms u in C.

Define a functor Q : (c J A)" -+ C, called the projection of the comma category as:

Q assigns to each pair (B,b) the object B of C and to each morphism lL : (8,6) -+ (B',y) the

morphisrn u: B -+ B' in C ([1]).

2. A{ioint f\rnctors

Let C be a category with products. Let us define a functor R: C -+ (C I A) as follows:

ForanyBeC
B(B) : B, aJ44 : (B x A, p)

and for any u: B -+ 81 in C

R(") : u x IA i (B x A, p) -+ (h x A, pl)

with p1 o u x 14 : p i.e. the diagram

BxA --------+ 81 xA

N;/
commutes.

Keywords and phrues : Comma category, prcjmtion fuctor.
AMS Subject Clasifiqtion: 18A25.
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If we consider the diagrarn

B --5 By

1i
BxA u'In> ByxA

\/
A

then the existence of a unique morphisin u x .I,4 follows from the definition of the product.
Obviously R(IB) -- IR@.

Further, for any uy: 81 -+ E.2, (u1u x Ia) is unique, hence

(ulux A): (21 x In)o(ux Ia).

i.e. R(z1z) : ,R(ur)o R(z).

Hence fi is functor.

We assert that B is a left adjoint of the projection functor e , G t A) -+ C.

To prove it, take 11 : Id -+ QR and t : RQ -+ Id to be the unit and counit respectively defined by
q(B): (B -+ B x ,4) and €(B,b): B x A -+ B. For any u: B -+ Bt in C; if we consider the diagram

B x A: e@ x A+ A):eR(B) ao!"\
ux I1

then it gives the following commutative diagram

BxA

Hence 4 is a natural transformation.
Next, if we consider the diagram

ux In,

(B x A-+ A) : R(B):RQ@,b) SIqf

1''u''
(B,b) ---

Br

J'rta'r

QR(B1): Q(Bt x A-+ A): Br x A

RQ(&,bt): a(Br) -- (\x A-+ A)

Je1r,,u,y
(Br,br)

B

J*a;

u

-)

B1

'o/ I

81 |\l
81 x A

I

-----)

u__-+B
i*
lz
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we get the following commutative diagram

A,r'\
Bx

o/l
">;

A ------+
uxls

u
---------}

A

\A

-fr)i

Btx
I

J
Bt

and therefore it follows that t is also a natural transformation'

It remains to prove that the following composites are the identities

eBqnq9rq: h

n9aen!4n:rn
As

(Q€ oqQ)@,b) Q€(B,b) oqQ(B,b)
Q@ x A-+ A) on(B)
(BxA-rB)o(B-+BxA)
Io
Ie@,0)

It follows that Q0 oqQ: Iq.

Similarly,
(€Ro Rq)(B)

i

ER(B) o Rq(B)
t(BxA-+,4)oR(B-+BxA)
((B x,a) x A-+ B x A)o (B x A-+ (B x A) x A)

Ig*t
Ilgxl+a\
In@)

It follows that E.R o Rrl : l^
We can formulate the result which we have proved above in the following theorem:

Theorem Z.l. If C has finite products, then the projection firnctor Q , (C I A) -+ C has a left adjoint, sa5

R : C -+ (C I A) with,R(B) : B x A-r -A for all B in C'

For proving the next result we require the following lemmas'

Lemma 2.2. Leta: A-+ A'beamorphism inc, thenfor (B,b) € (c.LA), therule (B,b) -+ (B,ob) or

b -+ ab defines a functor S : (C ] A) -+ (C ! At).

The proof is straight forward, hence it is omitted.

Remark. The functor S defined above is a faithful fi.rnctor.

Lemma 2.3. l-et c be a category with pullback. For every (.t,I) in (c + ,4), define ?(I) by choosing a

pullback

T(L) -------+

,(,)l

A --3-+

L

I,
,4

\,,/,
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then the rule I ,+ 7(l) is a frrnctor T : (C ! A,) -+ (C ! A1.

Proof. Obviously T(L,l\ : (T(D,T,}) is an object in (C {, : (L,l) -+ (IvI,m), if we consider the diagrarn

TL 

-..---+ 

L 't- ,,[1 
- 

,t r g

I(^r
'r(N)

- )A'

then bv the definition of a pullhack, there exists a unirlue morphism T(r) : T(l) + T(lt[) rlakilg the
above diagram commutati','e, i.e. we obtain z(r) : (T(L),r(/)) -+ e(M),r(rn)) with r(rn)i(r) : T(l), a
morphism in (C J,4). Obviously

T(Ig.,u : Irtr.,t\

11d.f"l anv s : (M'*) -+ (N,n), we obtain T(sr) : T(L) -+ 
"(N) 

which is unique and hence T(sr) :T$)f @) (see the above diagram).

Theorem 2.4. The furrctors s and ? defined above form a pair of adjoi,t functors.

Proof' Consider 0 : Id -+ ?,S and € : ST -+ Id as the 'unit' and the 'counit, of adjunction deflned as:

O(B,b) : (B -+ TB) for (8, b) in (C j A) and

€(L,t): (TL -+ Z) for (r,t) in (C t A,).

To show that d and t are natural transformations, consider for any u: (B,b) -+ (D,d) in (C I A) the
diagram

Mohd. Irfan

4). Let us define 7 on morphisms; for

(B,b)

0@,b)l

TS(B,b)

(D,d,)

le1o,ot

TS(D,d)

--+7'

TS(u\
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It is the diagrarn 
A

i_,2 \.t
/\

h.R ') D {
,/t 

'\ 
,

AOI IA
\'y'' T*i,-'TB '", TD-14{

\/
r* u \ ,/r.*t

A

in which triangles arc all commutative. The square can further be broken irrto commutative diagrams

i*,
II

TB

and hence 0 is a natural transformation.

To show that t is a natural transformation. consider the diagram

ST(L.L\ 
"*1 

Sr{tt,m1

' I t,r'*,r(r.r) J r
(L't) --I--+ (M'rn)

It is same as the following commutative diagram

,rr17A\r',

::tr: ; '3;
x; --:-+;,1

\,,&
Hence t is also a natural transformation.

')D

Yt,,,DI

\i
TD

Ttt
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Now considering the cornposite rratural transtbrmations

,si1 srs5s. r{,rsr!3r
we have

(€S o S0\(B.b\ cS(B.b\ o S0(B.b)
t(B,aB) o S(B -+ TB)
(TB -+ B) o (B _+ TB\
Is
I,r lt.ot\
rs(8,6)

It follows that tS o S0 : Iq.

Again,
(Tt oeT)(L.t\ : T€(L,t\ o 0T(L,l\

T(TL-+qoegLl\A)
g(rL) -+TL) o (TL -+T€L))
Irt

: 
I,rt'L-rt,
IT(L,I\

It follows tlrat Tt o 0T : Ir
This proves that (,9.7) is a pair of adjoint furrctors.
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Abstract. A theorem on a property of Bernstein processors "If s(t) satisfies the contlition of convex

modulus of contiuuity, then so does B(t) also" is established gencrating a result of Brown et at [1]'

1. Definitions and Notations

Bernstein processor/polyrromial for a signal s(t) e C[0' 1] is defined by

B-(s:r): i /:\' |-!l *r, - r)'-k, n) | (1)

fr\k/ Lrll

Many propcrties of these polynornials are <liscrssed in [4] and [3]' One of thcm is

Iim B"(s;t) : s(t)
n+€

(2)

In additio' to the above propcrties, they mimic the behaviour of the generating function. For convex

s(t) e c[0, 1], the correspondiug B.(s;t) is also convex. Further tnore, for n:2,3,"'and t e [0'1]. we

have [z]

Let s(t) e Cla,b) arrd set

Bna@;t) > B,(s; t) > s(t)

,(d) : ar(s,t) : suP ls(r1) - s(t2)l

K"y*ordr and phrases ; Ilernstein polynomial, Lipschitz comtant, cortvex modulus of continuity.

(3)

(4)

where the sup is taken over all pairs f1,t2 e [a,b] for which ltt _ tzl < d. The fturction r"'(d) which depends

ons(t),iscaile.lnrodulusof continuityof s(j)on[a,D]. Asignals(t) e Cla,blissaidtosatisfyaLipschitz
condition of order o,0 < o ( 1, if

l"(tr) - s(r2)l < AltL -t2l' (5)

t1,t2 € [a,b]. The c.onstant.A depends on s(t) and a both, and is called Lipsctritz constant, s(t) is called

Lipschit) signal for which we *rit" .r(t) e Li,p\' If u(ri) S A6o, 0 <-o ( 1, then s(t) e Li'p\' A ts

irrdup"n.l".,iof d. For aconvex s(t) :1", o < " il, t € [0, 1] it iskrrown [1] that Bn(t''h) th': h € [0'1]'

if "py e Cply,tl, the class of ptimen differentiable functions, the4 for integer p > 0, we have

([z] p. ttz)

n!lor,,,r: ,"ii,)'1o,, 
[#] (;)*,, -t)n-k (6)

Assume that s(r) € cPlo, 1] and ,(6,p) is the moduhs of continuity of "(P)('),

i.e.,fsh)(rr; - "lr)1t1)l 
< Ar(t, - tr. If o(t) is convex, then it is known that [3]

Itrrr,)+ (o(tz)) =, ["*]
AMS Subject Classification : '11A10, 41A17.

(7)
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2. Theorem

Brown et al [1] established the following result.

Theorem A. If s(t) e Lip\,0 ( o ( 1, B,(s,t) e Lip\. n> l.
The most irrteresting thirig with tlis result is that every Bn(s,t), n ) t has the same Lipschitz constant

as the function s(t) e Lip a. This is one more remarkable mimicry of the Bernstein polylomials.
The purpose of this note is to extend the scope of the above theorem to finitely differentiable functions

or signal. We shall pr.ove

Theorem- ,1 
"@)(t) 

satisfies the condition of convex modulus of continuity, then scr aoes alelr(s, t) also.

3. Proof of the Theorern

Consider t1,t2 e [0, 1]. To prove the thmrem, we must show that

1af,1,@;tz) - fi]o@;t)l < a(t2 - t) (8)

From (6), we have

ofloG;tz) @P*(;),, - t2)n-i6o,l#] ft1*t2*t1)j

@Pn,) rr -,,)"-'r" l#] e, - t,)i l, 
. #r]'

@#n(;){' -',r'-'o', i#] (tz t,,';(l) lr:n]-

@,4nu) o -,,)"-, o,' l#] L(r),r,,, - t,)j - u

g#,II0(i)o'"1*] (t-t2)^'ittp'-1'1t-n (e)

(inverting the order of surnmation and putting j - k: m,). Again

afJoe;t) @#I(;),t,, - r1)'-kAPs t#]
54;(;)".' - t2 + (t2- t1;)'-rArs t#]

( 10)

#-(;),*o', l#] Z( *r)u, -,,)"(1 - tz)n-k-m

@#E: (;) (" ;r) o"t#] tt (t' - t'l)* (L - t2)n-h-m



Processinq of a signal by .'.

From (9) and (10), we have

af,l,@ ; tz) - ale],(s; 11 )

f^'"|ffi] -*'[#]]l
By (3,4,5) of Davis [2], we have

*'l#l : 1,f,u/''te'r

for some {1 satisfying 
h, e, < *, 

t:0, 1,...,n and following t}re argrLments in proving theorem

6,3.2 in Davis [2], the right hand side of (11) equals

rt rt -k
tt ,, ,1" f)l ,,rf(rz - tr)"'(1 - t.z)"-k-''; | :;1"(''(€,,)- r(p'((,,)i/- l-^klntlrt - k - m)t- 1" (n + p|n'
k.-Or, 0

where

l'+m . t,...k t*+Po,r.r l' 
<€,, <L=n+p n+P ,t LP n+P

. +H (n r /r)! rf (t, - [, ),,,(I 4 1n-h-m 1-
- L-/-^1r1rrrtt, -A'- -)lrl\r2-ol) \'-12) h+pY/c-o'no 

l.lnr+r1,i] -"rfk*?ll .o<rt<pl"l "-, l-""l."*ll '"

59

(1 1)

1,, ltl ilrl *.,,, l?*r*"1 *.,, lT+*+'t1-", [!_]11]1l" L n)p j t n+p I I n+P ) [n+P]l

= I-t*##,n tf{tz-tr)''(r - t'2)n-k--G+*

l" lryi;,) - ", l+#l I. |', l+#- " [H]l
.+'$ h+P)t' ''' 4(b I m 1

- /-o 
nL^nl(n +* t'-,'1, - * - rrltrltL2 - tr)"'(1- tz)'-*-^u 

L" *]

: ##L,|#auz - t'l)^'t l#]'p. (" i 
-) *1' - t2)tu-k-n

: ##'>:t#] (;)'' - tr)''(1 - tz t t'l)n-^

(n+p)l . I I t I I: ,,11"ffia" l" L, *l 't' -t')
< li *,0)ir,,(rz 

- rr)
- n!(tt a P\n

Thus the thmrem gets proved, since j15 #+#: r (see [3]).

1

@ifr
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4. Corollarv

If we prrt.rti')(l) s,1,fo, 0 < o < 1, p is p<xitivc integer, therr the following corollary follows :

Corollary. For signal s@)(r) € Lip\. w<: havc Bj,p)1s(r);fl € L,i7ti. n > l.
Bv putting p:0 in.thc abor.e coroliary, wc have the result of Brown ct al [1].
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Abstract. A study of a new type of Riemanian space called generalized bi-recurrent space, has been

made.

I-. Introduction

The lotion of generalized rer;urrent space was irrtroduced by De a.nd Guha [1] almost a decade ago. A
notr-flat Riemaniarr spar:r-' is said to be a generalized recurrent space if its cunature tensor Rlr" satisfies the

corxlit ion
Rlio,,: ),Rie + Pil\ts;i - 6!0il (1)

wherc ,\1 and ;r; are non-zero vectors and comma denotes covariant differentiation with respect to the metric

tensor of thc space. lf 1t1 
:0 in (1) then the space reduces to a recurrent space introduced by Walker [7].

A generalized recurrent spacc is denotcd by G(&,,). Suctr a space is studicd by De, Guha and Kamilya [2],

Maralabhavi arxl Rathrrarnnra [4], Ozgur [5], Singh and Khan [6] and rnany others.

In the present paper, a non-flat Riemanian spar:e of dimension n(n > 2) has been studied in which the

curvature tensor Rlr satisfim ttre condition

*it .t,.:amR?i* + bhTlgii - 6loii Q)

where a1- and D1^ are two non-zcro terlsors. If the tensor b1- becomes zero, then the space rcduces to a
bi-recrrrrent space or 2-recurrent space iutroduced by Lichnerowicz [3]. The tensors a1a and b1- are called

associaterl tensors of thc space and such a space is clenoted by G{2k"). Section 2 of this paper deals with

the condition of uniqucrress of the associated tensors and some tlteorems relating to thern. Next, we prove

that a generalized recurrent space is a generalized bi-recurrent space. We deduce the expression of the scalar

curvature. Finally we study the compact generalized bi-recurrent space.

2. The Associated Tensors of a Generalized Bi-Recurrent Space

Let

and also

R?io,,* : am,Rlix + bh(6\si1 - 6! o*)

R?io,u^ : aln,Rlir" + b'6,@!gi1 - 5! o;d

On subtraction we obtain
oi,nRfi* + bi*Qfs;i - 6l o;x) : o

where af,, : atm a!- and bi* -- byn - A7^.

Let bi^: 0. Then from (5) we obtain al* -- 0, since the space is non flat .

K"y*@ rtrurrent sPaces.

AMS Subject Classification : 53821' 53C25.

(3)

(4)

(5)
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Next lct ni,, : 0 btrt bfu 1 0. Theri fronr (5) it f<rllows that df 91i - 6!t*: 0. Hencc from (3) r,i'e get

Rlr,.t,,: amRltk (6)

Tirat is,the space is a bi-recurrent space .

Firrallv. let a,l,,,f 0 and bi,, 10. Let cl" lr" any terrsor such that /",a;,, f 0. Frorn (5), u.e <ibtairr on
taking inner product with l"'.

4,x: 
^(6|s;i 

- 6!o;x) (7)

where 

^: 
-('t"'li*ll,'t*ui^)

Erluation (7) implies that the space is a space of constant curvature. rf cl^bi^: 0, then ,\ : 0 and the
space reduce to a flat space, r,rtich is a contradiction. Now we state the following

Theorem 1. In a generalized bi-rectrrrent space v'hich is neither a bi-rer;urrent space nor a space ofr:onstant
t:urvattrrer. thc assot:iatcd tcrrsors of rc.r:turrxr<:e are unique.

Taking <:orariant derivative of (1), we get

(8)

where

and

If.l?:0,weget
that

R.lja.ru, : )t,,,Rljr" I )1R.!r1,,n * p1,,n(d!gii - d! st")

Frorn (1). tlx'alxrve e<luation bc<rrrles

R?ir.r. : amRljt" ,t b6"(6f;gi, - 6! o*)

abn: \1,* * ,\1,\-

b6r: \11t,,, | 1q,^

Hence we ('an state

Theorem 2. Every G(k")(n > 2) is a generalizecl hi-rer:urrent si;ace.
Now contrat:ting h and k in (8). wc gct

Rij,rn,: at*Rij + (n - l)b1^g;1

Transvecting with .q'J w-e obtairr fr.orn tlrc ahon'

RJ,, -- atr,rR I n,(n - 7)b1,n

frour (,1) buu --0 whk:h is rrot possibl<'. Hcrrc R l0 in a G{2k,,}.

(a1,n - an,1)R * n(n - 1)(6rr,, - h,,rt) : 0

Since E I 0 irl a G{'l;,}, tircrefore o,rn is synurretrir'. Fr<un the above discussion we can state

Theorem 3. In a generalized bi-recurrent space, the scalar curvattrre is non-zero and the tensor ofrecurrence
arm is syrnmeti'ic if and only if 61* is symmetric.

Frorrr Biatrchi ser:uid iclcntity, u'e get

R?ro,n n : Rii,t - - R';t",i,n

Usirrg (9) in (11) it firllows that

R?30,n,, ox^&j * (n _ l)ba*q;i - ai*R.1" - @ _ t)bi^9;x
a*n,Rij * ai,nR.ik* (n - 7)lbr^g,i - bi*g*].

(e)

(r0)

From (10) it foilows

( 11)

(12)
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tansvecting (12) with qtr. we get

4,n*: a*-R- ai*Ha* @ - l)2bp,, (13)

By using the result 4.n:iB,i in (13) it follows that

1

|n,x^ am,R- a3^Ho + @ - t)2bp,

Now using (10), we obtain

11
i"".*+ r(n -t)(n-2)b6" = ai*fl (14)

Now suppose that the rank (aii) is n. Then there exit uniquely determined air such that

a"J aia : 6'1,

tansvecting (14) with ok* gi,res

R : -(n - l\ak*bp^ (15)

This leads to the following

Theorem 4. In a generalized bi-recurrent space if the rank of (a;;) is less than n, then the scalar cunrature

is given by (15)

3. Compact Generalized Bi-Recurrent Space With Positive Definite Metric

Let
d: RhijkRmix

Then i
Q,t : 2Rhijk Rnt.ir,t

so that

Q,m 2(Rhflh R6ii1",1 + Rhijk R6ii1,,1^)

2(Rhflk R1ri, 1",1 + a1*Rhi 
j k 

R1";i p)

and A@, the Laplacian of d. is given bv

Ld: gt^d.m:21pn;ixJpn;ix,t * gt^a,*RhijkRntj*) (16)

Since the metric is positive definite, Rhiikl Rn;j\t ) 0 and Rhir* Rnj* >- 0.

Ls gt^a1^ ) 0, we obtain from (16)

ad>0
Thus by Hopf-Bochner's theorem t8], d : constant. Hence @,1 : 0 and therefore Ad: O.

From this it follows that if
g"*a1^) 0

then
Rhijh Rnijx : o

whence

Ruj*: o

which is a contradiction. If
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gL'ttar,,, - o

Rhijk,t Rn,*., : o

u,hence

Rn;r* r :0
which implies that thc space is swnmetric in the sense of Cartan. Hencr-' we can state the following

Theorem 5, In a comtr>act G{2t,}with positive definite metric wirich is rrot a syrnrnetric space in the sense
of Cartan. qL*a1- is necessarilv neqative.
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Abstract. Sorne functorial properties of BCI and BCl(-Structures by pradicals have begn studied'

L. Introduction

The notion of BCK-algebra wa^s propcx;ed by lmai alrd Iseki in 1966 [ ]' In thg-5ame year' Iseki

irrtro{uced t}re notiorr of u eCt-rtgebra [5], whic]r is a generalization of a BCK-algebra' In this

paper we sturly sonre functorial properties- of BCI and BCK structures, "A structure will have a

lunctoriai prop()rty if a tirnctor caD be obtained tlrrorrgh it". In fact we have constructed some functors

by pradicals in BCI and BCK-Structures'

2. Preliminaries

To avoid llnnecessary trulk, we give here only xrrne basic concepts of BCI and BCK-algebras' For categorical

contx,'pts we refer the readers to [11.

Definition 2.1.[5] Let X be a set with binary operation'*' anrl a constant 0, then X is called BCl-algebra

if thc folbw-ing axiorns are satisfied for all 2,.r7, 2 e X 1

(z) (r*y)*(:r*z)< 2*Y,

('ii) r*(;r*y)<u,

(ii,i) r < r,

(i,"-) r< 0 + ,r:0,

(r) ,<9arxl 37<x+:x:Y,
(ci) ;r:< u<-:+r*9:0.

If we replace axiom(iu) by 0 ( z, X is called BCK-algebra'

Definition2.z.llll,etXandYbeBCl-algebras.Amappingf:X-+YiscalledBCl-homomorphismif
for all z, g € X,

I@*y):f(i)*t(il.
Similarly, we cau define BCK-homomorphism'

K"y*o.d* and phrases : I3.,'r;category of BCl-algellras, BCK-homomorphism and pradial'
AMS Subject Classiffation : 18A20, 18D05, 06F35'
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Definition 2.3.[8] Let X be a BCK-algebra, the p-radicar of x is the set,

X1 :fueX/r>0).
The p-raciical X1 is an ideal of X and it is a BCK-algebra. If f : X --+ y is a BCl-homomorphism then
f (x+) e Y+.

Deffnition 2.5.[7] We can define a category of BCl_algebras by taking the clas of all BCl_algebras as the
class of ob.lects of the category and the cla^.is of all BCl-ho-o*orphi"Ls as the class of morphisms of the
category.
It is denoted by Bcr.

3. Main Results

Lemma&'1'Iff:x-+YisahomomorphisminBs.thenfu:x,r--+y1 definedby.f+(r) :/(r) isa
homomorphismin Bca.

Lemma 3'2' If Ix : X -+ X is an identity homomorphism in 86:r then f76* : X1 -+ y.. is an identity
homomorphi*rr in Bsy.

Leinma3.3. rf f : X -+Yard g:y --+ Zarehomomorphisms inBslthenft : X1 -+yaandg+ : Y+ -+ 21 are homomorphisms in 86,6 and (g o "f)+ : X+ _+ 21 is homomorphism such that
b"f)+:9+of+.

Proof.
(so"f)+(") b" fl@)

slI@)1

slf+@)l

s+[I+@)l

k+ " f+)(r) Vr e X1
Hence we have,

(g o J)+ : 9+ o f r
Now, using the Lemma^s 3.1, 3.2, and 3.3, we can define a co-var?iant functor,

such that

apd

R: Bc)1 -+ Bcx

,?(x): X* YX e Bs1

R(f): f+ vi e acr
Theorem 3'1' If f : x -+y is a monomorphism then ft : x1 -+ y1 is a monomorphism.

Proof. Let f : x -+Y is a monomorphism and gr,gz: M -+ x1 be a pair of BCK-homomoiphisms suchthatfiogr:f+ogz.
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Consider the incl,sion maps X1 :+ X arid Y* -5 Y .e,presented by the same symbol rl' then

(/oi)o h:(io.f+)o gt:(.io.fr)o gt:(.f oi)os2+,f o(ti orrl): f o(ioq2\

=+io gr:iogz (As / ismono.)
+ 97: 92 (As i is an inclusion maP)

So, f1 o gt: .ft o 9t =+ gt: 92 + "f ris a monomorphism'

Corollary 3.1. The functor R' Bg7 ) Bcx is a rnono functor'

Since for any BCl-algebra X, the p-radical Xa of X is an ideal. So we can always form a qrrotient

BCl-algebra X lX+.

Theorem 3.2. If f : X -+ Y is a BCl-homomorphism then /(X1) C Y1 and the mapping

l: XlXl -+YlYl defined bv f(C") :Ct(,t is a BCl-homomorphism'

Proof. Let C,r,C*, e Xf-$.1be two elements, then

i(c,, * c.,l .f (c,,*,.,) (since c., * c,., : c"'*",,)

C 1111*c2\

C f (r,)*f ("rt (Since f is a homomorphism)

cyPrl*c7621

i(c,,) * i(c",)

Thr_r,s f(C", *C.,) : .f (C*,)* f (C.,) implies that f is a BCl-homomorphism, which cornpletes the proof.

corollary3.2. If Ix:X -+XistheidentityhomomorphisminBcr thenl-76*:XlXa -+x/X1 isalso

identity homomorphism.

Proposition3.l. If f :X-+Y a11dq:Y -+Z areBCl-homomorphismthenqo f-:Ao.f .

Proof. Let C, € XIX+ be any element then,

s "j(C") Clqo;)(,)

Cs(l(dt

sQr@t)

sG@,))

i"f(C,,\Y C,e XIX+ n

Therefore

Now by using Theorem 3.2,

follows:

qof:4of

Proposition 3.1 a.nd Corollary 3.2 we can define acovariant functor as

F: Br-r -+ Br-r
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such that
Fl Yt-Y,Y ond Ftf\ f

Proposition 3.2. The frurctr.r F: Rrr --+ Bcr is an etrri-fr111cto1.

Prooft Let, f :X -+Y beanepimorphism thenf<rr anygr€ Y thereexists r € Xsu<:[i that /(r) :g.
No'"T'let f : X/X+ - YlYt and cltoose any C,, e Yl\ then.f being an epirnorphism. We |a1,e
Co--Ct@l 1+ forr$ CseYlY+ there exists C*€ XIX_+ such that l@):Cyb1 :C.y.

Henr.e.f :XlXr--+Y,lY, isanontomorphism=..=+ F.Br-t:Br-t isanopi-frinctor.

R nfercncos

l-11 Rlr*h. T.S. : Cqtcqorirs. Lonsman. N.Y. (lg8G)-

[2] Chaudhry, N{.A. and Bhatti, S.A. : On the Category of BCl-algebras, Punjab University Journal of Math. 21
(tqxxt 34_30

[3] Hoo. c.s.: tniertircs in the entegory of RCl-aleebms. \fath..Iaponica 3l(lggg) 2iJr-246.

t4l Imai Y. and Isoki. K.: On orioms of pxrytortion.o,l coletrli,.Proc.,Ia.pon. Acarlemv 42 (1g66).

[5] Iseki. K-: An. n,lqebm. related. nith a pm1nsition.al ca.etil.tls. proe. .Iapa,n Acafl. 42(!g66) 26-29.

[61 Iscki. K. : On BCl-aloehms.l\{ath. Sem.Notes. Kohe tinir'. 8(1980) 125-1ll}.

[7] Iseki. K- and Tanaka, S. : An intmdnetion, ta th.e theoru o.f BOK-o,l,eehm.s. Math. .laponica 23 No.l (lg78l l-26.

[8] Tianrle, L. and Changchane. Xi : p-Rad,icnls i.n BOl-o,Ioebms. l\{ath..Iaponica 30 No..l/1!)85) 5ll-5'l7.

[9] Zaidi, S.M.A. an<t Khan, S. : A note on the category oJ BCK-algebrus uith regular morphisms. Proc. of the
Interna.tional Conference on Algebra. A.M.U., Aliearh (2001).



INSTRUCTIONS TO AUTHORS

The Department of Mathernatics, Aligarh Muslim University, Aligarh (India) has been
bringing out a Bulletin since l97l based on a single issue. From the year 2001, each volume
of The Aligarh Bulletin of l\4athematics comprises of two issues. This journal publishes
original papers in almost all branches of cunent interest in Pure ancl Applied Mathematics.
The papers of the bulletin are rcviewed/abstracted in Mathematical Reviews and Zentralblat
fur Mathernatik.

The ntanuscript, intended for publication in the Bulletin, must be submitted in duplicate and
written in Englislr, to the chief Editor or either of the Managing Etlitors Department
of Mathematics, Aligarlr Muslim university, Aligarh-202002 (India). The manuscript
rnust be in their final fbrm and typed on one side of the paper only with clouble-spacing arid
wide rnargins. The authors are requested to keep a copy ol'the manuscript.

All the papers will be refereed. If necessary, the author(s) would be asked to revise the
manusct'ipt in view of the referee's report. The editol reselves the right to lnake reasonable
eclitorial modifications in the text.

Autlrors are encouragcd to submit electronically prepared rnanuscript (LaTex) ancl recluirecl
to subrnit tlre manuscript, after acceptance, on a floppy. 'll-re rnanuscript shoukl be
accornpaniecl by (l) an absrract not exceeding 300 characters, (2) 3-5 key worcls, (3) AMS
strbject classification (2000), and (4) an abbleviated tirle not exceeding 40 characters ibr
running head. In case of a joint paper, please specity the nanre and aclclress of the author ol'
contact.

The authors ofthe accepred paper shall be cha'ged a. amount ofRs.l00/- (us $ 5) per page
to meet the cost of tl-re reprints and hanclling charges.

Illustrations and diagrams should be submitted on separate sheets and not included in
the text. They should be of good quality and clrarvn in Indian ink using clean uniforrn lines.
The author should indicate in the rnargin of the rnanuscript where the illustrations ancl
diagrarns are to be inselted.

The list of ret'erences at the end of the paper should always be in alphabetical orcler,
nurnbered consecutively and includes the narnes and initials of all authors, year of
publication, and the narne and location of the publisher (see example below).

citation in the text should be numbered in square brackets, fbr exanrple Ill, or, Lopez-
Bonilla and Ovanclo Ul, ref'erring to an alphabetically oldered antl numGreci list. If a work
of nrore than three authors or, editors are citecl, only the llrst author.'s nanre fbllowed by
'et al.'neecl be given, firr example, Ahrnacl et al. Il].

In the list of reference, the tbllowing examples should be observed:

tll cenzig, B. : A generalizctriotr of tlrc Banach-stone theorem, proc. Amer. Math.
Soc. 40 (1973) 426-430.

t21 Blair, D. '. Conktct Munifttlds in Rienttnnian Ge.nretry, Lecture Notes in
Mathematics, Vol. 509, Springer-Verlag, Berlin, 1976.



Contents

On group integer topology-Il
Sh&enl Ahmel, l-4

On ffxed points in convex metric spaces

_ 
Shaaetambry Tejpal and, T-D. Naranq L10

A note on the Dirac delta-function
Chinta Mani Tiwari, 11-15

On epimorphisms, homotopical identities and permutative rrarieties
Noor Mohommad Khan l7-Zl

Common fixed point theorem in Menger spaces
Arihant Jain and, Bi.jend,ra Sinqh 2&31

Effect of a chemical reaction on a moving isothermal vertical surface
in presence of rnagnetic ffeld with sustion
Rajeea Jha and R.K. Shriuastaoa g&41

Results on best approximation for semi-convex structure

. 
Hemant Kumar Nashi.ne and C.L. Dewanqan 4L4g

On a comma categoty (C + A)
Mohd. Irfan b1_b6

Processing of a signal by Bernstein processors
Tikam Singh and, Bharma Soni. 5Z_60

On a type of non-flat Riemanian space
Diptiman Saha 61_64

On f\rnctors by p..R^adicals
Shabbir Khan and Gularn Muhiud.din 65_68


